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Preface

A simulation is something nobody believes, except the person
who made it.
An experiment is something everybody believes, except the
person who made it.

Freely modified after Albert Einstein

The Vienna LTE Simulators started as a project in 2009. Our first concept
included two simulators, a link and a system level simulator for Downlink (DL).
With one postdoc, five Ph.D., and some five Master level students we started this
endeavor and soon realized that it would take longer than expected. After one year,
we had basic functionality working and were continuously puzzled by inconsistent
results. The more we tested, the more we found inconsistencies. Once we were
satisfied with overcoming most of those hurdles, we decided to make the first
release freely available on the Internet. Although we included from the very
beginning an acknowledgment that the simulator is only to use for academic
research, not all of the downloading parties took their promise seriously. At this
point we did not care much about it but were mostly happy about the feedback we
obtained. We started a web forum on which everybody could freely post troubles
that were encountered and to our utmost surprise even people outside of our group
showed up as experts and helped us in solving our ‘mysteries’. After some two
years we counted ten thousands of downloads, by far much more than serious users
and it was time to become more professional about it. Both simulators had evolved
into a product and after spending several hundred thousand Euros to pay all the
students’ salaries, we needed to see something in return. Also, the continuation
of the project was in serious financial jeopardy at some time periods. Our download
handling thus changed into a business part that allowed only downloads for obvious
academic usage, confirmed by deans or department heads of existing universities,
while all others had to pay a fee. The fees have been kept moderately low in
comparison to commercial products on the market. We basically traded responsi-
bility against price. Some companies decided not to use our ‘cheap’ tools as we
were not willing to guarantee compensatory payment in case of faults, some
companies required 24 h switching boards to have someone answering their
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questions; all of such desires we could not possibly satisfy. Nevertheless, word had
passed around that our simulators were quite useful and that we behaved as
trustworthy partners, taking requests seriously and repairing reported bugs in the
next revisions. Finally, many 3rd Generation Partnership Project (3GPP) companies
had decided to use the tools as platform for exchanging ideas. Our simulators serve
as reference to compare against their own ideas.

While there were sporadic requests for Uplink (UL) simulators as well, for a
long time we could not respond positively as we were not having sufficient per-
sonnel as well as money to pay extra students. Finally, in 2012 we decided to
devote also effort into a link level UL simulator. All three simulators together now
have experienced more than 50,000 downloads and have become reliable tools for
companies as well as academia worldwide. As we still continue working out our
own research tasks, the simulators are permanently improved and enhanced by
more and more capabilities. This book is intended to provide an overview of our
own research activities related to these three simulators. We are aware of hundreds
of serious efforts of other research groups that are covering fields we could not and
will not. Listing all of those would certainly blast this book. From the very
beginning, quality issues were important for us and even if it hampered down the
publication rate, we devoted ourselves to some requirements. These are as follows:

Reproducibility has become an increasingly important issue in the past years.
As systems become more and more complex and thus complicated, it becomes
more and more difficult to repeat results of others and even reproducing our own
results is often difficult after some time has passed. To facilitate reproducibility we
have therefore launched open access ‘Vienna LTE Simulators’ to provide a com-
mon platform for researchers and engineers. Furthermore, most of our research
papers are associated with code that can be downloaded and easily repeated on
other researchers’ personal computers.

Our Web Forum represents a focal point for information exchange and pro-
vides us with permanent requests by third-party users. Through this measure many
bugs are found and, as we take these seriously, we permanently repair them and
provide new improved releases. By this means we have been tested by several
hundreds of experts. Not many software providers can say that about their products.

Quality insurance is important to us. How do you know your Monte Carlo
(MC) runs are sufficient? We always include confidence intervals with every
averaging point to measure how reliable our simulation is. This often leads to
significant speed improvements as there is no need to average more data once the
confidence intervals have become very small. Standard bootstrapping techniques
are being applied to compute such intervals.

Speed of simulation is a relevant factor. As multi-core machines are becoming
cheaper and cheaper, it makes sense to parallelize the software and speedup sim-
ulation significantly. Some time-consuming decoders have also been ported to the
graphical boards featuring hundreds of cores, which are now available in every
personal computer as standard equipment; this allows to boost performance even
more.
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Evaluation is particularly important when modeling is very abstract. We thus
conduct experimental research for which the link level simulators in up- and
downlink provide key functionality. In the same way the link level simulator
provides the reference for the system level simulator, Fig. 1 describes the scenarios.
While many more ensemble values can be generated by the link level simulator,
only a few are selected to be evaluated by the testbed. Similarly, the system level
simulator selects small setups with a few base stations and/or a few users that can
still be computed at link level precision in reasonable time.

How to Read This Book

Part I of this book is about long-term evolution (LTE) and long-term
evolution-advanced (LTEA) link level techniques. As the downlink direction has
experienced high demand and interest from our partners and collaborators, a lot of
research work has been conducted by the DL simulator and most chapters thus
focus on the downlink. This first part of the book reports some highlights including
single-user (SU) and multi-user (MU) as well as single-input single-output (SISO)
and multiple-input multiple-output (MIMO) transmissions, and also reports on
optimal pilot pattern for high-speed communications as well as synchronization
issues. One chapter is devoted to experiments showing how the link level simulator
can provide input to the measurement testbed. Also basic results on orthogonal
frequency division multiplexing (OFDM) transmissions, not only valid for LTE, are
reported and validated by measurements. Furthermore, one chapter deals with our
newest tool, the UL link level simulator, and explains some interesting novel results
obtained by it.

The second part of this book is on system level simulations. From early on
system level simulations have been in high demand in industry and academia, since
people wanted to find answers for situations when many base stations and hundreds

Experimental
Testbed

Vienna Link-Level
Simulator

Vienna System-Level
Simulator

Requests specific
experiments

Requests specific
experiments

Delivers results Delivers results

Fig. 1 Applied evaluation chain, cross-validating amongst experimental results from testbed
measurements and simulation outcomes from the Vienna Link Level and System Level Simulators
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of users were involved. How the mathematical abstraction of such large cellular
networks can be accomplished to speedup simulations by a factor of several hun-
dred without sacrificing precision is explained in this part of the book. We explain
some new theories of how to abstract large cities equipped with small cells, that is,
heterogeneous networks, and demonstrate the capabilities of our system level
simulator on applications such as train and car transmissions.

Both parts are in general a rather independent read; if the reader is interested in
comparing link and system level results, he is recommended to study both.

Vienna Markus Rupp
December 2015 Stefan Schwarz

Martin Taranetz
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Notation

Table 1 Mathematical notation

Symbol Annotation

fXð�Þ Probability density function of X

FXð�Þ Cumulative distribution function of X

E½X� Expected value of X

Var½X� Variance of X

NCða; σ2IÞ Complex-valued Gaussian distribution with mean a and variance σ2

Γ ½k; θ� Gamma distribution with shape k and scale θ

WC

NðM;Γ Þ Central complex-valued Wishart distribution of dimension N,having M degrees
of freedom and scale matrix Γ

W�C

N ðM;Γ Þ Inverse complex-valued Wishart distribution of dimension N, having M degrees
of freedom and scale matrix Γ .

v 2 R
d�1 Real-valued column vector of length d

½v�l l-th element of vector v

½V�l;k l; k-th element of matrix V

1a� b All one matrix of dimension a� b

ek Canonical base vector with a single one entry at position k

Φ Point process on R
d

Bðx; rÞ Ball with center x 2 R
2 and radius r[ 0

diag ðVÞ Vector v formed out of diagonal elements of matrix V

Diag ðvÞ Diagonal matrix V formed out of elements of vector v

tr ðVÞ Scalar representing the sum of diagonal elements of matrix V

� Kronecker product

� Hadamard point-wise product

xxi



Table 2 Important parameters and variables

Variable Dimension Description

ALS C
ND�NP LS estimator matrix

ALMMSE C
ND�NP LMMSE estimator matrix

cðt; τÞ C Time-variant channel impulse response

Cðt; f Þ C Time-variant transfer function

CðSÞðν; τÞ C Spreading function

CðDÞðν; f Þ C Doppler variant transfer function

Dt N Pilot spacing in time

Df N Pilot spacing in frequency

D C
Nc�Nc Equivalent diagonal channel matrix for time-invariant channel

Dn C
Nc�Nc Equivalent channel matrix for time-variant channel

Δt Rþ Sampling interval

Δf Rþ Subcarrier spacing

f R Continuous frequency

Fk C
NT�NL Precoding matrix at subcarrier k

Fn,k C
NT�NL Precoding matrix at time instant n and subcarrier k

Fn,k[u,i] C
NT�NL Precoding matrix at time instant n and subcarrier k of user u and cell i

Gk C
NL�NR Channel equalizer at subcarrier k

Gn,k C
NL�NR Channel equalizer at time instant n and subcarrier k

Gn,k[u,i] C
NL�NR Channel equalizer at time instant n and subcarrier k of user u and cell i

G
ctð Þ
n;k u; i½ � C

NR�NL Conjugate transpose of receive filter Gn;k u; i½ �
Hk C

NR�NT Channel matrix at subcarrier k

H(eff)
C

NRNc�NLNc Channel matrix (precoding included)

H
effð Þ
k

C
NR�NL Channel matrix (precoding included) at subcarrier k

H(diag)
C

NRNc�NTNc Diagonalized channel matrix

Hn,k C
NR�NT Channel matrix at time instant n and subcarrier k

H
effð Þ
n;k

C
NR�NL Channel matrix (precoding included) at time instant n and subcarrier k

Hn,k[u,i] C
NR�NT Channel matrix at time instant n and subcarrier k of user u and cell i

H
ðctÞ
n;k ½u; i� C

NT�NR Conjugate transpose of channel matrix Hn,k[u,i]

H
ðeffÞ
n;k ½u; i� C

NL�NR Channel matrix (receive filter included) at time instant n and
subcarrier k of user u and cell i

H
ðectÞ
n;k ½u; i� C

NR�NL Conjugate transpose of effective channel matrix H
ðeffÞ
n;k ½u; i�

ĥ
LS

P
C

NP�1 LS estimate of the channel at pilot positions

Ĥ
LS

P
C

NP�NP LS estimate of the channel matrix at pilot positions

ĥ
LMMSE

P
C

NP�1 LMMSE estimate of the channel at pilot positions

~hi C
NP�1 Estimation error of the channel at position i

hD C
ND�1 Channel at data positions
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Table 2 (continued)

Variable Dimension Description

ĥD C
ND�1 Channel estimate at data positions

ĥ
LS

D
C

ND�1 LS estimate of the channel at data positions

ĥ
LMMSE

D
C

ND�1 LMMSE estimate of the channel at data positions

hP C
NP�1 Channel at pilot positions

ĥP C
NP�1 Channel estimate at pilot positions

k N Subcarrier index

l N Transmission layer index

‘k N Number of spatial streams over time

‘k u; i½ � N Number of spatial streams at subcarrier k for user u in cell i

‘n;k u; i½ � N Number of spatial streams at time n and subcarrier k for user u in cell i

n Z OFDM symbol index

Nc N Number of active subcarriers

Nf N Number OFDM symbols/subframe

NFFT N Max. number of subcarriers = FFT size

Ncp N Number of samples per CP

No N Oversampling factor

Nh N Number of channel taps

Ns N Number of samples per OFDM symbols

Nsl N Number of OFDM symbols/slot

ND N No. of OFDM data symbols/slot

Np N Number of OFDM pilot symbols/slot

NL N No. of transmission layers

NT N No. of transmit antennas

NR N No. of receive antennas

NTTI N No. of transmission time intervals

PD Rþ Data symbol power

PD
n;k Rþ Data symbol power at subcarrier k and OFDM symbol n

PICI Rþ ICI power

PICI
n;k Rþ ICI power at subcarrier k and OFDM symbol n

Pn;k i½ � Rþ Transmit power at time instant n and subcarrier k of cell i

PP Rþ Pilot power

PS Rþ Transmit power

PV Rþ Noise power

r(t) C Continuous received signal

rn,k C Received data symbol at subcarrier k and OFDM symbol n

rn,k C
NR�1 Received data symbol vector at subcarrier k and OFDM symbol n

rn;k½u; i� C
NR�1 Received data symbol vector at subcarrier k and OFDM symbol n for

user u and cell i

rn C
Nc�1 Received data symbol vector at OFDM symbol n
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Table 2 (continued)

Variable Dimension Description

rP C
NP�1 Received symbol vector at pilot positions

rP;0 C
NP�1 Received symbol vector at pilot positions in slot 0

rP;1 C
NP�1 Received symbol vector at pilot positions in slot 1

RhD ;hP C
ND�NP CCF matrix of data and pilot channel

RhP ;hD C
NP�ND CCF matrix of pilot and data channel

RhP ;hP C
NP�NP ACF matrix of pilot channel

RhD ;hD C
ND�ND ACF matrix of data channel

t R Continuous time

T Rþ OFDM symbol duration without cyclic prefix

Tcp Rþ Cyclic prefix duration

Ts Rþ OFDM symbol duration in the time domain

WN C
N�N DFT matrix of dimension N

x(t) C Continuous transmit signal

xn,k C Transmitted data symbol at subcarrier k and OFDM symbol n

xn,k C
NT�1 Transmitted data symbol vector at subcarrier k and OFDM symbol n

xn;k ½u; i� C
NT�1 Transmitted data symbol vector at time instant n and subcarrier k of

user u and cell i

xn C
Nc�1 Transmitted data symbol vector at subcarrier k and OFDM symbol n

xD C
ND�1 Vector with stacked data symbols

xP C
NP�1 Vector with stacked pilot symbols

x
ðlÞ
P

C
Nc�1 Vector with stacked pilot symbols in uplink layer l

X
ðlÞ
P

C
Nc�Nc Matrix obtained from Diag (xðlÞP )

xL C
Nc�1 Vector with Zadoff–Chu uplink pilot sequence

xP;0 C
NP�1 Vector with pilot symbols in slot 0

xP;1 C
NP�1 Vector with pilot symbols in slot 1

yn,k C Received symbol after equalizer at subcarrier k and OFDM symbol n

yn,k C
NR�1 Received symbol vector after equalizer at subcarrier k and OFDM

symbol n

yn;k ½u; i� C
NR�1 Received symbol vector after equalizer at time instant n and

subcarrier k of user u and cell i

yICIn;k C ICI vector at subcarrier k and OFDM symbol n

vn,k C Noise symbol at subcarrier k and OFDM symbol n

vk C Noise symbol at subcarrier k

vn,k C
NR�1 Noise vector at subcarrier k and OFDM symbol n

vn C
Nc�1 Noise vector at OFDM symbol n
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Part I
Link Level Simulations and Experiments

Up and Downlink–From Simulations to Experiments

In this first part of the book the Vienna Link Level (LL) Simulators are described.
The first chapter provides basics of LL simulations, introduces the most common
variables and parameters as well as the transceiver structures that are applied in
Long-Term Evolution (LTE) and Long-Term Evolution-Advanced (LTEA). We
focus here mostly on the Downlink (DL) of LTE as most results reported in later
chapters are related to DL transmissions.

Chapter 2 focuses on the DL synchronization, in particular how to optimally
estimate frequency offsets under various channel conditions. The interested reader
can find more details on synchronization issues and frequency offset impact from Qi
Wang’s Ph.D. thesis available at http://theses.eurasip.org/theses/470/performance-
evaluation-of-practical-ofdm-systems/.

In Chap. 3 Ronald Nissel reports on his findings in the context of very high
mobility. As we are able to reproducibly measure at velocities of 400km/h, we were
interested in the performance of optimal decoding and Orthogonal Frequency
DivisionMultiplexing (OFDM) architectures under such extreme conditions.

Chapter 4 provides insight into optimal pilot pattern design. Here a method is
described that allows to match the pilot pattern optimally to a given Root
MeanSquare (RMS) delay spread and Doppler spread. Also the transmit power for
the pilots is selected optimally to achieve maximal mutual information. More
details are available in Michal Šimko’s Ph.D. thesis http://theses.eurasip.org/theses/
488/pilot-pattern-optimization-for-doubly-selective/.

Chapter 5 reviews the basic principles of link adaptation and linear precoding for
single-user Multiple-Input Multiple-Output (MIMO) transmission and evaluates
LTE’s DL Single-User (SU) MIMO transmission modes. The focus of this chapter
is on designing optimal limited feedback algorithms to enable efficient operation
with quantized channel state information at the base station.

http://dx.doi.org/10.1007/978-981-10-0617-3_2
http://theses.eurasip.org/theses/470/performance-evaluation-of-practical-ofdm-systems/
http://theses.eurasip.org/theses/470/performance-evaluation-of-practical-ofdm-systems/
http://dx.doi.org/10.1007/978-981-10-0617-3_3
http://dx.doi.org/10.1007/978-981-10-0617-3_4
http://theses.eurasip.org/theses/488/pilot-pattern-optimization-for-doubly-selective/
http://theses.eurasip.org/theses/488/pilot-pattern-optimization-for-doubly-selective/
http://dx.doi.org/10.1007/978-981-10-0617-3_5


Chapters 6 and 7 put the scope on multi-user MIMO transmission. In Chap. 6
channel state information quantization algorithms for block-diagonalization
precoding are developed, exploiting the subspace structure of the precoder design
to enable efficient quantization on the Grassmann manifold. Memoryless and pre-
dictive Grassmannian quantization algorithms are presented, with the latter utilizing
temporal channel correlation to improve quantization accuracy. In Chap. 7 these
quantizers are extended to OFDM transmission over frequency-selective channels.
Furthermore, systems with excess antennas at the receivers are considered and
receive antenna combiners that minimize the impact of channel state information
quantization errors are developed. The content of Chaps. 5–7 are taken from the
Ph.D. thesis of Stefan Schwarz; more detailed treatments of such techniques
are available in http://theses.eurasip.org/theses/514/limited-feedback-transceiver-
design-for-downlink/.

The Uplink (UL) simulator is the youngest of the Vienna LTE simulators. We
were first hesitant to start this project as our main resources were bound to DL
simulations, but the requests for a UL LL simulator became stronger and stronger
from the community. We first tried to spin the effort off by colleagues from TU
Brno [1] but they were also suffering a lack of students. In 2012 we finally decided
to set up some resources and, based on a few students’ work, we eventually got
started.

Our initial opinion was that the UL is a straightforward copy of the DL with just
some particularities such as Single-Carrier Frequency Division Multiple Access
(SC-FDMA), but soon we learned that there are significant differences in both
worlds and concepts that proved to work well in the DL did not work equally in the
UL. In Chap. 8 Erich Zöchmann and Stefan Pratschner report on their findings for
channel estimation and interpolation in UL scenarios.

Early on there has always been the demand for experimental work to validate
link level simulations. In Chap. 9 Martin Lerch reports on LTE transmission sce-
narios and displays the truly obtained throughput.

Reference

[1] J. Blumenstein, J. Ikuno, J. Prokopec, and M. Rupp, Simulating the long term evolution uplink
physical layer, in Proceedings ELMAR, pp. 141–144, Zadar, (2011)

2 Part I: Link Level Simulations and Experiments

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://theses.eurasip.org/theses/514/limited-feedback-transceiver-design-for-downlink/
http://theses.eurasip.org/theses/514/limited-feedback-transceiver-design-for-downlink/
http://dx.doi.org/10.1007/978-981-10-0617-3_8
http://dx.doi.org/10.1007/978-981-10-0617-3_9


Chapter 1
Link Level Simulation Basics

Markus Rupp, Stefan Schwarz and Martin Taranetz

This chapter serves to provide the basic background on Orthogonal Frequency
Division Multiplexing (OFDM) transmission and Multiple-Input Multiple-Output
(MIMO) transmissions for Multi-User (MU). We will introduce the most important
parameters used later on in the following chapters. The experts in Long Term Evo-
lution (LTE) can simply skip this chapter.

1.1 Some Basics on Wireless Channels and Notations

We model wireless channels by a two-dimensional time-variant channel impulse
response c(t, τ ), reflecting that for each time instant t , we obtain a different impulse
response c(τ ). Given such channel, we can perform Fourier transformations on both
parameters t and τ either individually or jointly. Figure1.1 displays the four different
representations. The most important transform is the time-variant transfer function
C(t, f ) obtained by Fourier transformation of the lag parameter τ . This function is
very much suitable for the OFDM transmissions of LTE and will be used extensively.
Applying the Fourier transform on the first parameter t , we compute the so-called
spreading function C (S)(ν, τ ). Finally, applying the Fourier transform on both para-
meters results in the so-called Doppler-variant transfer function C (D)(ν, f ).

As we are using sampled values in digital form, it makes sense to introduce the
corresponding sampled versions. Sampling with (Δt,Δτ,Δ f,Δν), we obtain
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Fig. 1.1 The Fourier transformations of the time-variant channel impulse response c(t, τ ). Left
time-continuous description; right time-discrete version

cm,m ′ = c(mΔt, m ′Δτ), (1.1)

Cm,k = C(mΔt, kΔ f ), (1.2)

C (S)
k ′,m ′ = C (S)(k ′Δν, m ′Δτ), (1.3)

C (D)
k ′,k = C (D)(k ′Δν, kΔ f ), (1.4)

respectively. In this form the four terms describe two-dimensional sequences of
infinite dimensions. More insight into these four functions can be found in the text-
book [1]. While the time index m typically remains unbounded, we will only employ
a limited bandwidth and thus the frequency index k will be limited by the number of
subcarriers that we design the OFDM transmission system for.

1.2 OFDM Basics

Consider data symbols xn,k; k = 0, 1, . . . , Nc − 1 to be transmitted over a duration T
at time instant n in a Single-Input Single-Output (SISO) point-to-point transmission:

s(t) =
∞∑

n=−∞

Nc−1∑

k=0

xn,k gT,k(t − nT ), (1.5)

thus being modulated with help of a pulse shaping filter

gT,k(t) =
{

1√
T

e j2πk t
T 0 ≤ t < T

0 else.
(1.6)
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In LTE T = 66.7µs. For this specific pulse shaping filter, the modulation resembles
a so-called OFDM modulation that can be implemented very efficiently by a Fast
Fourier Transform (FFT) algorithm. Here, the number of subcarriers Nc defines how
many individual streams of data xn,k; k = 0, 1, . . . , Nc − 1 are being transmitted.
Note that 1/T = Δ f in (1.6) defines the subcarrier spacing. As not all subcarriers are
modulatedwith data symbols xn,k , the true number is typically larger and is equivalent
to the order NFFT > Nc of the FFT operation. The physical subcarrier spacing is
simply calculated by dividing the entire transmit bandwidth Bc by the number of
active subcarriers Nc, thusΔ f = Bc

Nc
= B

NFFT
. Note, however, that the bandwidth B >

Bc required for the transmission is larger as some subcarriers may not be modulated
but are required for different reasons, e.g., to facilitate the provisioning of analogue
filters that keep a security distance to carriers of other service providers. Note that
the given bandwidth B is what is offered to a service provider to use but OFDM
modulation theoretically requires an infinite bandwidth due to the unlimited time-
frequency product of such signals. The demarcation to the next service provider’s
frequency range in practice is achieved by additional analogue filters. To understand
why the bandwidth of OFDM signals is unlimited, simply recall that

gT,k(t) = gT,k(t) · rectT (t). (1.7)

The symbols are thus multiplied by a rectangular pulse in time (here rectT (t) = 1
for the symbol duration T and zero outside) which corresponds to the convolution
with a sinc function in frequency. The spectrum is defined by the squared magnitude
of such sinc function and thus the occupied bandwidth is infinite.

Once the generated signal s(t) is transmitted over a time-variant channel with
impulse response c(t, τ ), we obtain at the receiver antenna the distorted signal

r(t) =
∫ τmax

0
c(t, τ )s(t − τ)dτ + v(t), (1.8)

corrupted by the channel as well as additive noise v(t). To accommodate a channel
with maximal duration τmax, we introduce a so-called Cyclic Prefix (CP), that is
simply a fractional repetition of the transmit signal, placed in front of the signal.
In principle, it could also be a cyclic postfix, repeated after the symbol but in LTE
a CP was selected. In the Downlink (DL) of LTE two possible values of a CP are
allowed, a short one of duration Tcp = 4.7µs and a long one of Tcp = 16.7µs. To be
precise, when applying the short CP, the first symbol has a CP of 5.2µs, the following
six are 4.7µs long. The reason for the different CP length of the first symbol is to
make the overall slot length in terms of time units divisible by 15360. Seven OFDM
symbols together with their CPs make up one slot (Nf = 7). Then the pattern starts
again. The long CP is to be employed in high Root Mean Square (RMS) delay spread
scenarios. If this is used, only six symbols make up for one slot (Nf = 6). With a
typical CP length of 4.7µs and an FFT length of NFFT = 1024, we find Ncp = 72.
In this example the CP length has a duration of 72 samples.
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The pulse shaping with CP can be best modeled by modifying the pulse shaping
filter to:

gTs,k(t) =
{

1√
T

e j2πk t
T −Tcp ≤ t < T

0 else
. (1.9)

With such a pulse shape, the actual signal duration becomes a bit longer: Ts =
T + Tcp. Applying this pulse shape and assuming that the channel impulse response
is not exceeding Tcp, the convolution of (1.8) now reads during the period T of the
OFDM symbol at time instant n:

rT (t) =
∫ Tcp

0
c(t, τ )

Nc−1∑

k=0

xn,k gTs,k(t − τ − nTs)dτ + v(t) (1.10)

= 1√
T

∫ Tcp

0
c(t, τ )

Nc−1∑

k=0

xn,ke j2πk t−τ−nTs
T dτ + v(t) (1.11)

=
Nc−1∑

k=0

1√
T

∫ Tcp

0
c(t, τ )e− j2πk τ

T dτ xn,ke j2πk t−nTs
T + v(t) (1.12)

= 1√
T

Nc−1∑

k=0

C(t, kΔ f )xn,ke j2πk t−nTs
T + v(t), (1.13)

withC(t, f ) denoting the time-variant transfer function fromEq. (1.2). Due to the CP
extension, no Inter-Symbol Interference (ISI) occurs from the previous symbols and
as a further consequence, the time-variant transfer functionC(t, kΔt) fully describes
the transmission system.

At the receiver end we sample the observed signal, say with NFFT samples per
period T . Starting at the beginning of the symbol the sampling period per symbol runs
from tm = (n − 1)Ts + Tcp + mΔt, m = 0, 1, . . . , NFFT − 1, with Δt = T

NFFT
= Ts

Ns
.

The receiver thus performs at every time instant n a Fourier transform of the sampled
symbol:

rn,k =
√

T

NFFT

NFFT−1∑

m=0

rT (tm = mΔt + (n − 1)Ts + Tcp)e
− j2π mk

NFFT + vn,k (1.14)

= 1

N

N−1∑

m=0

Nc−1∑

k ′=0

C(mΔt + (n − 1)Ts + Tcp, k ′Δ f )

· xn,k ′e j2πk ′ mΔt+(n−1)Ts+Tcp−nTs
T e− j2π mk

NFFT + vn,k, (1.15)

= 1

NFFT

NFFT−1∑

m=0

Nc−1∑

k ′=0

C(mΔt + (n − 1)Ts + Tcp, k ′Δ f )xn,k ′e j2π (k′−k)m
NFFT + vn,k .

(1.16)
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We now reformulate the term during mΔt + (n − 1)Ts + Tcp = Δt (m − NFFT +
nNs) which allows us to introduce a time-variant transfer function that only depends
on discrete parameters: Cm−NFFT+nNs,k ′ = C(mΔt + (n − 1)Ts + Tcp, k ′Δ f ). This
allows now a much more compact formulation

rn,k = 1

NFFT

NFFT−1∑

m=0

Nc−1∑

k ′=0

Cm−NFFT+nNs,k ′ xn,k ′e j2π (k′−k)m
NFFT + vn,k . (1.17)

Figure1.2 depicts the scenario showing a time-frequency resource grid with sym-
bols and their CP associated with the magnitude of a potential time-variant transfer
function Cm,k . The figure also contains the placement of the pilot positions as they
are specified in the LTE standards for DL transmissions.

Understanding Eq. (1.17) now is crucial for the understanding of OFDM transmis-
sions over time-variant channels. We would like to obtain rn,k = xn,k only hampered
by the additive noise term vn,k . If we have a time-invariant transfer function Ck ′ , the
dependence of the channel on m and n disappears. Only for k = k ′, one element
remains and we obtain rn,k = Ck xn,k + vn,k , or in form of a diagonal channel matrix
D containing all elements of Ck on its diagonal. This allows us to formulate a simple
transmission model from transmit symbols xn,k to observed noisy symbols rn,k after
the FFT operation at the receiver in vector notation:

Fig. 1.2 A possible realization of the sampled time-variant transfer function Cm,k for Nc = 13,
Nf = 15, N = 13 and Ncp = 2. Data symbols xn,k are transmitted over a Nc × Nf frequency-time
grid, whereas Hn,k denotes the piecewise time-average of Cm,k . The pilot symbol positions are
chosen according to the LTE standard for DL transmissions
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rn = Dxn + vn, (1.18)

where we concatenated all data symbols xn,k at time instant n over all subcarriers
in vector xn ∈ C

Nc×1 and all sampled received values rn,k after FFT in vector
rn ∈ C

Nc×1. The additive noise is considered vn ∼ NC

(
0, PV INc

)
as sampled white

Gaussian noise after a uniformFFT transformation preserves its statistical properties.
Note that the noise statistics are preserved by the Fourier transform and simply reuse
the same notation vn,k . Once the channel taps, that is the diagonal values of D are
known, the corresponding receiver can then simply apply its inverse and so obtain
good and low complex estimates of xn,k :

x̂n = D−1rn = rn + D−1vn, (1.19)

well-known as the Zero Forcing (ZF) receiver (one-tap receiver for SISO transmis-
sions).

As soon as the channel is time-variant, however, the situation becomes somewhat
more complicated. Equation (1.17) tells us now that all data symbols xn,k at time
instant n of all Nc subcarriers have an influence on the decoded value. Even in the
absence of noise, there exists an Inter-Carrier Interference (ICI) that corrupts the
data and prevents simple detection schemes. We can still describe the mapping from
xn to rn by a matrix but such matrix is no longer diagonal and also dependent on
time-instant n:

rn = Dnxn + vn, (1.20)

where we identify all elements of matrix D from (1.17)

[Dn]k,k ′ = 1

NFFT

NFFT−1∑

m=0

Cm−NFFT+nNs,k ′e j2π (k′−k)m
NFFT , k, k ′ = 0, 1, . . . , Nc − 1.

(1.21)
We can now interpret the elements of Dn as the Fourier transformed values of the
time-variant transfer function. In particular the elements on themain diagonal k = k ′,
are the piecewise time-averaged values Hn,k of the channel transfer function Cm,k at
time instant n. With hn = diag (Dn), we can thus equivalently formulate Eq. (1.20)
in a very compact form in which now xn, rn and vn ∈ C

Nc×1:

rn = Diag (hn) xn + yICI
n + vn, (1.22)

where we split the data symbol part in a diagonal part associated with hn and a non-
diagonal part yICI

n that depends on channel and data. For time-invariant channels, we
find that yICI

n = 0.
At this point several important comments are required:

• The presented concept here requires a perfect synchronization to start the sampling
exactly at the beginningof theOFDMsymbol.However, due to theCP the sampling
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can also start a bit earlier as the symbol is preserved as long as the sampling points
are not earlier than Tcp − τmax before the symbol starts.

• The presentation here is for a simple SISO system, the extension to MIMO trans-
missions with NT transmit and NR receive antennas is straightforward; the time-
variant matrix Dn becomes multidimensional, its main diagonal elements Hn,k

then become NR × NT dimensional matrices Hn,k . The m, lth entry of this matrix
is referred to as [Hn,k]m,l; m = 1, 2, . . . , NR; l = 1, 2, . . . , NT.

• We did not mention transmit power so far. If it is included, Eq. (1.22) is modified
to

rn = Diag (hn)
√

PSxn + yICI
n + vn, (1.23)

which also scales the ICI term yICI
n . In a MIMO transmission also precoding

matrices Fn,k can be included for each xn,k at every entry of the time-frequency
grid (n, k) and we obtain

rn,k = Hn,kFn,kxn,k + yICI
n,k + vn,k, (1.24)

where the precoding matrix includes the transmit power term. Once an equalizer
Gn,k is applied, the corresponding signal is

yn,k = Gn,k
(
Hn,kFn,kxn,k + yICI

n,k + vn,k
)
. (1.25)

• Similarly to the presented concept here also Single-Carrier Frequency Division
Multiplexing (SC-FDM) can be described, in which an FFT operation followed
by an inverse FFT causes a mixing of the symbols including pilots over the subcar-
riers. The FFT operation is typically employed twice after the reception to include
an equalizer stage. Multiple FFT and inverse FFT schemes keep the transmission
propertiesmore or less equivalent due to the linearity of the channel.However, non-
linear power amplifiers as well the different treatment of the additive noise cause
some differences in the behavior when compared to OFDM transmissions. Due to
smaller Peak-to-Average Power Ratio (PAPR) values, the SC-FDM transmission
mode is employed in the Uplink (UL) of LTE and Long Term Evolution-Advanced
(LTE-A) while OFDM is used in the DL. A more detailed description of SC-FDM
can be found in Chap.8.

At this point we like to refer the interested reader to some classical textbooks, see,
e.g., [2–4], for more details on OFDM transmissions.

1.3 Advanced Features: ICI Modeling

As shown in Eq. (1.22) the ICI component is relatively complex as it contains data
as well as channel components. Although often argued that due to a sum of multiple
independent sources, the Central Limit Theorem would hold and the corresponding

http://dx.doi.org/10.1007/978-981-10-0617-3_8
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signal is Gaussian distributed, the nature of this signal is not easily described as
such. It certainly can be described by a Gaussian mixture process [5]. Nevertheless,
once multiple transmit antennas come into play, ICI can become more Gaussian and
with additional coding the obtained ICI impacts throughput of OFDM transmission
systems very much like Gaussian distortions with proper signal power. This section
describes how we model ICI in system level simulations and we validate our results
for high speed channels, as it may occur in high speed trains or even transmissions
to airplanes.

1.3.1 Analytical Model

The impulse response of the channel is described by cm,m ′ as described in Eq. (1.1),
the indexes denoting the tap gain of the m ′th tap at time instant m. We can express
cm,m ′ as: cm,m ′ = L · c̃m,m ′ , where L denotesmacroscopic pathloss and shadow fading
that remains a constant for a longer time period and c̃m,m ′ represents microscopic
fading. We consider for this a so-called Wide-Sense Stationary Uncorrelated Scat-
tering (WSSUS) channel model [1, 6], where the channel can be characterized by
its statistics, such as the Power Delay Profile (PDP) and its scattering function [1].
According to these assumptions, and further assuming a two-dimensional propaga-
tion scenario, the autocorrelation function of the channel at time indexes m1, m2 and
channel taps m ′

1, m ′
2 is

E{cm1,m ′
1
c∗

m2,m ′
2
} = c|L|2 J0

(
2π fdΔt (m1 − m2)

)
δ(m ′

1 − m ′
2), (1.26)

where c is a normalization constant, J0(·) denotes the zeroth-order Bessel function
of the first kind, fd is the Doppler frequency andΔt is the sampling time. The inverse
Fourier transform of the Doppler spectrum is its autocorrelation function which is
in two-dimensional propagation scenarios well described by the zeroth-order Bessel
function J0(·) of the first kind [7].

We can write Eq. (1.22) as

rn,k = Hn,k

√
PSxn,k + yICIn,k + vn,k, k = 0, 1, . . . , Nc. (1.27)

As derived in [8], the power of the ICI term can be calculated as

E{P ICI
n,k } = |L|2PS

N 2
FFT

Nc−1∑

m=0,m 	=k

NFFT−1∑

m1=0

NFFT−1∑

m2=0

J0

(
2π fdΔt (m1 − m2)

)

· exp
[

j
2π(m1 − m2)(m − k)

NFFT

]
. (1.28)
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We recognize that the ICI power is a function of the subcarrier index k. Further we
will indicate the overall ICI power at subcarrier k as P ICI

k = E{|yICIn,k |2}. Obviously
here, the averaging has been performed over all possible data and thus the dependency
on symbol n is lost.

1.3.2 Extension to MIMO Transmissions

In this subsection we extend our transmission systemmodel toMIMO transmissions.
Let Fk be an NT × NL dimensional semi-unitary precoding matrix. Assuming equal
power allocation at transmit antennas (according to the LTE standard) and making
an assumption that the channels between the transmit antennas at each base station
are statistically independent, we can extend our model as

rn,k = Hn,kFn,kxn,k + yICI
n,k + vn,k (1.29)

where rn,k is the received vector of size NR × 1, Hn,k is the averaged channel matrix
of size NR × NT , vn,k is the noise vector and vector yICI

n,k introduces the total ICI
power at each time instant n.

Under an isotropic precoder assumption, the autocorrelation of the transmit signals
can be expressed as

E{(Fn,kxn,k)(Fn,kxn,k)
H } = PS

NT
I (1.30)

where E{‖xn,k‖22} = NL and E{Fn,kFH
n,k} = PS

NT
I. Based on this assumption, the ICI

terms from different antennas are uncorrelated. The ICI on receive antenna i , i.e.,
element [yICI

n,k]i of vector yICI
n,k , is obtained by summing up the contributions from all

NT transmit antennas:

[yICI
n,k]i =

NT∑

m=1

yICI,mn,k

1

NT
. (1.31)

This finally allows to compute ICI in MIMO transmissions and then add it as addi-
tional Gaussian noise in a simple model. Even though the ICI is not Gaussian dis-
tributed, it might converge to Gaussian due to Central limit theorem for sufficiently
large NT. This may become handy for so-called massive MIMO technologies that
are being discussed for the 5th Generation in wireless cellular transmissions.
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1.3.3 Performance Evaluation

In this subsection we provide the validation of our ICI analytical model. As already
mentioned at the receiver the ICI noise can be treated as additional complex-valued
Gaussian noise with distribution

yICI
n,k ∼ NC

(
0, P ICI

n,k · I
)
. (1.32)

To obtain a similar performance to fast fading simulations, however, it is neces-
sary to additionally decrease the length of the fading blocks in case of block fading
simulations of high user velocity systems, to account for the reduced coherence time
of the channel. Below we demonstrate the validity of the implemented ICI abstrac-
tion model by comparing the throughput obtained with fast-fading simulations, i.e.,
when the channel varies during one OFDM symbol causing ICI, to the performance
achievedwith block-fading simulations and addingGaussian noise to emulate the ICI
effects. To demonstrate the validity of the implemented ICI abstraction, we compare
results with the Vienna LTE link level simulator that allows a very detailed mod-
eling of the various signal sources. In Figs. 1.3 and 1.4 we compare the achievable
throughput and BLER.We recognize that with appropriate ICI calculation and short-
ened block-fading length we can almost perfectly mimic the fast-fading behaviour
and, as a consequence, simulate with high accuracy systemswith highmobility users.
Similar performance can be observed in the case of MIMO transmissions which is
depicted in Fig. 1.5.

Fig. 1.3 Comparison of BLER between fast-fading and block-fading simulation with shortened
block-fading length. Simulations of block-fading channels with block fading length of 1, 3, 4, 7 and
14 OFDM symbols are considered
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Fig. 1.4 Justification of ICI abstraction model at 2GHz center frequency. Simulations of block-
fading channels with block fading length of 1, 3, 4, 7 and 14 OFDM symbols are considered

Fig. 1.5 Comparison of 4 × 2 MIMO transmissions with system and link level simulations
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1.4 LTE in a Nutshell

Understanding how OFDM transmissions work, makes the essential part of LTE but
a lot more details are required in order to understand what options LTE and LTE-A
offer. The entire transmitter architecture for DL transmissions is depicted in Fig. 1.6
about which we have only explained the last box in the previous section. Going
from left to right, the pure data bits are going through an interleaver, shuffling the bit
locations to reduce burst errors and introducing coding as well as various modulation
schemes. In LTE 32 so called Modulation and Coding Schemes (MCSs) are defined.
They all are a pair of coding andmodulation schemes.Here, fourmodulation schemes
are in use all based onQuadratureAmplitudeModulation (QAM): Binary Phase Shift
Keying (BPSK), 4-QAM, 16-QAM and 64-QAM. Note that in many 3rd Generation
Partnership Project (3GPP) documents modulation schemes referred to BPSK and
Quadrature Phase Shift Keying (QPSK) are actually QAM modulation schemes. As
only the symbol constellation in the I-Q plane is of interest, the more modulation
details do not matter here. A turbo coder, very similar to the 3GPP scheme for
3rd generation allows to vary the code rate between 1/2 in many steps up to 5/6.
The selection of the MCS is made adaptively based on the Channel Quality Indicator
(CQI) which is feedback information from the receivers. As the selection of theMCS
is adaptive, it is called Adaptive Modulation and Coding (AMC). More details on
how theCQI value is selected, are explained further ahead in Sect. 1.6. The next phase
in Fig. 1.6 is the MIMO processing required if transmitted over more than a single
antenna. LTE supports NT = 2 and NT = 4 transmit antennas, LTE-A even eight
of them. Depending on the Rank Indicator (RI) which is also feedback information
delivered from the User Equipments (UEs), the transmitter selects the number of
layers (or streams) over which the data stream is transferred. In LTE a set of Nf = 7
OFDM symbols at six adjacent subcarriers is combined to form a so-called Resource
Element (RE). These seven symbols span the duration of 0.5ms, called a slot. In the

Fig. 1.6 MIMO OFDM transceiver architecture
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investigations of this book we even allow the scheduler a finer granularity, i.e., each
symbol in the time-frequency plane is assigned to a number �n,k[u, 0] of layers it will
make use of. By this user u is assigned its resources. With each data stream comes a
so-called precoding matrix Fn,k[u, 0] selected with help of a third piece of feedback
information, the Precoding Matrix Indicator (PMI).

With all this information on resource allocation for each user u, the data streams
are mapped into the time-frequency plane, signaling information is added as well and
finally the Inverse Discrete Fourier Transform (IDFT) operation with the additive CP
as explained in the previous section is performed. There is many textbooks on LTE
available that we recommend the reader to for more details, see e.g., [9–11]. The UL
behaves very similar and is described in more detail in Chap.8.

The receiver architecture is more or less the transmitter in backward order.
Receivers are called UE in LTE terminology and can have an arbitrary number of
receiver antennas NR. The first step after the Discrete Fourier Transform (DFT) oper-
ation and removing of the CP is to apply an equalizer Gn,k to minimize interference
between layers and potentially reduce noise impact. A transmission chain can thus
be abstracted to the simple form

rn,k = Gn,kHn,kFn,kxn,k + vn,k, (1.33)

of which we understand now that for each point (n, k) of the time-frequency plane
the entire transmission including the wireless channel and the OFDM modulation is
condensed in an equivalent channel matrix Hn,k ∈ C

NR×NT , the NT antennas at the
transmitter are controlled by the precoding matrix Fn,k and the receiver applies an
equalizer Gn,k on its NR receive antennas. If the base station is concerned (typically
in the DL), often the channel and the equalizer are combined as effective channel

H(eff)
n,k = Gn,kHn,k . (1.34)

However, if the receiver is in the focus, it may make sense to combine the precoding
with the channel and define H(eff)

n,k = Hn,kFn,k . However, if this happens we will refer
to it in the text. In general we use the short form (1.34).

1.5 Input–Output Relationship of a Cellular User

A single point-to-point connection from a base station, in LTE called Evolved Base
Station (eNodeB), to a UE does not make an LTE network yet. The modeling of a
cellular network consisting of I + 1 cells is under consideration in the following.
In Fig. 1.7 we depict a single eNodeB serving multiple UEs in three sectors, which
employs so called Remote Radio Units (RRUs). Such RRUs are becoming more
and more common as they offer low cost solutions with increased coverage. They
typically consist of a set of antennas with power amplifiers and are connected via
fiber glass to a single eNodeB that does all the processing of data.

http://dx.doi.org/10.1007/978-981-10-0617-3_8
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Fig. 1.7 Segment of an
exemplary cellular network
serving multiple users over
sectorized macro base
stations and remote radio
units

In each cell i ∈ {0, . . . , I }, the attached users are served via a central antenna array
that is located at the macro base station and consists of NT[0, i] antenna elements.
Note that we denote the central eNodeB by index 0, while the surrounding base
stations have higher indexes. Additionally, the cell is supplied with Ri RRUs that
are distributed over the cell area, as illustrated in Fig. 1.7. RRU r ∈ {1, . . . , Ri } is
equipped with an antenna array comprising NT[r, i] antenna elements. The total
number of transmit antennas available in cell i is denoted NT[i] = ∑Ri

r=0 NT[r, i].
In cell i , a total number of Ui users is served. The receive antenna array of user

u ∈ Ui , Ui = {1, . . . , Ui } is composed of NR[u, i] antennas. The channel between
user u in cell i and RRU r in cell j at OFDM subcarrier NFFT and symbol-time k
is described by an NR[u, i] × NT[r, j] dimensional complex-valued channel matrix
H(r, j)

n,k [u, i], employing the equivalent complex baseband representation of theOFDM
wireless communication system, see, e.g., [2–4]. The channels to the central antenna
array of cell j as well as all R j RRUs are combined in the matrix

H( j)
n,k[u, i] =

[
H(0, j)

n,k [u, i], . . . , H(R j , j)
n,k [u, i]

]
∈ C

NR[u,i]×NT[ j]. (1.35)

To simplify notation, the superscript ( j) is omitted whenever in-cell channels, j = i ,
are considered. Also, if the description of an algorithm or method is independent
of the subcarrier index NFFT and/or the symbol-time index k, the respective index
is dropped. Such situations are particularly indicated in the text. Following LTE
notations, the subcarrier and symbol-time index pair (n, k) is denoted as a RE.

The set of users that is selected by the scheduling algorithm of cell i to be served
on a given RE is denoted Sn,k[i] ⊆ Ui . The employed Single User Multiple-Input
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Multiple-Output (SU-MIMO) andMulti User Multiple-Input Multiple-Output (MU-
MIMO) schedulers are described in detail inChaps. 5 and 6, respectively. The number
of served users in cell i on RE (n, k) is given by Sn,k[i] = |Sn,k[i]|. The transmit
symbol vector intended for user u ∈ Sn,k[i] is written as xn,k[u, i] ∈ C

�k [u,i]×1, with
�k[u, i] ≤ NR[u, i] being the number of data-streams spatially multiplexed to user
u. In general, the number of streams per user �k[u, i] could potentially change
over subcarriers. With the considered LTE compliant transceiver architecture shown
in Fig. 1.6 this is not possible, because the mapping of the user data onto spatial
streams (layer mapping) is performed before the mapping onto REs. Hence, �k[u, i]
can at most change from one OFDM symbol to the next, provided that each OFDM
symbol is coded individually. In LTE the number of streams per user is constant
for the duration of one slot consisting of seven OFDM symbols (Nf = 7), provided
the short CP is employed. It is assumed that such restrictions are handled by the
scheduler.

The total number of streams of cell i transmitted on RE (n, k) is denoted
�n,k[i] = ∑

u∈Sn,k [i] �k[u, i]. To account for the maximum possible spatial multi-
plexing capabilities of the base station in cell i , the number of streams is constrained
as �n,k[i] ≤ NT[i]. Although �k[u, i] is independent of the subcarrier index, the
total number of streams depends on NFFT due to the frequency selective multi-user
scheduling. The transmit symbol vector is normalized as

E
(
xn,k[u, i] xn,k[u, i]H) = I�k [u,i]. (1.36)

Prior to transmission over the wireless channel, the user symbol vector xn,k[u, i]
is precoded with a precoding matrix Fn,k[u, i] ∈ C

NT[i]×�k [u,i], mapping the �k[u, i]-
dimensional transmit symbol vector onto the NT[i] transmit antennas. Notice that the
allocation of the available transmit power Pn,k[i] among users and spatial streams is
considered in the precodingmatrices, as detailed in Chaps. 5 and 6. The precoders are
obtained such that Pn,k[i] is conserved, irrespective of the number of users and spatial
streams. In the simulation results presented in the following chapters, power loading
over REs is not considered: Pn,k[i] = Pi , ∀n, k. Better performance can be achieved
by allocating the available transmit power over subcarriers following a water-filling
power allocation policy [12], provided the required Channel State Information at the
Transmitter (CSIT) is available.

With this notation, the NR[u, i]-dimensional received signal vector of user u in
cell i at RE (n, k) is

rn,k[u, i] = Hn,k[u, i]Fn,k[u, i]xn,k[u, i] + Hn,k[u, i]
∑

s∈Sn,k [i]
s 	=u

Fn,k[s, i]xn,k[s, i]

+
I∑

j=0, j 	=i

H( j)
n,k[u, i]

∑

s∈Sn,k [ j]
Fn,k[s, j]xn,k[s, j] + zn,k[u, i]

︸ ︷︷ ︸
z̃n,k [u,i]

, (1.37)

http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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where the Additive White Gaussian Noise (AWGN) added at the receiver is denoted
zn,k[u, i] ∈ NC

(
0, σ 2

z INR[u,i]
)
. The intended signal of user u is represented by the

first summand in this equation. In-cell interference between the streams spatially
multiplexed to several users in the same cell i is captured in the second summand.
Out-of-cell interference from other cells j 	= i of the cellular network is taken into
account in the third term on the right hand side of Eq. (1.37). The sum of out-of-cell
interference and receiver noise is called the effective noise vector z̃n,k[u, i].

The users are assumed to employ linear receive filters to equalize their respective
channels and to separate the spatially multiplexed data-streams from each other
and from the interference caused by the transmission to other users. The �k[u, i] ×
NR[u, i] dimensional receive filtering matrix applied by user u in cell i is written as
Gn,k[u, i]. Applying this matrix to the received signal vector, the estimated symbol
vector is obtained as

yn,k[u, i] = Gn,k[u, i] rn,k[u, i] = Gn,k[u, i]Hn,k[u, i]Fn,k[u, i]xn,k[u, i]
+ Gn,k[u, i]Hn,k[u, i]

∑

s∈Sn,k [i]
s 	=u

Fn,k[s, i]xn,k[s, i] + Gn,k[u, i] z̃n,k[u, i].

(1.38)

The product of channel matrix and receive filter is referred to as effective channel
matrix

H(eff)
n,k [u, i] = Gn,k[u, i]Hn,k[u, i]. (1.39)

InChaps. 6 and 7,wewill employ an alternative representation of channelmatrices
and receive filters using their conjugate transposes:

H(ct)
n,k [u, i] = Hn,k[u, i]H ∈ C

NT[i]×NR[u,i], (1.40)

G(ct)
n,k [u, i] = Gn,k[u, i]H ∈ C

NR[u,i]×�k [u,i], (1.41)

H(ect)
n,k [u, i] = H(eff)

n,k [u, i]H = (Gn,k[u, i]Hn,k[u, i])H
= H(ct)

n,k [u, i]G(ct)
n,k [u, i] ∈ C

NT[i]×�k [u,i]. (1.42)

This representation facilitates highly intuitive subspace interpretations in the context
of multi-user MIMO transmission and considerably shortens notation for precoder
calculation. The corresponding input–output relationship reads

yn,k[u, i] = H(ect)
n,k [u, i]HFn,k[u, i]xn,k[u, i]

+ H(ect)
n,k [u, i]H

∑

s∈Sn,k [i]
s 	=u

Fn,k[s, i]xn,k[s, i] + G(ct)
n,k [u, i]H z̃n,k[u, i].

(1.43)

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_7
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Considering the transceiver architecture of Fig. 1.6, all signal processing steps
starting from the spatial streams at the output of the layer mapper up to the received
signal, obtained at the receiver after the inverse OFDM processing and the equaliza-
tion, are incorporated in the input–output relationships (1.38) and (1.43). The non-
linear mappings involved in the AMC stage are not covered by the system model,
but are considered in more detail in Chap.5.

1.6 Instantaneous Post-equalization SINR

The supported transmission rate of communication channels is frequently subject to
significant fluctuations over time and frequency. Such fading effects are especially
pronounced in cellular communication systems, wheremultipath propagation caused
by reflections and refractions, shadowing of the radio signal due to obstacles, and
movement of the users and/or obstacles can result in variations of the signal strength
in the order of tens of decibels [13]. A common method to respond to these fading
effects is the application of transmission rate adaptation, e.g., by means of AMC as
employed in LTE, such as to match the current data rate to the channel conditions. As
detailed throughout Chap. 5, rate adaptation in practical systems can be based on the
instantaneous per-stream Signal to Interference and Noise Ratio (SINR) experienced
after the receive filter. Considering the input–output relationship of Eq. (1.38), the
instantaneous post-equalization SINR of stream ν ∈ {1, . . . , �k[u, i]} of user u in
cell i is obtained as

βn,k[ν, u, i] = Sn,k[ν, u, i]
Zn,k[ν, u, i] + I (self)

n,k [ν, u, i] + I (in)
n,k [ν, u, i] + I (out)

n,k [ν, u, i] ,

(1.44)

Sn,k[ν, u, i] = ∣∣gn,k[ν, u, i]HHn,k[u, i]fn,k[ν, u, i]∣∣2 ,

Zn,k[ν, u, i] = σ 2
z

∥∥gn,k[ν, u, i]∥∥2
,

I (self)
n,k [ν, u, i] =

�k [k]∑

μ=1,μ 	=ν

∣∣gn,k[ν, u, i]HHn,k[u, i]fn,k[μ, u, i]∣∣2 ,

I (in)
n,k [ν, u, i] =

∑

s∈Sn,k [i]
s 	=u

∥∥gn,k[ν, u, i]HHn,k[u, i]Fn,k[s, i]∥∥2
,

I (out)
n,k [ν, u, i] =

I∑

j=0, j 	=i

∑

s∈Sn,k [ j]

∥∥gn,k[ν, u, i]HHn,k[u, i]Fn,k[s, j]∥∥2
,

wheregn,k[ν, u, i] and fn,k[ν, u, i]denote theνth columnofGn,k [u, i]H andFn,k[u, i],
respectively. Notice that the statistical independence of the data symbols of the

http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_5
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streams of a user according to Eq. (1.36) has been exploited to obtain Eq. (1.44),
and that the symbols of different users are too assumed as statistically independent

E
(
xn,k[u, i]xs, j [n, k]H) = 0�k [u,i]×�k [s, j], whenever u 	= s ∨ i 	= j. (1.45)

In Eq. (1.44), the useful signal power of stream ν is represented by the term
Sn,k[ν, u, i] in the numerator. The residual interference power between the streams
of the user after equalization is given by I (self)

n,k [ν, u, i]. The in-cell interference power
on stream ν from other users that are served in parallel in the same cell i is denoted
I (in)
n,k [ν, u, i], and the out-of-cell interference power from other cells that operate at

the same frequency is captured in the term I (out)
n,k [ν, u, i]. Notice that depending on

the considered transmission and reception strategy, some of these terms are equal to
zero, e.g., for SU-MIMO there is no in-cell interference. In Chaps. 5 and 6 this gen-
eral SINR expression is further specialized to account for the considered transceiver
architectures.
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Chapter 2
Downlink Synchronization

Qi Wang

In this chapter, we present a framework for link performance evaluation of a Long
Term Evolution (LTE) downlink with imperfect carrier frequency synchronization.
This framework interconnects three performancemetrics, namelymean squared error
of the carrier frequency offset estimation, post-equalization signal-to-interference-
plus-noise ratio, and eventually bit-interleaved coded modulation capacity. With the
presented framework, the throughput loss from a residual Carrier Frequency Offset
(CFO) estimation error can be analytically determined, given standardized OFDM
transmission parameters. In order to validate this mathematical model, extensive link
level simulations were carried out using a standard compliant LTE link level sim-
ulator. The comparison between the calculated and the simulated results exhibits a
fair agreement. This model on the one hand exposes the CFO-tolerance of a stan-
dardized OFDM transmission system; on the other hand, it may serve as a means for
evaluating CFO estimation algorithms designed for the LTE downlink.1

2.1 Introduction

As a dominant physical layer technique in the next generation wireless communi-
cation standard, 3GPP LTE, Orthogonal Frequency Division Multiplexing (OFDM)
promises significant performance gain in frequency selective channels. Nevertheless,
it poses a drawback, namely, sensitive to synchronization errors, such as CFO,

1More details on synchronization issues can be found in the Ph.D. thesis of Qi Wang, avail-
able at http://theses.eurasip.org/theses/470/performance-evaluation-of-practical-ofdm-systems/
download/.
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sampling frequency offset and symbol timing offset. Tremendous efforts were
devoted to estimating synchronization errors in the digital signal processing domain.
Taking the CFO for example, the performance is evaluated in terms of the Mean
Square Error (MSE). Such a metric indicates the estimation performance itself, yet
fails to reflect the influence of a residual estimation error on the overall system per-
formance. In a real world communication system, the physical layer performance
is eventually expressed in terms of coded throughput. Therefore, not only the per-
formance of an individual processing block but also their overall impact on the
throughput needs to be investigated.

For an OFDM system in general, the performance degradation caused by a CFO
has been investigated in [1–8]. The authors of [1, 2] evaluated the degradation in
termsof theSignal to Interference andNoiseRatio (SINR) in the demodulatedOFDM
signal. In [3–8], Bit Error Ratio (BER) of OFDM systems with CFOwas analytically
derived for Additive White Gaussian Noise (AWGN) [3–5] and frequency selective
fading channel [6]. In [8], a capacity analysis of impaired OFDM links is presented,
taking into account a variety of receiver imperfections, e.g., channel estimation errors,
CFO and I/Q imbalance. The authors calculated the average mutual information of
the impaired OFDM link using the probability density function derived in [7]. From
a methodology point of view, these approaches evaluate the degradation induced
by the Inter-Carrier Interference (ICI) exclusively and are applicable to an arbitrary
OFDM system; whereas in order to evaluate a standardized system like LTE, many
practical aspects need to be taken into account, such as the specified frame structure
and the overall receiver design.

Performance modeling has become of interest as nowadays communication sys-
tems grow dramatically in complexity. Since simulating a perfect replica of the real
system turns to be costly in terms of run time efficiency, it is necessary to combine
mathematical and empirical models in the simulation-based performance evalua-
tion. In order to reduce the simulation complexity without losing insight into the real
behavior, modeling with an acceptable degree of approximations is desired. For the
LTE downlink, a link quality modeling approach has been presented in [9, 10]. The
authors derived bounds on achievable throughput of LTEwhere the post-equalization
SINR was employed as the intermediate performance metric. This approach can be
utilized to abstract the major physical layer behavior, whereas synchronization errors
were ignored.

We apply the methodology elaborated in [9] and develop a throughput loss pre-
diction model for the CFO impaired LTE downlink. This model takes into account
the estimation performance of a CFO estimator, a linear receiver structure as well as
the Bit Interleaved Coded Modulation (BICM) architecture and analytically deter-
mines the performance loss in terms of coded throughput. Validated by extensive
standard compliant simulations, this evaluation model on the one hand exposes the
CFO-tolerance of such a system; on the other hand, implies how accurate the carrier
frequency offset estimation is required to be.
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The chapter is organized as follows. A description of the evaluation model is
presented in Sect. 2.2. The MSE performance of an exemplified CFO estimator is
described in Sect. 2.3. The post-equalization SINRmodel for aCFO-impairedOFDM
transmission is derived in Sect. 2.4. The BICM capacity model is briefly introduced
in Sect. 2.5. Numerical validations using the standard compliant Vienna LTE Link-
Level DL simulator are provided in Sect. 2.6. Conclusion can be found in Sect. 2.7.

2.2 Evaluation Model

Consider a signal processing chain on the receiver side of the LTE downlink in
Fig. 2.1, the frequency synchronization block is located at the beginning of the
processing chain, compensating the CFO in the time domain. In order to model the
impact of a residual CFO on the resulting coded throughput at the end of the chain,
analytical representations need to be found for the function blocks in between.

The signal transmission in LTE is based on a frame structure, illustrated in Fig. 2.2.
The transmission resources are segmented into 10ms frames. Each frame is divided
into ten subframes. When a Cyclic Prefix (CP) of normal length is employed, a sub-
frame consists of 14 OFDM symbols [11]. The frame structure is designed so that the
signaling information can be embedded on a certain basiswith a reasonable overhead.
After the Fast Fourier Transform (FFT) transform, the transmission resource can be
interpreted as a time-frequency grid, where Reference Signals (RSs) are embedded
among data symbols.

Since the post-equalization SINR has been widely utilized for evaluating the
performance of a radio link, we choose it as an intermediate step to evaluate the
entire receiver chain, i.e.,

MSE → post-equalization SINR → coded throughput.

Fig. 2.1 Signal processing
chain in an OFDM receiver
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Fig. 2.2 LTE frame structure with normal length CPs, displaying a time-frequency grid in the
frequency domain with RS positions

Typically, optimizations are applied based on MSE, assuming an overall optimal
can be correspondingly achieved. Our analysis however, will provide an insight by
modeling the joint effect of the three.

2.3 Mean Square Error of Carrier Frequency Offset
Estimation

In order to compensate the CFO in a real-world OFDM transmission system, var-
ious CFO estimation schemes can be applied. Their estimation performances in
terms of MSE can be mathematically determined. In [12], a generic CFO esti-
mation scheme was investigated based on the RSs of LTE, where the normal-
ized CFO ε ∈ (−0.5, 0.5) is estimated firstly in the time domain then refined in
the frequency domain. We focus on the frequency domain estimation in the fol-
lowing because it determines the overall estimation performance. Define vectors
rP,0, rP,1 ∈ C

NPNR×1 for the received RS in slot 0 and 1, diagonal matrices
X0 = diag

(
xP,0

)
, X1 = diag

(
xP,1

) ∈ C
NP NR×NP NR containing the corresponding

RSs along their diagonals. The CFO is estimated in the frequency domain by
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ε̂ = − Nc

2π(Nc + Ncp)Nsl
arg

{
rHP,1X1XH

0 rP,0
}
, (2.1)

where Nsl ∈ {6, 7} is the number of OFDM symbols per slot and NP is the number
of RSs per slot. We consider this estimation scheme as an example and evaluate
the throughput loss of a CFO-impaired LTE downlink with this estimation scheme
employed.

The MSE of the overall CFO estimation scheme is given as

MSE(γ ) = E
{|ε − ε̂|2} = N 2

c

4π2(Nc + Ncp)2N 2
slNRNPγ

, (2.2)

The variable γ denotes the average Signal to Noise Ratio (SNR) at the receiver side
in the frequency domain.

The estimation performance of the generic difference phase estimator has been
thoroughly analyzed in [13]. A derivation of Eq. (2.2) following the work in [12]
is provided. Define the channel frequency response on the RS subcarriers as h ∈
C

NPNR×1; the received RS symbols in slot 0 and 1 can be expressed as

rP,0 = X0h + v0, (2.3)

rP,1 = ei·φNslX1h + v1, (2.4)

where v0, v1 denote the corresponding noise vectors and φ = 2πε(Nc+Ncp)

Nc
. From

Eq. (2.1), there is

rHP,1X1XH
0 rP,0 = e−i·φNslhHXH

1 X1XH
0 X0h

+ e−i·φNslhHXH
1 X1XH

0 v0 + vH
1 X1XH

0 X0h

+ vH
1 X1XH

0 v0. (2.5)

Omitting the second-order noise term vH
1 X1XH

0 v0, rHP,1X1XH
0 rP,0 can be approxi-

mated as a complex Gaussian random variable, expressed as

rHP,1X1XH
0 rP,0 ∼ NC

(
e−iφNsl P2

S hHh, 2PVP3
S hHh

)
, (2.6)

where PS and PV denote the signal and noise power, respectively. Define

Y, X ∼ NC

(
0, PVP3

S hHh
)
, (2.7)
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and assume −π
2 < φNsl < π

2 , Eq. (2.1) becomes

φ̂ = − 1

Nsl
arctan

{ � {
rHP,1X1XH

0 rP,0
}

� {
rHP,1X1XH

0 rP,0
}
}

= − 1

Nsl
arctan

{
P2
S hHh · sin(−φNsl) + Y

P2
S hHh · cos(−φNsl) + X

}

≈ − 1

Nsl
arctan

{
P2
S hHh · sin(−φNsl)

P2
S hHh · cos(−φNsl)

}

− 1

Nsl
· Y cos(−φNsl) − X sin(−φNsl)

P2
S hHh

= φ − 1

Nsl
· Y cos(−φNsl) − X sin(−φNsl)

P2
S hHh

(2.8)

by applying a first-order Taylor expansion. Plugging in Eq. (2.7), we obtain

φ̂ ∼ NC

(
φ,

PVP3
S hHh cos2(−φNsl) + PVP3

S hHh sin2(−φNsl)

N 2
slP

4
S hHhhHh

)

∼ NC

(
φ,

PV

N 2
slPShHh

)
. (2.9)

Therefore, the estimator is unbiased and

MSE(γ ) = E
{|ε − ε̂|2} = N 2

c

4π2(Nc + Ncp)2
E

{
|φ − φ̂|2

}

= N 2
c PV

4π2(Nc + Ncp)2N 2
slPShHh

= N 2
c

4π2(Nc + Ncp)2N 2
slNPNRγ

, (2.10)

where the average SNR

γ = PShHh
NPNR PV

. (2.11)

In classical estimation theory, the MSE of an unbiased estimator for ε is lower
bounded as

MSEε = N 2
c

4π2(Nc + Ncp)2
MSEφ ≥ N 2

c

4π2(Nc + Ncp)2
· 1

J (φ)
, (2.12)

where the Fisher information

J (φ) = −E

{
∂2

∂φ2
Λ(φ)

}
. (2.13)
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Given the notation in Eqs. (2.3) and (2.4), we characterize the RS-based CFO
estimation problem by the log-likelihood function

Λ(φ) = ln f (rP,0, rP,1;φ)

= ln
1

π2NPNR det(R)
exp

{
− [

rHP,0 rHP,1

]
R−1

[
rP,0

rP,1

]}
, (2.14)

with

R = E

{[
rP,0

rP,1

] [
rHP,0 rHP,1

]}
. (2.15)

Plugging Eqs. (2.3) and (2.4) into (2.14), after arithmetic manipulations, Eq. (2.13)
becomes

J (φ) = N 2
slPShHh

PV
. (2.16)

This leads to the Cramér-Rao Lower Bound (CRLB)

MSEε ≥ N 2
c PV

4π2(Nc + Ncp)2N 2
slPShHh

= N 2
c

4π2(Nc + Ncp)2N 2
slNPNRγ

. (2.17)

Compared to Eq. (2.10), the lower bound of the estimation variance is attained.

2.4 Signal to Interference and Noise Ratio Modeling

The authors of [1, 2] investigated the impact of a CFO onOFDM systemswhere such
impact means exclusively the degradation in terms of the post-FFT SINR, shown in
Fig. 2.1. In [14], a post-equalization SINR model was presented. This measure is of
importance, because it directly determines the theoretically possible throughput I
via Shannon’s formula:

I ≈ log2(1 + SINR). (2.18)

In an urban scenariowith low tomediummobility, it can be shown that the channel
is quasi-static within the duration of one subframe (1ms). Therefore, time-invariant
channel estimation and equalization can be applied on a subframe basis. Following
the analysis in [14], we constrain the evaluation within one subframe and consider
a residual CFO which is normalized to the standardized subcarrier spacing, denoted
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by ε ∈ (−0.5, 0.5). Let n be the OFDM symbol index within a subframe, k the
subcarrier index, NT the number of transmit antennas and NR the number of receive
antennas. We denote the transmitted signal vector by xn,k ∈ C

NL×1, the precoded
channel matrix in the frequency domain by H(eff)

k ∈ C
NR×NL , the received signal

by rn,k ∈ C
NR×1 and the AWGN by vn,k ∈ C

NR×1. We use here the abbreviation
H(eff)

k = HkFk , where the channel matrix Hk ∈ C
NR×NT and the precoding matrix

Fk ∈ C
NT×NL . Given the block fading assumption, the channel matrix within one

subframe stays constant, independent from the OFDM symbol index n. When the
system is impaired by a CFO, the signal transmission can be described as

rn,k = I (0, ε) · eiΦ(ε,n) · H(eff)
k xn,k

+
∑

p 	=k

I (p − k, ε) · eiΦ(ε,n) · H(eff)
p xn,p + vn,k, (2.19)

where

I (0, ε) = sin(πε)

Nc sin(πε/Nc)
· ei πε(Nc−1)

Nc , (2.20)

I (p − k, ε) = sin[π(p − k + ε)]
Nc sin[π(p − k + ε)/Nc] · ei π(p−k+ε)(Nc−1)

Nc , (2.21)

eiΦ(ε,n) = ei
2πεn(Nc+Ncp)

Nc . (2.22)

Here, the factor I (0, ε) · eiΦ(ε,n) introduces time-variant distortion to the desired
signal term besides the channel response. However, since the system is assumed on a
subframe basis to be static, the receiver is designed to be time invariant on a subframe
basis; in other words, a universal channel estimate which is independent of the time
index n is to be obtained using all RSs shown in Fig. 2.2.

For simplicity, we assume that the perfect and static channel knowledge is
available at each subframe. A Zero Forcing (ZF) equalizer at subcarrier k is then
given as

Gk =
(

H(eff)
k

H
H(eff)

k

)−1
H(eff)

k

H
. (2.23)

Thus, the estimated data symbol after equalization can be expressed as

x̂n,k = Gk · rn,k = I (0, ε) · eiΦ(ε,n) · xn,k

+ Gk

∑

p 	=k

I (p − k, ε) · eiΦ(ε,n) · H(eff)
p xl,p

︸ ︷︷ ︸
yICI

n,k

+ Gkvn,k︸ ︷︷ ︸
ṽn,k

= I (0, ε) · eiΦ(ε,n) · xn,k + yICI
n,k + ṽn,k, (2.24)
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where yICI
n,k denotes the ICI and ṽn,k is the equalized noise vector. Let NL denote

the number of transmission layers which is indexed by l = 0, 1, . . . , NL − 1, the
SINR(l)

n,k on the lth layer can be found by

SINR(l)
n,k(ε, H(eff)

k ) =
[
xn,kxH

n,k

]
(l,l)[

(x̂n,k − xn,k)(x̂n,k − xn,k)H
]
(l,l)

, (2.25)

where [ · ](i, j) denotes the entry on the i th row and j th column of the given matrix.
We denote the average signal power on each subcarrier and each layer by PS and
the corresponding noise power by PV. Plugging Eq. (2.24) into (2.25), we obtain a
closed form expression of the post-equalization SINR on the lth layer at Resource
Element (RE) (n, k), shown in Eq. (2.27). Since the system assumes block fading
on a subframe bases, the so-called Common Phase Error (CPE) in Eq. (2.22) which
increases linearly with the time index n causes a signal distortion term. As suggested
in [14], this is the dominant term compared to the ICI.

SINR(l)
n,k(ε, H(eff)

k ) (2.26)

= PS[
yICI

n,kyICI
n,k

H
]

(l,l)
+ [

ṽn,k ṽH
n,k

]
(l,l)

+ |I (0, ε) · eiΦ(ε,n) − 1|2 · [
xn,kxH

n,k

]
(l,l)

= PS

ICI + PV
[
GH

k Gk
]
(l,l)︸ ︷︷ ︸

noise

+ PS|I (0, ε) · eiΦ(ε,n) − 1|2︸ ︷︷ ︸
signal distortion

, (2.27)

ICI = PS

∑

p 	=k

|I (p − k, ε)|2
[
GH

k GkH(eff)
p H(eff)

p
H
]

(l,l)
. (2.28)

2.5 Bit Interleaved Coded Modulation Capacity

In general, a BICM architecture is obtained by concatenating channel coding with
modulation mapping through a bit interleaver. Such a scheme allows combinations
of any channel code with any arbitrarymodulation alphabet [15]. Based on this archi-
tecture, LTE employs 4, 16 or 64-Quadrature Amplitude Modulation (QAM) and a
rate 1/3 turbo code that is appropriately rate matched to achieve the desired code
rates as defined in [16]. The capacity of BICM systems is well known, though not in
closed-form [17]. In Fig. 2.3, BICM capacity of the three LTE-defined modulation
alphabets (4-QAM, 16-QAM, 64-QAM) are plotted. Analogous to [10], a function
f (SINR) is introduced to describe the maximum efficiency over all available mod-
ulation alphabets.
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Fig. 2.3 BICM capacity of
4, 16 and 64-QAM
modulation

Given the SINR model in Sect. 2.2, the spectral efficiency of an LTE downlink
transmission suffering from a CFO ε can be expressed as f (SINR(l)

n,k(ε, H(eff)
k )),

where SINR(l)
n,k(ε, H(eff)

k ) is plugged in from Eq. (2.27). The index (n, k) denotes an
RE which is devoted to data transmission; in other words, overhead such as RSs,
Primary Synchronization Signal (PSS), Secondary Synchronization Signal (SSS)
and guard bands are excluded. Therefore, the average spectral efficiency that can be
achieved at each transmission layer is written as

B̄(ε) = 1

NDNL

∑

(n,k)

∑

l

f (SINR(l)
n,k(ε, H(eff)

k )), (2.29)

where ND is the number of available data REs.
Given the MSE analysis in Sect. 2.3, a theoretical residual estimation error can be

assumed, labeled as ε̄ = √
MSE(γ ). Thus, a theoretically achievable BICM capacity

can be expressed as

B(γ ) =
∑

(n,k)

∑

l

f (SINR(l)
n,k(ε̄, H(eff)

k ))

=
∑

(n,k)

∑

l

f (SINR(l)
n,k(

√
MSE(γ ), H(eff)

k )). (2.30)

This capacity bound takes into account the finite set of Modulation and Coding
Schemes (MCSs) suggested in [16], a linear receiver structure and the limitation of
the CFO estimation performance, while it ignores other aspects such as a subopti-
mal channel coding, selection of suitable precoding matrix and number of transmit
streams. Since we are only interested in the throughput difference between the
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zero-CFO case and the CFO-compensated case, these imperfect modeling aspects
cause the same effect in both cases. The throughput loss, being the difference of them
two, can be calculated as

ΔB(γ ) =
∑

(n,k)

∑

l

f (SINR(l)
n,k(0, H(eff)

k )) − B(γ ). (2.31)

2.6 Numerical Results

In this section, we validate the analytical models presented in Sects. 2.3, 2.4 and 2.5
by standard compliant simulations of LTE downlink using the Vienna LTE Link Level
Simulator [18]. The parameter setting is shown in Table2.1. All presented simulation
examples are made available for downloading.

2.6.1 Mean Square Error

Figure2.4 shows the calculated MSE curves and the simulated estimation perfor-
mance of the estimation scheme in Sect. 2.3. Generally speaking, the overall MSE is
determined by the estimation in the frequency domain. The simulated curves follow
the calculation except in the lower SNR region, due to the fact that the estimation
errors from the time-domain estimation exceed the estimation range of the estimator

Table 2.1 Simulation parameters for results in Sect. 2.6

Parameter Value

Channel bandwidth 1.4MHz

FFT size (Nc) 128

No. data subcarriers 72

Subcarrier spacing 15kHz

Carrier frequency 2.5GHz

CP length (Ncp) [10, 9] (normal [11])

Transmission setting NR × NT 1 × 1, 2 × 2

Transmission mode Spatial multiplexing

Precoding Identity

Channel model ITU Pedestrian B [19]

CFO introduced (ε) 0, 0.14159 . . . subcarrier spacing

Channel knowledge Perfect

Equalizer Zero Forcing (ZF)
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Fig. 2.4 Simulated and
calculated MSE curves of the
CFO estimation scheme

in the frequency domain. This effect, unfortunately, is not included in the theoretical
analysis of the estimation performance.

2.6.2 Post-equalization Signal to Interference and Noise
Ratio

In order to validate Eq. (2.27), we introduced 20 logarithmically spaced CFOs which
are normalized to the subcarrier spacing, namely 15kHz in LTE. Neither an estima-
tion nor a compensation procedure was applied at this stage. For better visualization
of the impact from the CFOs, the SNR is fixed at γ = 30dB. The resulting post-
equalization SINR curves are plotted in Fig. 2.5 and compared to those obtained
using Eq. (2.27).

Figure2.5 shows that calculated results match well with those from the standard
compliant simulation. This indicates that Eq. (2.27) can be used as a valid character-
ization of the system behavior.

2.6.3 Average Spectral Efficiency

The average spectral efficiency in Eq. (2.29) degrades as the post-equalization SINR
decreases correspondingly. Given a series of deterministic CFOs, this degradation
calculated using Eq. (2.29) is shown in Fig. 2.6. The results are based on 200 channel
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Fig. 2.5 Post-equalization SINR under increasing levels of residual CFOs in ITU Pedestrian B
channel. The relatively large confidence intervals are due to the frequency selectivity over the data
subcarriers

Fig. 2.6 Degradation in average spectral efficiency (per layer for the MIMO cases) due to the
residual CFOs

realizations. For the MIMO cases, results are exhibited on a per transmission layer
basis.

The subfigure on the left-hand side shows the theoretical degradation in average
spectral efficiency subjected to a fixed CFO at different SNR levels. Two CFOs
are introduced as examples where ε = 1.27 × 10−3 corresponds to 19.1Hz and ε =
5.46 × 10−3 to 81.8Hz given the subcarrier spacing 15kHz. Compared to the zero-
CFO case, it can be observed that the higher SNR region where higher efficiency is
aimed, appears to be more sensitive to the CFO. Moreover, the impacts on Single-
Input Single-Output (SISO) and MIMO systems are fairly equal on a per layer basis.

In the subfigure on the right-hand side, the SNR is fixed at γ = 30dB in order to
visualize the impact under CFOs of increasingmagnitudes. The average spectral effi-



34 Q. Wang

ciency starts to decrease around ε = 1 × 10−3, approximately.A similar behavior can
be observed for the SISO and MIMO cases, although the average spectral efficiency
per layer is slightly lower for the multiple antenna scenario due to the incremental
noise enhancement from a ZF equalizer.

2.6.4 Coded Throughput Loss

As a comparison to the calculated BICM capacity, we simulated coded throughput
of the LTE downlink. The fifteen MCSs indicated by Channel Quality Indicators
(CQIs) are implemented, shown in Table2.2. In the LTE downlink, User Equipments
(UEs) provide wideband feedbacks to the eNodeB so that the MCS can be adapted
to the actual channel quality. In our experiment, the CQI feedback is forced to be
optimal by selecting the MCS that delivers the highest throughput for each channel
realization.

Figures2.7 and 2.8 exhibit the results obtained for a SISO and a 2 × 2 MIMO
LTE DL. In the upper figures, coded throughputs of ideally synchronized transmis-
sions are compared to the CFO-compensated case. With the CFO estimation scheme
in [12] applied, the loss between the two cases is hardly visible, especially for the
MIMO case. The corresponding achievable BICM capacity curves confirm such an

Table 2.2 Modulation scheme, Effective Code Rate (ECR) and efficiency for each of the Channel
Quality Indicators (CQIs) of the LTE standard

CQI Index Modulation ECR Data (bit/symbol)

0 Out of range

1 4-QAM 0.08 0.15

2 4-QAM 0.12 0.23

3 4-QAM 0.19 0.38

4 4-QAM 0.30 0.60

5 4-QAM 0.44 0.88

6 4-QAM 0.59 1.18

7 16-QAM 0.37 1.48

8 16-QAM 0.48 1.91

9 16-QAM 0.60 2.41

10 64-QAM 0.46 2.73

11 64-QAM 0.55 3.32

12 64-QAM 0.65 3.90

13 64-QAM 0.75 4.52

14 64-QAM 0.85 5.12

15 64-QAM 0.93 5.55
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Fig. 2.7 Achievable BICM capacity and simulated coded throughput for an SISO LTE DL under
CFO, 5000 subframes Monte Carlo simulation

observation. Note that there are absolute differences between calculated capacity
curves and simulated coded throughput, it is due to the imperfect channel code.

In the lower subfigures of Figs. 2.7 and 2.8, the absolute coded throughput loss
between the no-CFO and the CFO-compensated case are plotted. The absolute differ-
ences in the upper figure cancels out when calculating the relative loss. In the higher
SNR region, it can be observed that the simulated coded throughput loss follows the
trend of the analytical calculation. However, mismatches appear in the lower SNR
region, which agrees with the MSE performance shown in Fig. 2.4. Since the theo-
retical MSE analysis fails to model the overflow in the frequency domain estimation,
an increasing loss in the simulated overall throughput can be observed.
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Fig. 2.8 Achievable BICM capacity and simulated coded throughput for a 2 × 2 spatial multiplex-
ing LTE DL under CFO, 5000 subframes Monte Carlo simulation

2.7 Conclusion

In this chapter, we propose a throughput loss prediction model for a CFO-impaired
LTE downlink. This model interconnects the three performance metrics, namely
MSE, post-equalization SINR and the BICM capacity bound. Given the theoretical
estimation performance of an arbitraryCFO estimator, the resulting performance loss
in terms of coded throughput can be analytically determined with acceptable accu-
racy, avoiding extensive time-consuming link performance simulations. Validated by
standard compliant link level simulations, a good agreement can be found. Since for
a practical OFDM system, it is more important to find a sufficient estimator than the
‘best’, this model may serve as an evaluation tool for such purpose. Moreover, the
example estimation scheme in [12] is shown to be sufficient for the LTE downlink
with multiple antenna configuration in frequency selective scenarios.
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Chapter 3
Symbol Detection in High Speed Channels

Ronald Nissel

3.1 Introduction

Mobile wireless communication channels are characterized by time-varying multi-
path propagation [1], that is, due tomultiple scatterers, the electromagnetic signal can
propagate along several different paths which causes frequency-selectivity and time-
selectivity. Orthogonal Frequency Division Multiplexing (OFDM) as being utilized
in Long Term Evolution (LTE) and Long Term Evolution-Advanced (LTE-A) down-
link transmissions can efficiently deal with frequency-selective channels caused by
multi-path delays by inserting a so-called Cyclic Prefix (CP), see also Chap.1 for
more details. However, in high mobility scenarios, as they appear for example in
car/train to infrastructure communication, the channel can become so time-selective,
that it changes significantly within one OFDM symbol. In this case the subcarriers
are no longer orthogonal and lead to Inter-Carrier Interference (ICI) which can only
be combated by sophisticated and costly algorithms [2].

In a first step, we consider ICI as an additional Gaussian noise term which allows
us to derive a closed-form expression for the Bit Error Probability (BEP). Such
closed-form expressions are useful because they provide a much deeper insight into
the system and allow efficient performance optimization with respect to specific
parameters such as the pilot symbol power.

In order to combat ICI we need an accurate estimate of the time-variant channel
that also requires more knowledge of the interfering terms. In principle, we can
distinguish between Channel Estimation (CE) methods utilizing either one OFDM
symbol [3] or multiple OFDM symbols [4–6]. The first method usually employs a
basis expansion model to reduce the number of unknown variables and requires a
clustered pilot symbol structure, which is not compliant with most standards. The
secondmethod, on the other hand, initially ignores ICI and interpolates the estimated

R. Nissel (B)
Institute of Telecommunications, TU Wien, Vienna, Austria
e-mail: rnissel@nt.tuwien.ac.at

© Springer Science+Business Media Singapore 2016
M. Rupp et al., The Vienna LTE-Advanced Simulators,
Signals and Communication Technology, DOI 10.1007/978-981-10-0617-3_3

39

http://dx.doi.org/10.1007/978-981-10-0617-3_1


40 R. Nissel

time-averaged channel impulse responds of several OFDM symbols, e.g., linearly
[4], by Least Squares (LS) polynomial fitting [5] or by Least Squares (LS) discrete
prolate spheroidal fitting [6]. Once the channel is estimated, the ICI at pilot positions
can be reduced in order to increase the accuracy of an iterative channel estimation.We
follow such second approach, based on multiple OFDM symbols. In contrast to [4–
6] we interpolate the estimated channel of several OFDM symbols according to the
Minimum Mean Square Error (MMSE) criteria, thus obtaining the MMSE channel
estimation of the sampled time-variant transfer function. MMSE channel estimation
was investigated for example in [7] and [8] but they considered only one OFDM
symbol and their estimation process includes ICI, making it rather complex. We, on
the other hand, treat ICI as an additional noise termwhich is then stepwise reduced by
our iterative ICI mitigation technique that combines channel estimation, equalization
and ICI cancellation. Iterative channel estimation was, e.g., discussed in [9] where
the authors model the channel variations by a polynomial basis expansion and use
the estimated data symbols to estimate the ICI. We, however, use the estimated data
symbols only to cancel ICI and, in the final iteration step, as pilot symbols. Many
authors [10–12] proposed low-complexity equalizers which exploit the underlying
structure of the ICI. However, the main focus of this chapter is channel estimation
so that we employ an ordinary full block MMSE equalizer [13] to combat ICI.

By employing the Vienna Wireless Testbed (for more details, see Chap. 9), we
show the applicability of our ICImitigation technique in realworld physical channels.
Testbeds which support mobile receivers typically place themeasurement equipment
in a car [14–16]. However, such method offers only a limited velocity and lacks
repeatability and controllability, which constitutes the main problem for a fair com-
parison of different transmission techniques. To avoid these drawbacks we developed
a transmission system [17, 18] in which the receive antenna rotates around a central
pivot. Compared to a linear guidewe avoid the repeated acceleration and deceleration
step, so that even high velocities can be achieved. Our setup represents a scenario
in which the rotational speed is low relative to the transmission time, so that the
antenna moves approximately linear during the transmission. Assume for example a
velocity of 100km/h (4.4 revolutions per second for a 1m arm). Then, for a transmis-
sion time of 1ms, the antenna moves only by 4.4 rps × 1ms × 360◦ = 1.6◦ which is
close enough to a linear movement. To the best of our knowledge, such high velocity
measurement setup is unique in the world. The main advantages are repeatability,
controllability and cost efficiency. The main disadvantage, on the other hand, is the
indoor location of our receiver, so that our setup does not necessarily accurately
reflect the channel characteristics of a typical high velocity application.

3.2 OFDM in High Speed Channels

In this section, we model the effect of time-variant channels [1] on OFDM transmis-
sions. In particular, we will derive equations to specify the ICI power and show how
it depends on the subcarrier index.

http://dx.doi.org/10.1007/978-981-10-0617-3_9
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We start our discussion with Eq. (1.22) of Chap.1:

rn = Diag (hn) xn + yICI
n + vn (3.1)

rn,k = Hn,k xn,k + yICIn,k + vn,k, (3.2)

which shows the linear operation of transmissions including the Fast Fourier Trans-
form (FFT) operation at the receiver end. We can specify the received signal power
given by PSRX = E{|Hn,k xn,k |2}, ICI power by P ICI

n,k = E{|yICIn,k |2}and noise power by
PV = E{|vn,k |2}. In Sect. 3.3, we assume that the ICI terms yICIn,k are uncorrelated
and Gaussian distributed, even though the real distribution is given by a weighted
Gaussian mixture due to random data symbols [19].

To characterize the ICI power we need a statistical description of OFDM matrix
Dn , Eq. (1.21). However, in order to describe the correlation of all elements of the
two-dimensional channel transfer function Cm,k in Eq. (1.21), we have to perform
vectorization, making the description by a large correlationmatrix feasible.We struc-
ture the correlation matrix by sorting the vectorized channel elements accordingly,
so that the correlationmatrix can be found in a straightforwardmanner, see for exam-
ple Eq. (3.56). Thus, we define a new vector cn ∈ C

NcNFFT×1 in which we stack all
elements of the sampled time-variant transfer function, relevant to OFDM symbol
n, according to:

cn =

⎡

⎢⎢⎢⎢⎢⎢⎣

CnNs+Ncp,0

:
CnNs+Ncp,Nc−1

CnNs+Ncp+1,0

:
CnNs+Ncp+NFFT−1,Nc−1

⎤

⎥⎥⎥⎥⎥⎥⎦
. (3.3)

We can then find a sparse matrix W̃k ∈ C
Nc×NcNFFT (100 Nc−1

Nc
percent of the ele-

ments are zero), so that OFDM matrix Dn , Eq. (1.21), can be rewritten in matrix
notation as:

Dn =

⎡

⎢⎢⎢⎣

(
W̃0cn

)T

...(
W̃Nc−1cn

)T

⎤

⎥⎥⎥⎦ , (3.4)

whereas we obtain W̃k (k = 0, 1, 2 . . . , Nc − 1) by comparing Eqs. (3.3) and (3.4)
to (1.21), resulting in:

W̃k = 1

NFFT
exp

⎧
⎪⎨

⎪⎩
− j2π

NFFT

⎛

⎜⎝11×NFFT ⊗
⎡

⎢⎣
k 0 0

0
. . . 0

0 0 k − (Nc − 1)

⎤

⎥⎦

⎞

⎟⎠

◦ ([
0 · · · NFFT − 1

] ⊗ INc

) }
◦ (

11×NFFT ⊗ diag
(
11×Nc

))
.

(3.5)

http://dx.doi.org/10.1007/978-981-10-0617-3_1
http://dx.doi.org/10.1007/978-981-10-0617-3_1
http://dx.doi.org/10.1007/978-981-10-0617-3_1
http://dx.doi.org/10.1007/978-981-10-0617-3_1
http://dx.doi.org/10.1007/978-981-10-0617-3_1
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Here, the exp{·} operator is applied at each element of the matrix, the operations ⊗
and ◦ are theKronecker product, respectively theHadamard (point-wise) product, INc

denotes the identity matrix of size Nc and 11×NFFT an all-one vector of size 1 × NFFT.
Let us further split the matrix W̃k into a signal part W̃S

k and an ICI part W̃ICI
k :

W̃k = W̃S
k + W̃ICI

k . (3.6)

Matrix W̃ICI
k consists of nearly the same elements as W̃k , with the difference that

the kth row is set to zero. Therefore, W̃ICI
k describes only the ICI part of our system,

that is, yICIn,k =
(

W̃ICI
k cn

)T
xn . Similar, W̃S

k consists only of the signal part of our

transmission system, that is, only the kth row of W̃k , while all other elements are

zero. In particular, we have Hn,k xn,k =
(

W̃S
k cn

)T
xn . The signal power PSRX

n,k and the

ICI power P ICI
n,k are then given by:

PSRX
n,k = tr

{
W̃S

k Rcn

(
W̃S

k

)H
}

(3.7)

P ICI
n,k = tr

{
W̃ICI

k Rcn

(
W̃ICI

k

)H
}

, (3.8)

whereasRcn = E{cncHn } ∈ C
NcNFFT×NcNFFT denotes the correlationmatrix (seeSect. 3.5

for an example). For a Wide-Sense Stationary Uncorrelated Scattering (WSSUS)
channel, the signal power is independent of the subcarrier position k and the time
position n, that is, PSRX

n,k = PSRX . On the other hand, the ICI power depends on k
if the number of samples NFFT is larger than Nc, due to aliasing. For a given time
autocorrelation function and the limit case of NFFT → ∞, an analytical expression
for the signal power can be found by [20]:

Puniform
SRX = cos(2πνmaxT ) + 2πνmaxTSi(2πνmaxT ) − 1

2(πνmaxT )2
, (3.9a)

P Jakes
SRX = 1F2

(
1

2
; 3
2
, 2;−(πνmaxT )2

)
. (3.9b)

A uniform distributed Doppler spectral density is assumed for the signal power
Puniform
SRX and a Jakes Doppler spectrum for P Jakes

SRX . The functions Si(·) and 1F2(·)
are the sine integral function respectively the generalized hypergeometric function.
Note that the signal power depends only on the normalized maximum Doppler shift
νmaxT = νmax

Δ f . For infinitely many subcarriers, the law of conservation of energy
(PSRX + PICI = 1) can be applied, so that the ICI power is finally given as:

Puniform
ICI = Puniform

SRX − 1, (3.10a)

P Jakes
ICI = P Jakes

SRX − 1. (3.10b)
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number of subcarriers: ∞
number of subcarriers: 41

0 20 40
0

10

20

30

40

50

subcarrier index k

Si
gn

al
-t

o-
in

te
rf

er
en

ce
ra

ti
o

[d
B

]

T

Jakes Spectrum
Uniform Spectrum

0 0.05 0.1
0

10

20

30

40

50

normalized maximum
Doppler shift νmax

Si
gn

al
-t

o-
in

te
rf

er
en

ce
ra

ti
o

[d
B

]

Fig. 3.1 Signal-to-Interference Ratio as a function of subcarrier index respectively Doppler shift:
SIR is relatively high so that in most cases ICI can be neglected, SIR of the first and last subcarrier
is approximately 3dB higher than the center values

The right part of Fig. 3.1 shows theSignal-to-InterferenceRatio (SIR) for infinitely
many subcarriers (Eqs. 3.9 and 3.10). This ratio is usually very high so that in many
cases the ICI can be neglected compared to the noise. Consider for example LTE
(Δ f =15kHz) at 2.5GHz. For a SIR smaller than 20 dB, the velocity has to be larger
than 500km/h (νmaxT = 0.08). The left figure compares the case of finite (Eqs. 3.7
and 3.8, Nc = 41, NFFT = 410) with infinitely many subcarriers. Since the first and
last subcarriers have interferers only at one side, the SIR is approximately 3dB higher
compared to the closed form solution. Furthermore, we observe that the SIR ratio at
the middle subcarrier coincide with the closed form solution because only the few
nearest neighboring subcarriers have a significant effect on the ICI.

3.3 Closed-Form BEP Expression for One-Tap Equalizer

This section is based on [18, 21] and shows how we can derive closed-form solu-
tions for the BEP in case of one-tap equalizer and pilot-symbol-aided channel esti-
mation. Here, the ICI is considered as an additional noise term and approximated
by a Gaussian random variable while in Sect. 3.4 we will investigate more evolved
data symbol estimationmethods. Similar results are provided in for filter-bankmulti-
carrier modulation [22]. Closed-form solutions are investigated in [23–25], extended
forms to describe ICI in [21].
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The ultimate goal of every transmission system is to recover the transmitted data
symbols xn,k . Dividing Eq. (3.2) by the estimated channel Ĥn,k leads to the zero
forcing equalization and delivers an LS estimate of the transmitted data symbol xn,k :

x̂n,k = rn,k

Ĥn,k

. (3.11)

For perfect channel knowledge (Ĥn,k = Hn,k), the zero forcing equalizer corresponds
to the Maximum Likelihood (ML) detection. However, for pilot-symbol-aided chan-
nel estimation such equalization is no longer optimal in the ML sense [26], but due
to its simplicity still a reasonable choice. The required channel estimate in (3.11)
is found by interpolation (weighted average), via the weights an,k , of known LS
estimates at pilot positions:

Ĥn,k =
∑

{n p,kp}∈P

(
a∗

n,k

)
{n p,kp}

rn p,kp

xn p,kp

. (3.12)

SetP is a collection of the two-dimensional (2D) pilot position indexes whereas the
number of pilot symbols is given by its cardinality |P| = Np. Rewriting Eq. (3.12)
in vector notation leads to:

Ĥn,k = aH
n,k ĥLS

P, (3.13)

where the vector ĥLS
P ∈ C

NP×1 consists of the vectorized LS estimates at pilot posi-
tions and the vector weight function an,k ∈ C

NP×1 is defined by the interpolation
method (for example MMSE, linear, spline). We also assume that each pilot symbol
has unit power. Figure3.2 shows a 4-Quadrature Amplitude Modulation (QAM) and
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Fig. 3.2 4-QAM (left) and 16-QAM (right) applying Gray code
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a 16-QAM signal constellation, that is, the set from which the data symbols xn,k are
chosen. The bit mapping follows Gray-coding. The one-tap equalizer in Eq. (3.11)
then leads to the following BEP for 4-QAM:

BEP4QAM
n,k (an,k) =1

2
Pr

(
�

{
rn,k

Ĥn,k

}
< 0

∣∣∣∣∣xn,k = 1 + j√
2

)

+ 1

2
Pr

(
�

{
rn,k

Ĥn,k

}
< 0

∣∣∣∣∣xn,k = 1 − j√
2

)
.

(3.14)

and for 16-QAM:

BEP16QAMn,k (an,k)

= 1

16

∑

qr ∈{1,3}

∑

qi ∈{−3,
−1,1,3}

Pr

(
�

{
rn,k

Ĥn,k

}
< 0

∣∣∣∣∣xn,k = qr + jqi√
10

)

+ 1

16

∑

qi ∈{−3,
−1,1,3}

(
1 − Pr

(
−2√
10

< �
{

rn,k

Ĥn,k

}
<

2√
10

∣∣∣∣∣xn,k = 1 + jqi√
10

))

+ 1

16

∑

qi ∈{−3,
−1,1,3}

Pr

(
−2√
10

< �
{

rn,k

Ĥn,k

}
<

2√
10

∣∣∣∣∣xn,k = 3 + jqi√
10

)
,

(3.15)

In order to find closed-form expressions for the BEP, we thus have to find close-
form expressions for the Cumulative Distribution Function (CDF) of the complex
Gaussian ratio rn,k

Ĥn,k
, which is provided by the following theorem based on:

Theorem 3.1 Let H ∼ NC

(
0, PSRX

)
, ĥLS

P ∼ NC

(
0, RĥLS

P

)
and uncorrelated v ∼

NC (0, PV) be zero mean complex-valued Gaussian random variables and vectors.
Assume further that the transmission system model is given by r = H x + v, that
the channel is estimated by pilot symbols, that is, Ĥ = aH ĥLS

P , with a being an
arbitrary complex-valued vector defined by the interpolation scheme, and that the
cross-correlation vector E{ĥLS

P H∗} = rĥLS
P ,H is given. Conditioned on x, the proba-

bility that the real part of the complex-valued Gaussian ratio r/Ĥ is smaller than a
certain value zR and at the same time the imaginary part smaller than zI, reads:
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Pr
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r

Ĥ

}
< zR ∧ �
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< zI
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(
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x
})
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, (3.16)

with

α = aH rĥLS
P ,H , (3.17)

β = aH RĥLS
P

a, (3.18)

γ = PV + PSRX |x |2
β

−
∣∣∣∣
α

β
x

∣∣∣∣
2

. (3.19)

Of particular interest is the case when only the projection onto one axis, say the
real axis, matters. Then zI approaches infinity, so that the tan−1 terms vanish and
we end up with a very compact expression, see Eq. (3.26). Theorem 3.1 delivers the
probability for arbitrary linear interpolation methods a.

Let us now consider the special case of MMSE channel estimation [27]:

aMMSE = R−1
ĥLS
P

rĥLS
P ,H , (3.20)

which minimizes the Mean Square Error (MSE) of our channel estimation:

aMMSE = argmin
a

MSE = argmin
a

E{|H − aH ĥLS
P |2}. (3.21)

The variables α and β in Eqs. (3.17) and (3.18) then transform to:

αMMSE = βMMSE = aH RĥLS
P

a = PSRX − MSE, (3.22)

and γ in Eq. (3.19) becomes:

γMMSE = PV + MSE |x |2
PSRX − MSE

. (3.23)
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For perfect channel knowledge, the MSE approaches zero and therefore:

αperfect = βperfect = PSRX (3.24)

and

γ perfect = PV

PSRX
= 1

SNR
. (3.25)

Note that for MMSE channel estimation, the probability in Theorem 3.1 behaves
the same way as for perfect channel knowledge where the signal power is lowered
by the MSE and the noise power increased by MSE |x |2, as shown by Eq. (3.23) and
the fact that α/β becomes one, so that Theorem 3.1 only depends on γ .

The BEP equations in (3.14) and (3.15) require the projection onto the real axis,
that is, zI → ∞, so that Theorem 3.1 transforms to:

Pr

(
�

{
rn,k

Ĥn,k

}
<

a√
b

∣∣∣∣∣
qr + jqi√

b

)
= 1

2
− 1

2

[
qr�{αn,k} − qi�{αn,k} − aβn,k

]

×
[[

(q2
r + q2

i )PSRX
n,k + b(P ICI

n,k + PV)

− 2a
(
qr�{αn,k} − qi�{αn,k}

) + a2βn,k
]
βn,k

− (
qi�{αn,k} + qr�{αn,k}

)2 ]− 1
2

(3.26)

with

αn,k = rH
ĥLS
P ,Hn,k

an,k (3.27)

βn,k = aH
n,kRĥLS

P
an,k, (3.28)

Equation (3.26) delivers immediately the required probabilities of Eqs. (3.14) and
(3.15) so that we can find closed-form expressions. However, because the resulting
Equations are quite lengthy we consider, without loss of generality, only the special
case of of �{rH

ĥLS
P ,Hn,k

an,k} = 0 (interpolation compensates average phase shifts) and

�{rH
ĥLS
P ,Hn,k

an,k} > 0 (interpolation is better than a random guess), the BEP for 4-

QAM can then be written as:

B̃EP
4QAM

n,k (an,k) = 1

2
− 1

2

√√√√2(PSRX
n,k + P ICI

n,k + PV)
aH

n,k RĥLSP
an,k

(
rH

ĥLSP ,Hn,k
an,k

)2 − 1

. (3.29)

One advantage of having close-form expressions is the fact that they can be used
for performance optimization. Let us for example minimize the BEP. In order to
minimize Eq. (3.29), the generalized Rayleigh quotient inside the square root has to
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be minimized, or equivalently, the inverse quotient
aH

n,k rĥLSP ,Hn,k
rH

ĥLSP ,Hn,k
an,k

aH
n,k RĥLSP

an,k
maximized.

Since the matrices in the nominator and denominator are Hermitian, this maximiza-
tion becomes a generalized eigenvalue problem

rĥLS
P ,Hn,k

rH
ĥLS
P ,Hn,k

an,k = λ RĥLS
P

an,k . (3.30)

The unique solution (except irrelevant scaling) for Eq. (3.30) can be found by insert-
ing the MMSE estimation, see Eq. (3.20). The optimal interpolation for 4-QAM
therefore becomes:

a4QAM,minBEP
n,k = argmin

an,k

BEP4QAM
n,k (an,k)

= R−1
ĥLS
P

rĥLS
P ,Hn,k

= aMMSE
n,k .

(3.31)

Following along the same lines, the optimal interpolation for 16-QAM can be found
as:

a16QAM,minBEP
n,k = argmin

an,k

BEP16QAM
n,k (an,k)

= κn,kR−1
ĥLS
P

rĥLS
P ,Hn,k

,
(3.32)

whereas for low signal-to-noise ratios the real valued scaling factor κn,k is larger
then one and for large ratios it has to be smaller. However, numerical evaluations
have shown that Eq. (3.32) improves the BEP16QAM

n,k only by less than 1% so that the

differences between a16QAM,minBEP
n,k and aMMSE

n,k can be neglected.
As already mentioned, the BEP in case of perfect channel knowledge can also be

calculated via Eq. (3.29) by selecting MMSE interpolation and setting the MSE to
zero, which leads to:

BEP4QAM,perfect
n,k = 1

2
− 1

2
√
1 + 2

P ICI
n,k +PV

P
SRX
n,k

. (3.33)

3.4 Time-Variant Channel Estimation and ICI Mitigation

This section follows the idea of [28]: by assuming a continuous transmit signal, a
discrete receiver structure and a sufficient long CP, the sampled time-variant transfer
function straightforwardly describes the OFDM transmission, so that an accurate
estimation of the channel is possibly. Compared with the usually considered impulse
response, which includes frequency components not relevant for data transmission,
the transfer function allows to ignore these irrelevant frequency components. By
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employing a full block MMSE equalizer we are then able to combat the effects of
high mobility wireless channels.

Our goal is to estimate the sampled time-variant transfer function Cm,k using
known pilot symbols xP ∈ C

NP×1. The pilot symbol pattern can be arbitrary, e.g.,
diamond shaped, as defined in the LTE standard (see Fig. 1.2). Similar to Eq. (3.3),
we stack all elements of the channel Cm,k in a large vector c ∈ C

NcNsNf×1:

c = [
C0,0 · · · C0,Nc−1 C1,0 · · · CNsNf−1,Nc−1

]T
(3.34)

The assumption ofRayleigh fading implies that c is jointly complex-valuedGaussian,
that is, c ∼ NC (0, Rc). The channel is normalized so that the diagonal elements of
Rc become one.

According to Eqs. (3.1) and (3.2), an LS estimation of the channel (Eq. 3.37)
delivers only the piecewisemean of the channel, Hn,k , corrupted by ICI and noise. The

relationship between the piecewise mean channel h ∈ C
NcNf×1 (h = [

hT
1 · · · hT

Nf

]T
)

and the channel vector c ∈ C
NcNsNf×1 can be described by a sparse matrix M ∈

R
NcNf×NcNsNf (100[1 − N

NcNsNf
] percent of the elements are zero):

h = Mc. (3.35)

with M given by:

M =
(

INf ⊗ [
01×Ncp 11×N

] 1

N

)
⊗ INc . (3.36)

The received data symbols at pilot positionsP are stacked in a vector rP ∈ C
NP×1

and element wise divided by the pilot symbols xP , so that the LS estimate of the
piecewise mean channel ĥLS

P ∈ C
NP×1 at pilot positions becomes:

ĥLS
P = Diag (xP)−1 rP . (3.37)

An estimation of the channel vector c can then be found by:

ĉ = ÃĥLS
P . (3.38)

Matrix Ã ∈ C
NcNsNf×NP represents a general description of a linear estimation and

includes, for example, basis expansion models [6] or the MMSE solution (Eq.3.44).
Note that the linear estimator in Sect. 3.3, an,k , represents only the estimation of
the piecewise mean channel and is written as vector function instead of a matrix.
Figure3.3 illustrates Eq. (3.38): estimates of the piecewise mean channel at pilot
positions are interpolated/extrapolated, delivering an estimate of the time variant
transfer function Cm,k .

Correlation matrix Rĉ = E{ĉĉH} ∈ C
NcNsNf×NcNsNf of our channel estimation can

be written as:

Rĉ = Ã
(
MPRcMH

P + Diag
(
pICI
P

) + PV INP

)
ÃH, (3.39)

http://dx.doi.org/10.1007/978-981-10-0617-3_1
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Fig. 3.3 Illustration of our time-variant channel estimation: LS estimates of the piecewise mean
channel at pilot positions are interpolated respectively extrapolated (using the MMSE criterion)
which delivers an estimate of the time variant transfer function Cm,k

whereas vectorpICI
P ∈ R

NP×1 consists of all ICI power elements (Eq.3.8), correspond-
ing to the correct pilot positions. In order to determine matrixMP ∈ R

NP×NcNsNf , we
take NP rows, at correct pilot positions, out of matrix M ∈ R

NcNf×NcNsNf . The MSE
of our channel estimation is then given as the diagonal elements of the following
correlation matrix:

Rc−ĉ = Rc − ÃMPRc − RcMH
PÃH + Rĉ. (3.40)

For the derivation of the MMSE channel estimation, we consider the i th element
of the channel estimation ĉ individually (i = k + (n − 1)Nc). Let us denote the i th
row of matrix Ã as ăT

i ∈ R
1×NP . Equation (3.38) then transforms to:

[ĉ]i = ăT
i ĥLS

P (3.41)

= ăT
i

(
MPc + Diag (xP)−1 (yICI

P + vP)
)
. (3.42)

The orthogonal projection theorem requires:

E
{
([ĉ]i − [c]i )[ĉ]∗i

} = 0, (3.43)

so that the MMSE solution ÃMMSE ∈ C
NcNsNf×NP becomes:

ÃLMMSE = RcMH
P

(
MPRcMH

P + diag{pICI
P } + PV INP

)−1
(3.44)

Equation (3.44) together with (3.38) delivers all NcNsNf MMSE estimates of the
channel Cm,k which can be inserted in Eq. (1.21) or (3.4) to estimate the behavior
of our OFDM system. Multiplying matrix M with Eq. (3.44) results in the MMSE
filtermatrixAMMSE ∈ C

NcNf×NP , which delivers theMMSE estimate of the piecewise
mean channel ĥ:

ALMMSE = MÃLMMSE. (3.45)

http://dx.doi.org/10.1007/978-981-10-0617-3_1


3 Symbol Detection in High Speed Channels 51

This is the conventional two-dimensional MMSE solution [27], see also Eq. (3.20) in
Sect. 3.3, whereas usually the matrices RhP = MPRcMH

P ∈ C
NP×NP and Rh,hP =

MRcMH
P ∈ C

NcNf×NP are assumed to be known explicitly. We, on the other hand,
showed in this section how these matrices (RhP and Rh,hP ) can be decomposed to
describe OFDM systems in doubly-selective channels.

Let us denote Ãn ∈ C
NcNFFT×NP as the filter matrix, consisting of those row ele-

ments of Ã ∈ C
NcNsNf×NP which deliver the estimated channel ĉn (see Eq.3.3):

ĉn = ÃnĥLS
P . (3.46)

We now denote the column i of Ãn as ã(i)
n ∈ C

NcNFFT×1:

Ãn = [
ã(1)

n · · · ã(NP)
n

]
. (3.47)

Combining Eqs. (3.4), (3.46) and (3.47), the estimated OFDM matrix D̂n becomes a
linear combination of the basis matrices B(i)

n ∈ C
Nc×Nc :

D̂n =
NP∑

i=1

yPi

xPi

⎡

⎢⎢⎢⎣

(
W̃1ã(i)

n

)T

...(
W̃Nc ã

(i)
n

)T

⎤

⎥⎥⎥⎦

︸ ︷︷ ︸
B(i)

n

. (3.48)

Note that the matrices B(i)
n can be precomputed. Once we have the estimated OFDM

matrix D̂n , the equalization is performed as follows:

x̂n = D̂H
n

(
D̂nD̂H

n + PV INc

)−1
rn. (3.49)

For perfect channel knowledge, that is, D̂n = Dn , Eq. (3.49) delivers the MMSE
estimation of the transmitted data symbols x̂n [13]. However, we will call it MMSE
equalization even if the channel estimation is not perfect. Note that the complexity
of Eq. (3.49) can be reduced by exploiting the banded structure of the OFDMmatrix
Dn [11]. It is also possible to reduce the amount of ICI by means of ICI cancellation
[29]:

rICICanceln = Dnxn + vn − D̂ICI
n Q

(
x̂n

)
, (3.50)

wherematrix D̂ICI
n consists of nearly the same elements as D̂n , with the difference that

the diagonal elements are all zero, thus reflecting only the ICI relevant terms. Function
Q (·) indicates the quantization of the estimated data symbols x̂n , that is, hard decision
according to the minimum distance criteria. The quantization process is nonlinear, so
that the ICI power after cancellation P ICICancel

n,k cannot be straightforwardly calculated.
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We approximate this power by assuming that the estimated data symbols in Eq. (3.50)
are perfectly known x̂n = xn . The ICI power after cancellation can then be found as:

P ICICancel
n,k = tr

{
W̃ICI

k Rcn−ĉn

(
W̃ICI

k

)H
}

, (3.51)

whereas the correlation matrix Rck−ĉk is given by Eq. (3.40).
Our ICI mitigation method combines the OFDM matrix estimation in Eq. (3.48),

theMMSE equalization in Eq. (3.49) and the ICI cancellation in Eq. (3.50). The three
basic steps of our ICI mitigation method are:

• Step 1: We estimate the OFDM matrix D̂n according to Eq. (3.48) in combina-
tion with (3.44) whereby the ICI power pICI

P is given by Eq. (3.8). The MMSE
equalization, Eq. (3.49), then delivers the estimated data symbols x̂n of the first
step.

• Step 2: The estimated data symbols x̂n together with the estimated matrix D̂n ,
both obtained from the first step, reduce the ICI at pilot position, see Eq. (3.50),
so that the piecewise mean LS channel estimates at pilot positions ĥLS

P become
more accurate: ĥLS

P = Diag (xP)−1 rICICancelP . This improved channel estimation
is then used in Eq. (3.48) together with (3.44) to estimate the OFDM matrix D̂n .
Compared with the first step, the ICI power pICI

P in Eq. (3.44) is now lower and
given by Eq. (3.51). After MMSE equalization, Eq. (3.49), we obtain the estimated
data symbols x̂n of the second step.

• Step 3: Here, we treat all estimated data symbols x̂n as if they were pilot symbols.
After ICI cancellation, using x̂n and D̂n from the second step, see Eq. (3.50), we
obtain the piecewise mean LS channel estimates at all NcNf positions by: ĥLS =
diag{x̂}−1rICICancel. In this step, we assume NcNf “pilot symbols”, so that matrix
MP in Eq. (3.44) becomes M and NP in Eq. (3.48) becomes NcNf . Additionally,
the ICI power pICI

P in Eq. (3.44) is further decreased compared to Step 2, because
the ICI cancellation uses more accurate estimations of the OFDM matrix. Note
that, if there exist data symbols of nonunit magnitude, e.g., 16-QAM, the ICI
power and noise power are enhanced due to the LS estimation process. Again,
MMSE estimation of the OFDM matrix, Eqs. (3.44) and (3.48), in combination
withMMSE equalization, Eq. (3.48), delivers the estimated data symbols x̂n of the
third step.

All three steps are illustrated in Figs. 3.4, 3.5 and 3.6.

3.5 Simulations and Measurements

This section presents the measurement results of [28]. In this example we use 13
subcarriers, 15 OFDM symbols and an LTE downlink pilot symbol pattern (as illus-
trated in Fig. 1.2). Furthermore, we assume 4-QAM, a subcarrier spacing of 15kHz
and a carrier frequency of 2.5GHz.

http://dx.doi.org/10.1007/978-981-10-0617-3_1
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Fig. 3.4 Illustration of the first step of our ICI mitigation technique (Step 1)
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Fig. 3.5 Illustration of the second step of our ICI mitigation technique (Step 2)
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Fig. 3.6 Illustration of the third step of our ICI mitigation technique (Step 3)

Simulations

For our simulations we obtain the sampled time-variant transfer function Cm,k , as in
Eq. (1.21), by utilizing the following WSSUS channel model [30]:

Cm,k = 1√
I

I∑

i=1

e
j
(
θi +2π νi

Δ f
m

NFFT
−2π τi

T k
)

, (3.52)

whereas the random Doppler shifts νi are distributed according to a Jakes Doppler
spectral density, the random normalized delays τi

T are uniformly distributed between
0 and τmax

T = 0.01 and the random phases θi are uniformly distributed between 0 and
2π , ensuring circularly symmetry. We assume NFFT = 13 samples, I = 200 channel
paths and consider 50,000 realizations over which we average. Additionally, all
random variables are assumed to be statistically independent, so that the frequency-
time correlation function becomes:

E
{
Cm1,k1C

∗
m2,k2

} = rC f [k1 − k2]rCt [m1 − m2]. (3.53)

with (J0 is the zero-th order Bessel function):

rCt [m1 − m2] = J0

(
2π

νmax

Δ f

m1 − m2

NFFT

)
(3.54)

http://dx.doi.org/10.1007/978-981-10-0617-3_1
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rC f [k1 − k2] = sinc
(τmax

T
(k1 − k2)

)
e jπ τmax

T (k1−k2). (3.55)

If the channel elements are stacked according to Eq. (3.34), correlation matrix Rc ∈
C

NcNsNf×NcNsNf becomes:

Rc =
⎡

⎢⎣
rCt [0] · · · rCt [(Nf Ns − 1)]

: . . . :
rCt [−(Nf Ns − 1)] · · · rCt [0]

⎤

⎥⎦

⊗
⎡

⎢⎣
rC f [0] · · · rC f [(Nc − 1)]

: . . . :
rC f [−(Nc − 1)] · · · rC f [0]

⎤

⎥⎦ .

(3.56)

Figure3.7 shows that our theoretical BEP expressions for one-tap equalizers
(Sect. 3.3) coincide with the simulated BER. The illustrated conventional methods
ignore ICI and estimate the channel either byMMSE (ICI is considered as additional
noise) or by linear interpolation of the three closest LS estimates at pilot position
(no statistical knowledge necessary). For a high SNR, the ICI becomes the limiting
factor so that the BEP of conventional methods soon saturates. This effect can be
mitigated by our proposed ICI mitigation technique. The BER after the third step
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Fig. 3.7 Simulated BER and theoretical BEP as a function of SNR. Simulation confirms our
analytical prediction. At high SNR, our ICI mitigation method avoids an early saturation of the
BER. Each step improves the BER and Step 3 achieves a performance close to perfect channel
knowledge and no ICI
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Fig. 3.8 Simulated BER relative to the BER of Step 3 as a function of velocity, respectively
normalized maximum Doppler shift. The higher the velocity, the better our methods performs
compared to conventional methods. For a velocity of zero, the BER of MMSE (no ICI mitigation),
Step 1 and Step 2 coincide

comes very close to perfect channel knowledge and no ICI which corresponds to the
lowest possible BER.

Figure3.8 shows observed BER relative to the BER of Step 3, thereby delivering
the improvement factor of ourmethod. Clearly, for higher velocities, the ICI becomes
more andmore an impediment so that the performanceof our ICImitigation technique
increases relatively to conventional methods. For time-invariant channels, i.e., zero
velocity, Step 1 and 2 exhibit the same BER as the one-tap equalizer using MMSE
CE (no ICI mitigation).

Measurements

Our measurements were conducted on the Vienna Wireless Testbed that has been
augmented by a rotating wheel unit to generate high speed movements [18]. Trans-
mitter and receiver are both placed indoors, in different rooms, and the number of
samples after demodulation is set to 26. For a given transmit power, corresponding
to a specific average SNR, we obtain different channel realizations by relocating
the transmit antenna to 144 positions, equidistantly spaced over a 3 × 3 wavelength
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grid. The receive antenna moves at up to 400km/h and we measure always over
the same three wavelengths movement interval. To estimate the noise power at the
receiver, we include two all-zero OFDM symbols, x0 = 0Nc×1 and xNf+1 = 0Nc×1.
Similar, the ICI-plus-noise power is estimated by using all-zero subcarriers, xn,0 = 0
and xn,Nc = 0. Because the second order statistics, required for the MMSE estima-
tion, are not perfectly known, we obtain only a mismatched solution. We assume a
WSSUS channel and a separable correlation function, as in Eq. (3.53). For theMMSE
estimation, we cannot directly insert the estimated correlation functions because they
are corrupted by noise, leading to large errors due to the matrix inversion. We thus
model the delays as well as the Doppler shifts by a uniform distribution, so that the
frequency correlation is given by Eq. (3.55) and the time correlation by:

rCt [m1 − m2] = sinc

(
2
νmax

Δ f

m1 − m2

NFFT

)
. (3.57)

From the estimated frequency correlation function r̂C f we conclude that τmax =
0. The maximum Doppler shifts νmax, on the other hand, are chosen so that the
theoretical ICI power and themeasured ICI power coincide.At a velocity of 100km/h,
wemeasure the same ICI power wewould expect at 98km/h for a uniform distributed
Doppler spectral density, so that the normalizedmaximumDoppler shift in Eq. (3.57)
is set to νmax

Δ f = 0.015. Similar, the measurement velocity of 200km/h corresponds to
an equivalent (uniformDoppler spectral density) velocity of 187km/h, 300–280km/h
and 400–372km/h.
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Fig. 3.9 Measured BER and theoretical BEP as a function of estimated SNR, similar to Fig. 3.7.
Also in testbed measurements, our proposed ICI mitigation methods comes close to perfect channel
knowledge and no ICI
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Fig. 3.10 Measured BER relative to the BER of Step 3 as a function of velocity. Compared to
Fig. 3.8, the potential improvement of our ICI mitigation method is lower because the underlying
channel parameters differ between simulation and measurements (lower delay spread due to indoor
measurements, lower Doppler spread and NFFT > Nc)

Figure3.9 shows that our theoretical expressions for one-tap equalizers (Sect. 3.3)
accurately model the true physical behavior. Each step of our proposed mitigation
technique reduces the BER whereas the third step achieves a performance close to
perfect channel knowledge and no ICI.

Figure3.10 illustrates the measured BER relative to the BER of Step 3. Compared
to Fig. 3.8, the one-tap equalizers perform better due to different channel parameters
(lower delay spread, lower Doppler spread and NFFT > Nc), lowering the potential
improvement of our ICI mitigation method.
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Chapter 4
Optimal Pilot Pattern for Downlink
Transmissions

Michal Šimko

Long Term Evolution (LTE) standards define a fixed diamond shaped pilot pattern
over the time frequency grid in the downlink for Multiple-Input Multiple-Output
(MIMO) Orthogonal Frequency Division Multiplexing (OFDM) transmission sys-
tems. While the choice of the pattern is a compromise to cover a wide range of
channels with different Root Mean Square (RMS) delays and Doppler spreads, it is
also selected sparsely not to hamper capacity. In this chapter we investigate patterns,
that allow a variable pilot density as well as a variable power distribution between
pilots and data. Finally, both degrees of freedom are optimized and due to a certain
range of trade-off we propose a small set of pilot patterns that offers a substantially
higher throughput than today’s.1

4.1 Introduction

In [1] it is shown that for a given amount of pilot-symbol overhead, in terms of
Mean Square Error (MSE), it is optimal to position the pilot-symbols in a diamond-
shaped constellation for a time-frequency grid in an OFDM transmission scheme.
It is, however, not shown how to choose shape parameters of the diamond-shaped
pilot-symbol pattern and consequently how much overhead is required for a proper
channel estimation. Figure 4.1 shows an example of such a diamond-shaped pilot-
symbol pattern. Diamond-shaped pilot-symbol patterns can be decomposed into two
patterns with pilot-symbols equi-spaced in time and in frequency directions with
distances Dt and Df , respectively. These two patterns with equi-spaced pilot-symbols

1The material presented here can be accessed in more detail in the Ph.D. thesis of Michal Šimko
available for download at http://theses.eurasip.org/theses/488/pilot-pattern-optimization-for-
doubly-selective/.
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Fig. 4.1 Example of a
diamond-shaped
pilot-symbol pattern: the
pilot-symbol pattern is fully
described by two variables
Df and Dt . These parameters
determine the pilot-symbol
density in the time and the
frequency dimension

pilot symbol data symbol

Dt

Df

 Df /2

 Dt/2

are separated from each other by � Dt
2 � in the time direction and by � Df

2 � in the
frequency direction. Therefore, a diamond-shaped pattern is fully described by two
variables Df and Dt . Figure 4.1 shows an example of a diamond-shaped pilot-symbol
pattern with Df = 4 and Dt = 10.

Note that also LTE utilizes such a diamond shaped pilot-symbol pattern with fixed
values Df = 6 and Dt = 7.

When the power is evenly distributed between the data and pilot-symbols, stacked
each in a vector xD and xP , respectively, there is:

PS = 1

ND
E

{‖xD‖2
2

} = 1, (4.1)

PP = 1

NP
E

{‖xP‖2
2

} = 1, (4.2)

where ND is the number of data-symbols, NP the number of pilot-symbols and
Nf = ND + NP the entire number of transmited symbols.

4.2 Least Squares Channel Estimation

In order to investigate the optimal choice of the pilot patterns, knowledge of the
channel estimator performance with a given pilot pattern is required. The Least
Squares (LS) channel estimate at the pilot-symbol positions is obtained by solving
the following minimization problem

ĤLS
P = arg min

H
‖rP − HxP‖2

2 , (4.3)
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where the matrix ĤLS
P ∈ C

NP×NP is assumed to be diagonal, representing the channel
only at the pilot-symbol positions. Vector xP contains the known pilot symbols and

rP the observations. Note that, Diag
(

ĤLS
P

)
= ĥLS

P , identical to Chap. 3. Obviously,

such an estimator ignores the non-diagonal elements of the channel matrix and treats
the potential Inter-Carrier Interference (ICI) as noise. More details on this topic can
be found in [2]. The resulting MSE at the pilot-symbol positions is given as

σ 2
e,P = PV + PICI

PP
, (4.4)

where PV denotes the noise power and PICI the ICI contribution. By increasing the
power radiated at the pilot-symbols PP, the channel estimates at the pilot-symbols
become more reliable. The channel estimates at the data positions have to be obtained
by applying a two-dimensional interpolation. In the following, we analyze the per-
formance of a general linear channel estimator in terms of MSE. A channel estimate
at an arbitrary data position using a linear interpolation is given by a weighted sum
of the S nearest channel estimates (in the Euclidean sense of the time-frequency
grid) at pilot positions. Let us denote the channel estimate at the j th data position by
ĥD, j and the channel estimate at the i th pilot position by ĥP,i . The lower indices i
and j are used as general description of the location in the time-frequency grid. In
contrast to Chap. 3, we no longer denote each time-frequency position explicitly in
order to better distinguish between data symbols and pilot symbols, simplifying the
optimality decision. A channel estimate at a data position j can be expressed as a
weighted sum of S closest pilot-symbols

ĥD, j =
∑

i∈P j

a j,i ĥP,i , (4.5)

where P j denotes a set of the S nearest pilot-symbol positions to the data position
j . The weight a j,i is a real number that indicates how much the channel estimate at
the j th data position is influenced by the channel estimate at the i th pilot position.

We evaluate the performance of such a linear channel estimator by analytically
deriving its theoretical MSE at the data positions. Given the definition of MSE,

σ 2
e, j = E

{∥∥∥hD, j − ĥD, j

∥∥∥
2
}

= E

{∥∥hD, j

∥∥2
}

− 2�
{
E

{
h∗
D, j ĥD, j

}}
+ E

{∥∥∥ĥD, j

∥∥∥
2
}

. (4.6)

For the analytical derivation, we made the following assumptions:

• The channel power is normalized to one
(
E

{∥∥hD, j

∥∥2
}

= 1
)

.

• The channel hD, j at a data position j and the estimation error h̃i = hP,i − ĥP,i

at a pilot position i are uncorrelated
(
E

{
h∗
D, j h̃i

}
= 0

)
.
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• The channel hP,i at a pilot position i and the estimation error h̃i ′ at a pilot position

i ′ are uncorrelated
(
E

{
hP,i h̃i ′

}
=

)
0.

Let us analyze the three terms in Eq. (4.6) individually. The first term is equal

to one due to the system model E
{∥∥hD, j

∥∥2
}

= 1. In the second term, ĥD, j can be

replaced by Eq. (4.5)

�
{
E

{
h∗
D, j ĥD, j

}}
= �

⎧
⎨

⎩E

⎧
⎨

⎩h∗
D, j

∑

i∈P j

a j,i ĥP,i

⎫
⎬

⎭

⎫
⎬

⎭

= �
⎧
⎨

⎩
∑

i∈P j

a j,iE

{
h∗
D, j

(
hP,i − h̃i

)}
⎫
⎬

⎭

=
∑

i∈P j

a j,i�
{

R j,i
}
, (4.7)

where h̃i represents the estimation noise at the i th pilot position. The last step in
the above equation can be justified by the assumption that the channel at the j th
data position and the estimation error at the i th pilot position are uncorrelated. The

coefficient R j,i = E

{
h∗
D, j hP,i

}
denotes the correlation between the channels at the

j th data-symbol and the i th pilot-symbol positions.
Let us proceed with the last term of Eq. (4.6), in which Eq. (4.5) is inserted and

consequently the equality ĥP,i = hP,i − h̃i , which states that the channel estimate at
the pilot-symbol position is given as the true channel superimposed by an estimation
error. Note that due to Eq. (4.2), it can be shown that the MSE of the LS channel
estimator at the pilot-symbol positions is identical to the noise power divided by the
power radiated at the pilot-symbols PV

PP
for time-invariant channels [3]. In the case of

time-variant channels, also the ICI power has to be considered. Therefore the power
of h̃i is equal to PV+PICI

PP
. We obtain:

E

{∥∥∥ĥD, j

∥∥∥
2
}

= E

⎧
⎨

⎩

∥∥∥∥∥∥

∑

i∈P j

a j,i

(
hP,i − h̃i

)
∥∥∥∥∥∥

2⎫⎬

⎭

= E

⎧
⎨

⎩
∑

i∈P j

∑

i ′∈P j

a j,i a j,i ′
(

hP,i − h̃i

)∗ (
hP,i ′ − h̃i ′

)
⎫
⎬

⎭

=
∑

i∈P j

∑

i ′∈P j

a j,i a j,i ′ Ri,i ′ +
∑

i∈P j

a2
j,i

PV + PICI

PP
. (4.8)

In the last step, we applied the assumption that the estimation error and channel are
uncorrelated. To summarize, Eq. (4.6) is simplified to
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σ 2
e, j = E

{∥∥∥hD, j − ĥD, j

∥∥∥
2
}

= 1 − 2
∑

i∈P j

a j,i�
{

R j,i
} +

∑

i∈P j

∑

i ′∈P j

a j,i a j,i ′ Ri,i ′ + PV + PICI

PP

∑

i∈P j

a2
j,i .

(4.9)

A part of Eq. (4.9) is independent of the term PV+PICI
PP

, as it only depends on the
weights a j,i and on the correlation matrix. The dependency of the correlation matrix
can also be regarded as dependency on the maximum Doppler spread (or equivalently
the user velocity) and RMS delay spread. The second part of the MSE depends on
PV+PICI

PP
. This term is on the other hand independent of the correlation matrix. In

order to obtain the overall, MSE additional averaging over all data-symbols has to
be applied

σ 2
e = 1

ND

ND∑

j=1

σ 2
e, j . (4.10)

The MSE error can be decomposed into a noise dependent part and a noise indepen-
dent part

σ 2
e = ce

PV + PICI

PP
+ d, (4.11)

where ce is a scalar depending on the weights a j,i , given as

ce = 1

ND

ND∑

j=1

∑

i∈P j

a2
j,i ≥ 0. (4.12)

The value of the variable ce is obtained as arithmetic average over all data-symbol
positions. Its depends only on the interpolation weights a j,i of the estimator. The
constant d is a scalar depending on the weights a j,i as well as the correlation matrix.
In the following text, it is referred to as interpolation error (variance) d, given as

d = 1

ND

ND∑

j=1

⎛

⎝1 − 2
∑

i∈P j

a j,i�
{

R j,i
} +

∑

i∈P j

∑

i ′∈P j

a j,i a j,i ′ Ri,i ′

⎞

⎠ ≥ 0. (4.13)

The interpolation error variance d is always greater than or equal to zero. If perfect
channel knowledge at the pilot-symbol positions is assumed, the resulting MSE
equals he interpolation error. Therefore, the interpolation error can be interpreted as
the estimation error caused by the interpolation process.

The choice of the interpolation weights a j,i depends on the interpolation strategy.
The simplest way to obtain the interpolation weights for doubly-selective channels
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is a two-dimensional linear interpolation. In this case, the set of S closest pilot-
symbols shrinks to those three closest pilot-symbols that define a plane. Additionally,
because of geometry reasons, the sum of the interpolation weights has to be equal
to one, namely

∑
i∈P j

a j,i = 1. An example of a two-dimensional interpolation is
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Fig. 4.2 Two-dimensional linear interpolation: channel estimate at a data position (green line) is
obtained by spanning a two-dimensional plane that is defined by the three closest pilot-symbols
(red lines)
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Fig. 4.3 Comparison between theoretical (dashed lines) and simulated (solid lines) MSE of an LS
channel estimator at pilot position for a 1 × 1 transmission system at different Doppler frequencies
and linear interpolation at the data positions
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provided in Fig. 4.2. First, three pilot-symbols (red lines), that are closest to a data-
symbol (green) line, are located. Second, a plane, that is spanned by these three
pilot-symbols, is sampled at the data-symbol position. Note that due to the linear
interpolation/extrapolation by a plane, some weights can become negative. More
details on how to obtain the interpolation weights for the two-dimensional linear
interpolation can be found in [4]. In this case, the interpolation weights depend
solely on the location of the pilot-symbols and are independent of the noise variance
and channel correlation.

In the case of a two-dimensional linear interpolation, the coefficient ce depends
only on the pilot pattern. In the case of a two-dimensional linear interpolation with an
LTE Single-Input Single-Output (SISO) pilot-symbol pattern using an LS channel
estimator at pilot positions, delivers ce = 0.6623. Figure 4.3 shows the simulated
(solid lines) and theoretical (dashed lines) MSE of an LS channel estimator, for
which an excellent agreement can be found.

4.3 Linear Minimum Mean Square Error Channel
Estimation

A better choice than the LS estimator is the Linear Minimum Mean Square Error
(LMMSE) estimator. Note, however, that the LMMSE channel estimator requires
knowledge of the second order statistics of the channel and the noise. It can be
shown that the LMMSE channel estimate is obtained by multiplying the LS estimate
at the pilot-symbol positions with a filtering matrix ALMMSE ∈ C

ND×NP [5]

ĥLMMSE
D = ALMMSEĥLS

P . (4.14)

In order to find the LMMSE filtering matrix, the MSE

σ 2
e = E

{∥∥∥hD − ALMMSEĥLS
P

∥∥∥
2

2

}
, (4.15)

has to be minimized, leading to

ALMMSE = RhD ,hP

(
RhP ,hP + PV + PICI

PP
I
)−1

, (4.16)

where the matrix RhP ,hP = E
{
hPhH

P

} ∈ C
NP×NP denotes the channel correlation

matrix at the pilot-symbols, and the matrix RhD ,hP = E
{
hDhH

P

} ∈ C
ND×NP is the

channel crosscorrelation matrix.
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To derive the theoretical MSE, we insert Eq. (4.16) into Eq. (4.15):

σ 2
e =E

{(
hD −

(
RhD ,hP

(
RhP ,hP − PV + PICI

PP
I
)−1

ĥLS
P

))
(4.17)

(
hD −

(
RhD ,hP

(
RhP ,hP − PV + PICI

PP
I
)−1

ĥLS
P

))H
⎫
⎬

⎭ .

After a straightforward manipulation, the average MSE at the data subcarriers is
expressed as

σ 2
e = 1

ND
tr

{
RhD ,hD − RhD ,hP

(
RhP ,hP + PV + PICI

PP
I
)−1

RhP ,hD

}
, (4.18)

where ND is the number of data-symbols.
In order to derive interpolation error d for an LMMSE channel estimator, we

neglect the expression PV+PICI
PP

. Such an assumption corresponds to perfect knowledge
of the channel estimates at the pilot-symbol positions. In this way, interpolation error
d can be directly obtained from Eq. (4.18) as

d = 1

ND
tr

{
RhD ,hD − RhD ,hPR−1

hP ,hP
RhP ,hD

}
. (4.19)
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Fig. 4.4 Comparison between theoretical (dashed lines) and simulated (solid lines) MSE of an LS
channel estimator at pilot position for a 1 × 1 transmission system at different Doppler frequencies
and LMMSE interpolator at the data positions
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An alternative approach to find the LMMSE channel estimate can be obtained
using Eq. (4.5), where the set of pilot-symbols P j that impact the channel estimate
at a specific data position is extended from the three nearest pilot-symbols to all avail-
able pilot-symbols. However, in contrast to the previously explained two-dimensional
linear interpolator, the weights a j,i depend on the channel correlation matrix and
Signal to Noise Ratio (SNR). Therefore, for the LMMSE channel estimator, SNR
dependent scalars ce(SNR) and d(SNR) can be found. In [4], it is shown how to find
an SNR independent approximation of the variables ce and d.

Figure 4.4 depicts the simulated (solid line) and the analytical (dashed line) MSE
of an LMMSE channel estimator for different Doppler frequencies. The simulated
MSE and the analytically derived MSE show nearly perfect identity. Further gener-
alizations in the context of multi-cell transmissions can be found in [6].

4.4 Optimal Power Allocation

We now describe how to distribute the available power among pilot- and data-symbols
in an optimal manner. As the cost function, the post-equalization Signal to Interfer-
ence and Noise Ratio (SINR) of a Zero Forcing (ZF) equalizer under imperfect
channel knowledge is used. The general case of doubly-selective channels is con-
sidered. The resulting average post-equalization SINR for a ZF equalizer on the lth
layer and kth subcarrier is derived as

γ̄n,k = PS

(
PV + PICI + σ 2

e PD
)

eH
n

(
H(eff)

k

H
H(eff)

k

)−1
en

, (4.20)

with matrix H(eff)
k = HkFk , that is including a potential precoding matrix Fk . In

Eq. (4.20), it is assumed that the available data power PD is evenly distributed over
individual layers, i.e., PS = PD

Nf
. Furthermore, a-priori knowledge about the channel

estimation performance in incldued in the SINR expression of a ZF equalizer by
inserting Eq. (4.11) in Eq. (4.20) and decomposing the expression into two parts

γ̄n,k = fh

(
H(eff)

k

)
fpow (ce, d, PS, PP, PV) , (4.21)

with the so-called power allocation function fpow (ce, d, PS, PP, PV) being

fpow (ce, d, PS, PP, PV) = PD(
PV + PICI +

(
ce

PV+PICI
PP

+ d
)

PD

) (4.22)
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and the equalizer allocation function

fh

(
H(eff)

k

)
= 1

NfeH
n

(
H(eff)

k

H
H(eff)

k

)−1
en

. (4.23)

It was shown in [7] that the post-equalization SINR of a ZF equalizer is a random
variable following a Gamma distribution for a stationary channel. Therefore, when
assuming a stationary channel, the mean value of the equalizer allocation function
can be obtained analytically

σZF,H(eff)
k

= E

{
fh

(
H(eff)

k

)}
. (4.24)

The value of σZF,H(eff)
k

is equal to NR − NT + 1 if neglecting antenna correlation

[7, 8]. Inserting Eq. (4.24) in Eq. (4.21), the average post-equalization SINR for a ZF
equalizer under imperfect channel knowledge is obtained as

¯̄γ = E
{
γ̄n,k

}

= PD(
σ 2

e PD + PV + PICI
)σZF,H(eff)

k
. (4.25)

In order to keep the overall transmit power constant, the powers radiated at the
pilot-symbols PP and at the data-symbols PD have to fulfill the following equation

PP NP + PS ND = NP + ND, (4.26)

where the variables NP and ND represent the number of pilot-symbols and data-
symbols in a subframe, respectively. In order to describe the interconnection between
the pilot-power PP and the data-power PD, we introduce a variable poff which is
the power offset between the power of the pilot-symbols and the data-symbols,
denoted by

PP = poff PD. (4.27)

Therefore, PP and PD can be expressed in terms of the variables NP, NP, and poff :

PD = NP + ND

ND + NP poff
, (4.28)

PP = NP + ND
ND
poff

+ NP
= poff PD. (4.29)
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Inserting Eqs. (4.28) and (4.29) into the power allocation function and simplifying
the expression, we obtain

fpow

(
ce, d,

PP

poff
, PP, PV

)
= 1

(PV + PICI)
(

1
PP

(poff + ce) + d
PV+PICI

)

= 1

(PV + PICI)

(
ND
poff

+NP

NP+ND
(poff + ce) + d̃

) , (4.30)

with the variable d̃ being proportional to the interpolation error d (see Eq. (4.13))
and given as

d̃ = d

PV + PICI
. (4.31)

Note that Eq. (4.30) is independent of the channel realization.
Let us proceed to the definition of the optimization problem. The target is to find

an optimal value of poff that maximizes the post-equalization SINR in Eq. (4.20)
while keeping the overall transmit power constant. The optimization problem can be
formulated mathematically as

maximize
poff

γ̄n,k

subject to ND PD + NP PP = ND + NP. (4.32)

In order to maximize the post-equalization SINR with respect to the variable
poff , the power allocation function in Eq. (4.30) has to be maximized with respect
to the variable poff . The terms PV + PICI and d̃ are larger than or equal to zero and
independent of the variable poff . Thus, in order to maximize the power allocation
function, the following expression has to be minimized

f (PP, PD) = 1

PD
+ ce

PP
, (4.33)

which we refer to as simplified power allocation function. The simplified power
allocation function can be further simplified when inserting Eqs. (4.28) and (4.29)
leading to

f̄ (poff) =
ND
poff

+ NP

NP + ND
(poff + ce) . (4.34)

The above expression depends solely on the power offset among the pilot- and data-
powers not on the actual powers. The minimum of the simplified power allocation
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Fig. 4.5 The simplified
power allocation function
f (poff ) for different antenna
configurations: the simplified
power allocation function
f (poff ) versus power offset
for two state-of-the-art linear
channel estimators. The
functions have distinct
minimum points that
correspond to the optimal
choice of the power offset
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function in Eq. (4.34) can simply be found by differentiation, resulting in the optimal
value of the variable poff

poff,opt =
√

NDce

NP
. (4.35)

Figure 4.5 shows an example of the simplified power allocation function from
Eq. (4.34) for LS and LMMSE channel estimators for various numbers of transmit
antennas utilizing LTE pilot patterns. All of these functions have distinct minimum
points. These minimum points correspond to the maximization of the post-equalization
SINR. Note that although ND and NP depend on the utilized bandwidth, the mini-
mum of f (poff) is independent of it, since ND and NP scale with the same constant
with increasing bandwidth and actually only their ratio is what matters.

4.4.1 Simulation Results

In the following part, we present simulation results and discuss the performance of
LTE transmission systems with different pilot-symbol powers under doubly-selective
channels. Table 4.1 presents the most important simulator settings. The upper part
of the table list simulator settings that remain identical for all simulations, the lower
part will change during the following investigations. The performance of the system
is demonstrated at an SNR value of 10 dB. Note that as derived earlier, the optimal
value of the variable poff is independent of the value of SNR.

Simulation results showing throughput performance for 1 × 1, 2 × 2, and 4 × 4
antenna configurations are shown in Fig. 4.6 for LS and LMMSE channel estima-
tors. In this example, the Doppler frequency is set to 230 Hz and SNR = 10 dB. Little
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Table 4.1 Simulator settings

Parameter Value

Bandwidth 1.4 MHz

Number of data subcarriers 72

FFT size 128

CP duration ≈ 4.76µs

Number of transmit antennas 1, 2, 4

Number of receive antennas 1, 2, 4

Receiver type ZF

Transmission mode Open-loop spatial multiplexing

Channel type ITU VehA [9]

MCS Adaptive

SNR 10 dB

Doppler frequency 230 Hz

Lower part: settings for power distribution simulations

Fig. 4.6 Throughput of LTE
system versus poff using
different channel estimators
and various antenna setups.
Little arrows always indicate
the theoretically derived
optimal value of the variable
poff , that maximizes the
post-equalization SINR.
Confidence intervals are
95 %
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arrows always indicate the theoretically derived optimal value of the variable poff

that maximizes the post-equalization SINR. The simulation results show an excellent
match with the analytical solution. The precision of the simulated throughput curves
is indicated by 95 % confidence intervals. Using the optimal value of power offsets
between pilot- and data-symbols results in throughput maximization. Moving away
from this value, a throughput loss can be observed. However, this loss is usually not
severe and the relatively broad maximum indicates a high robustness against inac-
curate power distribution between pilot- and data-symbols. This is valid especially
for a highly accurate channel estimator such as the LMMSE channel estimator.

A negative value of the variable poff (in dB) corresponds to the reduction of
the power radiated at the pilot-symbols and an increasing power radiated at the
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data-symbols. Such a negative value is optimal in the case of four transmit antennas
applying an LMMSE estimator. This kind of channel estimator is of superb perfor-
mance and therefore requires less power at the pilot-symbols to obtain a high quality
channel estimate.

Considering a single transmit antenna with an LS channel estimator, the optimal
value of poff,opt = 5.61 dB may be considered rather high. However, due to the low
number of pilot-symbols compared to the number of data-symbols, the overall power
radiated at the pilot-symbols is increased approximately by 6 % compared to the case
of the uniform power distribution.

An OFDM transmission system that does not utilize different power levels for
its pilot- and data-symbols, corresponds to poff = 0 dB. In Fig. 4.6 can be observed,
that using optimal power distribution results in throughput gains up to 10 %. For the
LMMSE channel estimators, only a small gain can be observed because the values
of poff,opt are close to 1 (0 dB). Therefore, a system with equal power radiated at
the pilot- and data-symbols is already close to the optimum. Although the provided
results are shown in the context of the current LTE standard, the presented concept is
not limited to it and can principally be applied to any MIMO OFDM based system.

4.5 Optimal Pilot Patterns

At this point, it is possible to analytically express the performance of a linear channel
estimator as a function of Df and Dt for diamond-shaped pilot-symbol patterns. With
this knowledge it is possible to maximize the post-equalization SINR in Eq. (4.21)
simply by maximizing the power allocation function in Eq. (4.22) [10]. However,
the optimal values of Df and Dt and the optimal power distribution between the
pilot- and the data-symbols cannot be found exclusively by maximizing the post-
equalization SINR. Such an approach leads to a solution with minimum distances
between adjacent pilot-symbols in the time and frequency directions, which would
decrease the available bandwidth for data transmission. Therefore, another cost
function is required that includes a penalty due to the bandwidth occupied by the
pilot-symbols. The constrained channel capacity is thus a natural choice for the new
cost function since it provides a more accurate estimate of the expected throughput
than capacity [11, 12]

C = Bs

Nf∑

n=1

∑

k

log2

(
1 + γn,k

)
, (4.36)

where Bs is the bandwidth utilized for the data transmission of a subcarrier and γn,k

is the post-equalization SINR at a layer n and a subcarrier k. The second sum in the
above equation is a sum over all subcarriers carrying data-symbols.

The constrained capacity in Eq. (4.36) is realistic as a waterfiling solution for a
temporally changing channel is not feasible. Note also that for typically measured



4 Optimal Pilot Pattern for Downlink Transmissions 75

frequency selective MIMO channels the difference between the waterfilling solution
(capacity) and the proposed constrained version is very small [13]. The impact of pre-
coding matrices can be included in the channel estimation, as we consider here. Vari-
able γn,k represents the instantaneous post-equalization SINR. However, Eq. (4.36)
cannot be directly utilized as a cost function, since it would require the knowledge
of the instantaneous channel matrix and its estimation error. These are however not
available and thus we utilize an ergodic capacity in terms of its expectation value.
Such ergodic capacity requires the a-priori knowledge of statistics and is in gen-
eral difficult to evaluate. However, its upper bound [14, 15] obtained by applying
Jensen’s inequality when inserting the mean post-equalization SINR Eq. (4.25) in
the constrained capacity expression Eq. (4.36), results in

C ≤ C̄ , (4.37)

C̄ = B (Df , Dt) log2

(
1 + ¯̄γ )

, (4.38)

= B log2

(
1 + fpow (ce, d, PS, PP, PV) σZF,H(eff)

k

)
. (4.39)

Due to simplicity reasons in the above equations, we omit the dependency of the
variables B (Df , Dt), ce (Df , Dt), and d (Df , Dt, Rh) on the variables Dt , Df , and
Rh in the above equations. The ultimate target from physical-layer perspective is
to maximize throughput. However, throughput is very difficult if not impossible to
track analytically [12], which would allow a low complexity solution. Therefore,
an analytical performance measure is required that allows to predict throughput
including channel estimation error. The presented upper bound of the constrained
capacity fulfils these requirements.

4.5.1 Unit Pilot Power

In the following, we present throughput simulation results and compare the perfor-
mance of two competitive wireless transmission systems in order to quantify the
performance gain provided by optimal pilot patterns compared to conventional fixed
pilot patterns. The first system utilizes LTE compliant pilot patterns for the purposes
of channel estimation. The second system is the same in all parameters as the first
system except for the pilot patterns. It utilizes optimal pilot patterns with unit power
distribution among pilot- and data-symbols. We repeated the simulations according to
the settings in Table 4.1 with some parameter selected differently as listed in Table 4.2.
In order to generate channels with an arbitrary RMS delay spread, we utilized the
model presented in [16]. For generating channels with an arbitrary Doppler spread,
we employed the modified Rosa Zheng model, (see, e.g., the appendix of [17]).

Figure 4.7a illustrates throughput as a function of Doppler frequency for various
MIMO setups at a fixed SNR value of 14 dB and a fixed RMS delay spread of 400 ns.
The throughput of the system with LTE pilot patterns is approximately constant
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Table 4.2 Simulator settings
for optimal pilot patterns with
unit power distribution and
optimal power distribution

Parameter Value

Channel type RMS delay spread = 400 ns

MCS Adaptive

SNR 14 dB, [0...30 dB]

Doppler frequency 200 Hz, [0...1200 Hz]

Fig. 4.7 Performance of
optimal pilot patterns with
unit power distribution:
Dashed lines represent
systems utilizing LTE pilot
patterns. Solid lines represent
systems utilizing optimal
pilot patterns with unit power
distribution. a Throughput
versus Doppler frequency for
a fixed SNR of 14 dB and a
fixed RMS delay spread of
400 ns. b Throughput versus
SNR for a Doppler frequency
of 200 Hz and a fixed RMS
delay spread of 400 ns 0 200 400 600 800 1000 1200
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up to a certain value of Doppler frequency and then is begins to degrade. This
Doppler frequency value shifts to lower values as the number of transmit antennas is
increased. The performance degradation also worsens with an increasing number of
transmit antennas. The performance drop with an increasing Doppler frequency of a
4 × 4 system with LTE pilot pattern is mainly caused due to the pilot pattern placed
on the third and fourth transmit antennas that does not allow a precise estimation of
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time-variant channels. The systems utilizing optimal pilot patterns always outperform
the corresponding LTE systems. Let us consider a 1 × 1 transmission system. The
throughput approximately linearly decreases with an increasing Doppler frequency.
At around a Doppler frequency of 350 Hz, a gap between the two competing systems
is the smallest from the considered scenarios and therefore we can conclude that the
LTE pilot pattern for a single transmit antenna is close to an optimal pilot pattern with
unit power distribution at a Doppler frequency of 350 Hz. The performance of the
remaining antenna setups with optimal pilot patterns behaves in a similar manner:
approximately linear throughput loss with an increasing Doppler frequency. Note
that the throughput loss is more significant as the number of transmit antennas is
increased. This is caused mainly by the fact that for a higher amount of transmit
antennas, there are more channel coefficients to estimate and therefore also more
pilot-symbols are required. At Doppler frequencies around 950 Hz, an SISO system
utilizing optimal pilot patterns outperforms a 2 × 2 MIMO system with the LTE pilot
pattern. Thus, at high Doppler spreads optimal pilot patterns allow to save hardware
cost and complexity that are inherently connected with MIMO applications.

Figure 4.7b illustrates throughput versus SNR for various MIMO setups utilizing
either LTE pilot patterns or optimal pilot patterns with unit power distribution among
data- and pilot-symbols. In this simulation, the RMS delay spread and the Doppler
frequency are fixed to 400 ns and 200 Hz, respectively. Considering the dashed curves,
which represent the systems utilizing LTE pilot patterns, a typical behavior can
be observed: increasing the number of transmit and receive antennas boosts the
overall throughput of the systems. However, at a low SNR value of 0 dB, it is more
beneficial to transmit only with a single antenna, because the potential multiplexing
benefits cannot be exploited at such a low SNR value. The solid lines represent
systems utilizing optimal pilot patterns. These always outperform their corresponding
counterparts. Note that for higher values of the Doppler frequency, the 4 × 4 MIMO
system with LTE pilot pattern performs poorly, due to the LTE pilot design on the
third and fourth transmit antennas. The standard compliant pilot pattern enables to
estimate time-variant channels with a very poor quality [18].

4.5.2 Optimal Pilot Power

Naturally, the adaptively selected pilot pattern can now also be combined with opti-
mal power allocation strategies. We thus repeat the previous experiment with optimal
power allocation. Figure 4.8a presents throughput simulation results versus Doppler
frequency for various MIMO setups at a fixed SNR of 14 dB and a fixed RMS delay
spread of 400 ns. The dashed lines represent a transmission system utilizing pilot
patterns defined by the LTE standard for various numbers of transmit antennas. The
solid lines represent the competing systems utilizing optimal pilot patterns with
optimal power distribution among pilot- and data-symbols. The system with optimal
pilot patterns outperforms the corresponding benchmark system in the considered
Doppler spread range. With increasing Doppler frequency the gap between an LTE
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Fig. 4.8 Performance of
optimal pilot patterns with
optimal power distribution.
a Throughput performance
versus Doppler frequency for
a fixed SNR of 14 dB and a
fixed RMS delay spread of
400 ns. Throughput as a
function of Doppler
frequency: Dashed lines
represent systems utilizing
LTE pilot patterns. Solid
lines represent systems
utilizing optimal pilot
patterns with optimal power
distribution. b Throughput
performance versus SNR for
a fixed Doppler frequency of
200 Hz and a fixed RMS
delay spread of 400 ns.
Throughput as a function of
SNR: Dashed lines represent
systems utilizing LTE pilot
patterns. Solid lines
represent systems utilizing
optimal pilot patterns with
optimal power distribution
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system and the competing system widens. The throughput increase grows with an
increasing number of transmit antennas. Similar to the case of optimal pilot patterns
with unit power distribution, the throughput loss of the optimal systems is approxi-
mately linear with an increasing Doppler frequency. The loss is more significant as
the number of transmit antennas is increased. A comparison of these results with the
results from Fig. 4.7a yields a significant improvement of the system utilizing also
optimal power distribution and not only optimal pilot patterns.

In the following, we investigate the performance of the considered systems versus
SNR for a fixed Doppler and RMS delay spreads. Figure 4.8b shows throughput for
various MIMO setups for an RMS delay spread of 400 ns and a Doppler frequency of
200 Hz. The dashed lines represent systems utilizing pilot patterns provided by LTE.
The solid lines represent systems utilizing optimal pilot patterns with optimal power
distribution. The optimal systems always outperform the LTE benchmark systems.
For the 1 × 1 system, the throughput gain is approximately constant up to an SNR
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value of 20 dB. After this value, the gain becomes smaller when further increasing
SNR. For the 2 × 2 MIMO setup, the system utilizing optimal pilot patterns outper-
forms the LTE system by an approximately constant throughput offset in the whole
considered SNR range. The situation differs for a 4 × 4 system. In this case, the pilot
pattern provided by LTE fails to estimate precisely enough time-variant channels
and therefore the gap between the optimal system and the LTE system widens with
increasing SNR. Based on the behavior of the gap size, we can conclude that the LTE
pilot patterns for a single and two transmit antennas are close to optimal for high
SNR values. Note that these SNR values are far beyond a typical operation point.
Thus, the LTE pilot patterns are designed for rather extreme and unrealistic situations
in order to operate suboptimally but in a wide range of scenarios. Again it is worth
to compare with Fig. 4.7b.

4.6 Adaptive Pilot Sets

Previously, we demonstrated how to design an optimal pilot-symbol pattern for a
given SNR value and a given channel autocorrelation matrix. The channel autocorre-
lation matrix can be decomposed into a time correlation matrix and a frequency cor-
relation matrix [2]. These two correlation matrices depend on the RMS delay spread
and maximum Doppler spread, respectively. Therefore, an optimal pilot-symbol pat-
tern is given by a triple of SNR, Doppler frequency, and RMS delay spread values.

In this section, we describe a concept of adaptive pilot-symbol patterns that adjust
to varying channel conditions. Furthermore, we investigate the feedback require-
ments for adaptive pilot-symbol patterns applied in MIMO OFDM systems. The
main goal is to support a wide range of Doppler spreads and RMS delay spreads
while keeping the number of allowed pilot-symbol patterns at a minimum.

Let us consider a state-of-the-art LTE system for a moment. This system for wire-
less transmission allows to adapt coding rate, modulation alphabet, precoding, and
some other important parameters of the transmission according to the quality of the
channel. The main idea in LTE is the usage of the so-called Channel Quality Indi-
cator (CQI) that is reported by the user equipment back to an Evolved Base Station
(eNodeB). The CQI is not only a measure of the channel quality, in consequence it
also defines two important transmission properties, the coding rate and the modu-
lation alphabet. There are 15 different CQIs defined in LTE. The CQI corresponds
to an Additive White Gaussian Noise (AWGN) equivalent SNR value of a channel
realization. Therefore, for each CQI value, an optimal pilot pattern should be defined.
In this way, no additional feedback overhead is created to distinguish different SNR
values, since the feedback for CQI is already implemented in the standard feedback
channel.

In order to allow the pilot pattern to adapt to a varying user mobility, pilot patterns
for various Doppler spreads (user velocities) have to be defined. Later in this section,
we investigate a number of different pilot-symbol patterns required to support a
wide range of Doppler spreads. A typical LTE system shall support users moving
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with velocities up to 500 km/h, which corresponds to a Doppler frequency of approx-
imately 1150 Hz at a carrier frequency of 2.5 GHz. Therefore, we divide the range
of the Doppler frequencies between 0 and 1200 Hz into Nfr bins and for each bin, an
optimal pilot-symbol pattern is defined for the center value of the corresponding bin.

Finally, in order to allow the pilot-symbol patterns to adapt to frequency selectivity
of the channel, optimal pilot-symbol patterns have to be designed for different values
of RMS delay spread. Typical values of RMS delay spread range between 0 and
800 ns. We divide this range of RMS delay spread into Nt bins and for each bin, an
optimal pilot-symbol pattern is defined for the center value of the corresponding bin.

Since the same pilot-symbol pattern is used for the entire transmission bandwidth,
the extra feedback requirements caused by the adaptive pilot-symbol patterns are
log2 (Nfr) log2 (Nt) bits, if coded by brute force. In case of a multi-user transmission,
log2 (Nfr) log2 (Nt)bits need to be reserved for each user. Note that since a single
pilot-symbol pattern is used across the entire transmission bandwidth, its feedback
requirements are negligible compared to other narrowband feedback indicators such
as CQI, Precoding Matrix Indicator (PMI), and Rank Indicator (RI).

4.6.1 Simulation Results

In the following, we present simulation results and compare the throughput of a
system with adaptive pilot-symbol patterns with different bin granularities, against
a system with a pilot-symbol pattern defined by LTE standards and unit distribution
of power between data- and pilot-symbols. Figure 4.9a illustrates throughput as a
function of RMS delay spread for a fixed Doppler frequency of 0 Hz at SNR values
of 14 and 30 dB. The blue dashed curves represents the throughput for an SISO LTE
transmission system at a given SNR value. The throughput is approximately constant
versus RMS delay spread for the LTE system. The blue solid curve represents a system
with optimal pilot patters with perfect granularity, i.e., an optimal pilot pattern is
generated for each RMS delay value. This system outperforms the standard compliant
LTE system in the whole considered RMS delay range. Let us focus on the green solid
curve in the 14 dB SNR scenario. This curve represents a system utilizing optimal
pilot patterns, but in contrast to the previous case, the RMS delay spread range
is divided into two bins, and optimal pilot-symbol patterns generated for the center
points are utilized in the corresponding bins. The system with only two different pilot
patterns in the considered RMS delay spread range shows the same performance as
the competitive system utilizing a much higher number of pilot-symbol patterns.
Therefore, we can conclude that for the considered situation of a fixed SNR of 14 dB
and a fixed Doppler frequency of 0 Hz, only one bit of extra feedback is required, i.e.,
Nt = 2. Considering the green curve at an SNR value of 30 dB, a throughput drop
occurs compared to the perfect case at an RMS delay spread of 350 ns. Therefore, we
divide the RMS delay spread operation range into four bins, represented by the red
curve. In this case the performance is the same as in the case of perfect granularity.
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Fig. 4.9 Throughput
comparison of an LS with
optimal pilot patterns with
various feedback
granularities at SNR of 14
and 30 dB. a Throughput as a
function of RMS delay
spread for a fixed SNR of 14
and 30 dB, and a fixed
Doppler frequency of 0 Hz.
Two bits of extra wide-band
feedback are sufficient to
support a range of RMS
delay spread up to 800 ns. b
Throughput as a function of
Doppler frequency for a fixed
SNR of 14 dB and a fixed
RMS delay spread of 400 ns.
Two bits of extra wide-band
feedback are sufficient to
support a range of Doppler
frequency up to 1200 Hz
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Therefore, we can conclude that with two bits of extra wide-band feedback the RMS
delay spread operation range up to 800 ns can be served.

Figure 4.9b shows throughput versus Doppler frequency for a fixed RMS delay
spread of 400 ns at SNR of 14 and 30 dB. The blue dashed curves represents through-
put for an SISO LTE transmission system at a given SNR value. A throughput drop
occurs as the Doppler frequency increases. The blue solid curve represents a system
with optimal pilot patters with perfect granularity. This system outperforms the stan-
dard compliant LTE system in the whole considered Doppler frequency range. Let
us focus on the green solid curve it the 14 dB SNR scenario. This curve represents
a system utilizing optimal pilot patterns, but in contrast to the previous case, the
Doppler frequency range is divided into two bins, and optimal pilot-symbol patterns
generated for the center points are utilized in the corresponding bins. The system uti-
lizing only two different patterns in the considered Doppler frequency range shows
poorer performance than the system with perfect granularity. The performance loss
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can be observed at two points: first, at low values of Doppler frequency, where too
many pilots are utilized for channel estimation and therefore they cannot serve for
data transmission. A second point is, at a Doppler frequency of 550 Hz, where the
channel is not estimated properly. Therefore, we divide the Doppler frequency range
into four bins. The system utilizing four different pilot patterns is represented by
the red curve. The performance of such a system is the same as of the system with
perfect granularity. Therefore, we can conclude that in order to support Doppler fre-
quencies up to 1200 Hz at an SNR value of 14 dB, four different pilot patterns are
required. In order to draw more general conclusions, let us consider the simulation
results at a higher SNR value of 30 dB. In general, at higher SNR values the system is
more sensitive to the utilized pilot patterns, since more precise channel estimates are
required. The curves at an SNR of 30 dB show the same behavior as the 14 dB. Thus,
four different pilot patterns are sufficient to support the desired Doppler frequency
range. More details about adaptive pilot patterns can be found in [4, 19, 20].
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Chapter 5
Single User MIMO LTE Transmission
with Quantized Feedback

Markus Rupp, Stefan Schwarz and Martin Taranetz

Since the introduction of single-user spatial multiplexing in radio communications
in the early nineties of the last century by A. Paulraj and T. Kailath [1], Single
User Multiple-Input Multiple-Output (SU-MIMO) is heavily adopted in commercial
systems to leverage the theoretically established advantages of multiple antennas at
the transmitter and the receiver for improving the transmission rate (spatial mul-
tiplexing) and the reliability (diversity) of the communication channel [2–4]. The
highest performance in Multiple-Input Multiple-Output (MIMO) communications
is achieved if instantaneous Channel State Information (CSI) is available at both, the
transmitter and the receiver. A comprehensive overview of results on the Shannon
capacity of SU-MIMO with different assumptions about the availability of CSI at
the transmitter and the receiver is provided in [5]. The focus of this chapter is hence
on the acquisition of instantaneous CSI. It is assumed that the receivers obtain CSI
autonomously using channel estimation, while the base station relies on finite rate
feedback links from the users to obtain instantaneous Channel State Information at
the Transmitter (CSIT).

In this chapter, the most commonly implemented variant of SU-MIMO in com-
mercial wireless communications, that is, codebook based linear precoding [6], is
considered. With codebook based precoding efficient CSI feedback is facilitated,
enabling reasonably close to optimal performance with an acceptable feedback over-
head [7]. The capacity of the point-to-point Additive White Gaussian Noise (AWGN)
MIMO channel with perfect instantaneous CSI at the transmitter and the receiver
can be achieved by Singular Value Decomposition (SVD) based unitary precoding
and reception along with power loading across the eigenmodes of the channel [8].
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In the considered wireless communication system, motivated by the approach stan-
dardized in Long Term Evolution (LTE), a coarse approximation of SVD based
precoding is implemented. In this approach the unitary precoders are restricted to a
pre-specified set (codebook) of matrices and the continuous power loading is replaced
with an on-off switching of spatial data streams, effectively leading to a codebook of
semi-unitary precoders. Notice, a p × q matrix U with q ≤ p is called semi-unitary if
UHU = Iq . Based on this codebook, the preferred precoder that optimizes a given per-
formance criterion is determined by the users and this information is efficiently con-
veyed to the base station by signaling the codebook index together with the number of
spatial streams that are switched on, i.e., the transmission rank. This idea of implicit
CSI feedback can be straightforwardly extended to MIMO Orthogonal Frequency
Division Multiplexing (OFDM), by providing feedback for each Resource Element
(RE) separately. To reduce the CSI feedback overhead, the correlation of the wireless
channel in the time-frequency domain can be exploited by means of clustered feed-
back [9] or feedback interpolation [10]. Again motivated by the approach standard-
ized in LTE, clustered feedback is considered. Here, the optimal precoder is deter-
mined for a set of REs, denoted as Resource Block (RB), effectively scaling down
the feedback overhead by the size of the set in the time domain and in the frequency
domain. The feedback clustering considered in this chapter is detailed in Sect. 5.2.

In addition to CSI feedback for MIMO precoding, feedback for transmission rate
adaptation is another important topic of this chapter. Transmission rate adaptation
is achieved by means of Adaptive Modulation and Coding (AMC), supporting a set
of pre-specified combinations of modulation alphabets and coding rates of the For-
ward Error Correction (FEC), denoted as Modulation and Coding Schemes (MCSs),
to cover the projected operating regime of the cellular network. The binary channel
coder and the modulation mapper are joined over a bit-interleaver, forming a Bit
Interleaved Coded Modulation (BICM) architecture. BICM is employed by many
of today’s waveform communication systems, due to its high flexibility in allowing
to combine virtually any binary code with any modulation format, while provid-
ing performance close to Shannon capacity [11, 12]. With the considered system
architecture of Fig. 1.6, the same MCS is applied on all REs that are assigned to a
user. Hence, an average channel quality measure must be defined that realistically
represents the achievable transmission rate over a multitude of OFDM subcarriers.
To this end, effective Signal to Interference and Noise Ratio (SINR) averaging, a
technique commonly employed for link to system level abstraction [13], is used to
determine the average channel quality, which is utilized as CSI feedback for trans-
mission rate adaptation.

If multiple users are served in a cell, CSI about the achievable transmission rate can
additionally be exploited during multi-user scheduling to achieve a multi-user diver-
sity gain. It has been shown that the sum capacity over Rayleigh fading channels with
opportunistic scheduling scales double logarithmically with the number of users, due
to the statistically independent fading of the different users; see, e.g., [14]. Lever-
aging the multi-user diversity in Orthogonal Frequency Division Multiple Access
(OFDMA) requires time-frequency selective feedback from the users. Similarly to the
precoder feedback, clustered feedback is useful to reduce the CSI feedback overhead

http://dx.doi.org/10.1007/978-981-10-0617-3_1
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of the achievable rate feedback as well. The trade-off between the feedback granu-
larity and the achieved multi-user diversity gain is investigated in a simulation-based
study at the end of this chapter.

This chapter is organized as follows: In Sect. 5.1, the concepts of AMC are
described in more detail and the principles of codebook based precoding and capacity
achieving SVD based precoding are reviewed, considering a system architecture in
accordance with the LTE standard. Taking into account the constraints mentioned
above, a discrete joint-optimization problem for finding the optimal feedback indi-
cators for the achievable transmission rate, the precoders and the transmission rank
is defined in Sect. 5.2. To reduce the complexity of an exhaustive search, a subop-
timal sequential solution of the optimization problem is derived. Also, an antenna
subset selection algorithm is proposed that is useful for improving the performance
of codebook based precoding in Distributed Antennas Systems (DASs). In Sect. 5.3,
the throughput and Block Error Ratio (BLER) performance of the proposed feedback
selection algorithms is investigated by means of Monte-Carlo simulations. Further-
more, the performance is compared to theoretical throughput bounds that take into
account the constraints imposed by the considered technology. The details of these
bounds are provided in [15, Appendix D]. The methods presented in this chapter are
published in [16–20].

5.1 Principles of Link Adaptation and Linear Precoding

5.1.1 Link Adaptation

In cellular communications, the quality of the transmission link is subject to signif-
icant variations over time and frequency, due to macroscopic (pathloss, shadowing)
and microscopic (multipath interference) fading and due to interference from neigh-
boring cells [8]. A common approach to counteract these effects and to improve the
reliability and data rate of the transmission is link adaptation, where the transmission
parameters of the communication link are adapted to account for the current channel
conditions. The preferred link adaptation method of early Code-Division Multiple
Access (CDMA) systems is fast power control, where variations in the channel gain
are compensated by the transmit power of the base station. More recently, e.g., in
High-Speed Packet Access (HSPA) and LTE, link adaptation is implemented through
AMC, improving the network capacity by exploiting the fading conditions of the
wireless channel [21]. In all cases, link adaptation is based on CSIT.

Here, link adaptation by means of AMC in accordance with the LTE standard
[22, 23] is considered. The corresponding BICM system architecture of LTE is
illustrated in Fig. 5.1, presenting a more detailed block-diagram of the AMC part
of Fig. 1.6. The user input data is processed according to the following steps:

• Mapping of payload bits onto codewords. In LTE, the number of codewords C�k [u,i]
of a user is restricted as C�k [u,i] ≤ 2 and is implicitly determined by the transmission
rank, i.e., the number of spatial data streams �k[u, i].

http://dx.doi.org/10.1007/978-981-10-0617-3_1
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Adaptive modulation and coding
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Fig. 5.1 AMC based on a BICM architecture according to the LTE specifications

• Channel coding of the codewords. The coding rate of each codeword can be chosen
independently in LTE, accounting for the varying channel quality over spatial
streams.

• Bit interleaving of the coded bits. Independent interleaving is applied to each
codeword in LTE. Bit interleaving is employed to reduce the impact of error bursts
due to channel fading [24], improving the performance of the FEC.

• Mapping of the coded bits onto modulated symbols. In AMC, a set of modulation
alphabets A is supported to enable robust transmission in case of bad channel
conditions and high spectral efficiency in case of good channel quality. In LTE,
4 Quadrature Amplitude Modulation (QAM), 16 QAM and 64 QAM are imple-
mented.

Following the AMC stage, the modulated symbols corresponding to the codewords
are mapped onto the spatial streams by the layer mapping shown in Fig. 1.6. In case
that �k[u, i] > C�k [u,i], a codeword is divided onto multiple spatial streams [22].

The capacity of BICM is derived for memoryless channels in [11]. In Fig. 5.2,
a comparison between the capacity achieved with the BICM architecture and the
Shannon capacity is shown for a Single-Input Single-Output (SISO) AWGN chan-
nel. The three BICM curves correspond to the performance of 4/16/64 QAM. The

Fig. 5.2 Shannon capacity
versus BICM capacity and
the efficiency of LTE over an
AWGN channel
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saturation of the BICM capacity at high Signal to Noise Ratio (SNR) occurs due to
the finite number of symbols in the modulation alphabets. It can be seen that the
theoretical spectral efficiency obtained with BICM is close to the Shannon capacity
(implying Gaussian signaling) over a wide SNR range, explaining the popularity of
BICM for commercial implementations. Notice though that powerful channel codes
and complex detection algorithms are required in practice to achieve close to optimal
performance with BICM, involving soft-information exchange between the symbol
demapper and the channel decoder and possibly iterative detection [12, 25]. Also
shown in the figure is the performance achieved with the MCSs defined in the LTE
specifications [23] as obtained from link level simulations employing the Vienna LTE
link level simulator [26]. No iterations between the soft-output symbol demapper and
the soft-input channel decoder are considered in these simulations and perfect CSI
at the receiver is assumed for data detection. The LTE efficiency curve is obtained
as the maximum over the 15 MCSs of LTE. The efficiency is calculated only from
frequency bins that are used for data transmission, i.e., the additional loss caused by
the overhead for reference symbols is not taken into account. The values at the saddle
points of this curve are equal to the peak spectral efficiencies of the individual MCSs.
A loss of approximately 2 dB is encountered by LTE compared to the BICM capacity.
Over a SISO AWGN channel the SNR range from −10 to 20 dB can effectively be
covered by the link adaptation of LTE. The incurred loss of LTE compared to the
BICM capacity can be attributed to the imperfect operation of the channel code.

5.1.2 Linear Precoding for Single User Muliple-Input
Multiple-Output

In SU-MIMO transmission, only one user is served per cell on a given time-
frequency resource. Hence, the in-cell interference term I (in)

ν,u,i [n, k] in the SINR
expression (1.44) is equal to zero. In this chapter it is assumed that the out-of-
cell interference is treated as additional Gaussian noise by the transmitter and the
receiver, and that the users are able to estimate the power of the effective noise
defined in Eq. (1.37). Notice that Gaussianity of the out-of-cell interference may
not be fulfilled in all cases, e.g., if there are only a few dominant interferers. Then
better performance can be achieved with receivers that estimate the interference sta-
tistics [27]. However, Gaussianity of the out-of-cell interference can be justified by
the central limit theorem, considering the increasing density of cellular networks.
With this simplifying assumption, the general input-output relationship of user u in
cell i according to Sect. 1.5 is reduced to a point-to-point AWGN MIMO channel,
possibly with distributed transmit antennas

yn,k[u, i] = Gn,k[u, i]Hn,k[u, i]Fn,k[u, i]xn,k[u, i] + Gn,k[u, i] z̃n,k[u, i], (5.1)

where z̃n,k[u, i] ∼ NC

(
0, Pz̃ INR[u,i]

)
.
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SVD Based Precoding and Equalization

The capacity of the point-to-point AWGN MIMO channel with perfect CSI at
the transmitter and the receiver can be achieved by SVD based precoding and
equalization [8]. Although perfect CSI is unrealistic in practice, the method still
provides a good benchmark for comparing the performance of limited feedback
techniques and it is hence briefly reviewed.

The compact-form SVD of the channel matrix Hn,k[u, i] at RE [n, k] can be
written as

Hn,k[u, i] = Un,k[u, i]Σn,k[u, i]Vn,k[u, i]H, (5.2)

Σn,k[u, i] = diag
(
σ

(1)
n,k [u, i], . . . , σ (�max)

n,k [u, i]
)

,

where the semi-unitary matrices Un,k[u, i] ∈ C
NR[u,i]×�max and Vn,k[u, i] ∈ C

NT[i]×�max

denote the matrices of left singular vectors and right singular vectors, respectively.
The νth diagonal element σ (ν)

n,k [u, i] of the singular value matrix Σn,k[u, i] is equal to
the νth largest singular value of Hn,k[u, i]. Assuming a full-rank channel, the max-
imum number of streams is �max = min (NT[i], NR[u, i]). By setting the precoder
and the receive filter according to

Fn,k[u, i] = Vn,k[u, i]Pn,k[u, i]1/2, (5.3)

Gn,k[u, i] = Un,k[u, i], (5.4)

with Pn,k[u, i] = diag
(

p1[n, k], . . . , p�max[n, k]) being a diagonal power loading
matrix, the effective channel is decomposed into �max parallel non-interfering AWGN
SISO channels, denoted as spatial modes. The input-output relationship simplifies to

[
yn,k [u, i]]

ν
= √

pν [n, k]σ (ν)
n,k [u, i] [xn,k [u, i]]

ν
+ z̃n,k [u, i], ν ∈ {1, . . . , �max} , (5.5)

with z̃n,k[u, i] ∼ NC (0, Pz̃) because the receive filter is semi-unitary. To achieve
the highest transmission rate, the diagonal elements of Pn,k[u, i] have to be set
according to the water-filling power allocation policy over the squared singular values
normalized by the effective noise variance. The water level is equal to the transmit
power Pi [8]. Assuming equal and spatially uncorrelated out-of-cell interference on
all receive antennas, the effective noise variance is calculated as

σ̃ 2
z = σ 2

z + 1

NR[u, i]
I∑

j=0, j �=i

∥∥∥H( j)
n,k[u, i]Fn,k[ j]

∥∥∥
2
, (5.6)

with H( j)
n,k[u, i] denoting the channel of user u at base station i with respect to base

station j , and Fn,k[ j] being the precoder applied at base station j . Notice that knowl-
edge of the out-of-cell channel matrices and the precoders applied in the other cells
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is not required in practice to estimate the effective noise variance [28]. Due to the
applied water level, the total power constraint

∥∥Fn,k[u, i]∥∥2 = Pi (5.7)

is satisfied by the precoder. In this derivation independent per RE power constraints
are assumed. If power loading over REs is considered, the water-filling power allo-
cation is calculated over spatial streams and REs; see [13, 19].

Codebook Based Precoding with Linear Equalization:

In the previous paragraph it is shown that the capacity achieving transmit strategy
of the point-to-point AWGN MIMO channel involves linear precoding and recep-
tion employing semi-unitary matrices. To calculate the precoder at the base station,
knowledge of the left singular matrix together with the SNR obtained on each spatial
mode is required. This suggests that with limited feedback these values should be
quantized and fed back by the users [29].

Nonetheless, with codebook based precoding a different approach is taken, which
is shown to outperform direct quantization of the channel matrix in [6]. Instead
of quantizing the channel, the optimal precoder is determined by the user from a
given precoder quantization codebook. In [6], criteria for the selection of the optimal
precoder and corresponding quantization codebook constructions are proposed for
single carrier systems. It is shown that the optimal quantization codebooks for the
transmission of � spatial streams are maximally spaced subspace packings in the
Grassmann manifold of �-dimensional subspaces in the NT[i]-dimensional Euclid-
ean space G (NT[i], �). For a short introduction of the Grassmann manifold see
[15, Appendix C]. Depending on the considered performance criterion, different dis-
tance metrics are employed for the construction of the Grassmannian codebooks, e.g.,
the projection two-norm, the Fubini-Study distance or the chordal distance [6]. The
corresponding codebooks can be represented by sets of semi-unitary matrices, i.e.,
orthonormal bases, spanning the �-dimensional subspaces. Notice that this approach
can also be interpreted as a high SNR approximation of direct channel quantization.
At high SNR it is known that the water-filling power allocation converges to equal
power allocation over all spatial modes [30]. Therefore, quantization of the left singu-
lar matrix only is sufficient, which can be efficiently achieved using a Grassmannian
codebook. Alternative codebook designs are based on vector quantization [31], dis-
crete Fourier-transform matrices [32], QAM [33] and other concepts [34].

Motivated by the gains promised by these investigations, codebook based precod-
ing has been implemented in commercial cellular technology, e.g., in LTE’s Closed
Loop Spatial Multiplexing (CLSM) transmission mode [35]. Hence, the precoder
codebook employed for SU-MIMO transmission is assumed as given. Specifically,
the precoder codebook for the transmission of � streams over NT[i] transmit antennas,
consisting of semi-unitary precoders, is denoted
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Q(NT[i])
� ⊂ {

Q ∈ C
NT[i]×�

∣∣QHQ = I�

}
. (5.8)

Such precoder codebooks are defined for all possible numbers of data streams
� ∈ {1, . . . , NT[i]}. Assuming that precoder Qn,k[u, i] ∈ Q(NT[i])

�k [u,i] is selected as the
preferred precoder of user u on RE [n, k], the precoder applied for transmission in
cell i is

Fn,k[u, i] =
√

Pi

�k[u, i]Qn,k[u, i], (5.9)

accounting for the power constraint Pi of the base station. The power is equally
distributed over all �k[u, i] spatial streams. Power allocation among spatial streams
is restricted to an on-off switching of spatial modes, by selecting the preferred trans-
mission rank �k[u, i]. Hence, the continuous trade-off between MIMO beamforming
and spatial multiplexing, which is achieved with the water-filling power allocation
employed with SVD based precoding, is coarsely approximated in this case. The
capacity loss of SU-MIMO with limited feedback is known to decrease exponen-
tially in the number of feedback bits b [29]. The number of feedback bits b is related
to the codebook size as

b = log2

(
Q(NT[i])

�

)
, Q(NT[i])

� =
∣∣∣Q(NT[i])

�

∣∣∣ . (5.10)

To separate the spatial data streams at the receiver, a linear equalizer filter
Gn,k[u, i] is employed. Specifically, in the presented simulations Zero Forcing (ZF)
and Minimum Mean Square Error (MMSE) equalization are considered, with the
corresponding receive filtering matrices

G(ZF)
n,k [u, i] = (

(Hn,k[u, i]Fn,k[u, i])HHn,k[u, i]Fn,k[u, i])−1
(Hn,k[u, i]Fn,k[u, i])H,

(5.11)

G(MMSE)
n,k [u, i] = (

(Hn,k[u, i]Fn,k[u, i])HHn,k[u, i]Fn,k[u, i] + Pz̃I�k [u,i]
)−1

× (Hn,k[u, i]Fn,k[u, i])H. (5.12)

In the presented simulations, the precoder codebooks proposed in the LTE spec-
ification [22] are employed. Instead of applying maximally spaced Grassmannian
subspace packings, these codebooks are designed having computational and imple-
mentation complexity in mind, e.g., by minimizing the amount of complex multipli-
cations involved in precoding or by changing only the phase of the transmit signal
and not its amplitude, reducing the requirements posed on amplifier linearity [36]. In
case of two transmit antennas, only seven possible precoders are defined by the LTE
standard. With four and eight transmit antennas, 64 and 621 precoders are supported,
respectively [22]. Other transmit antenna configurations are currently not considered
by the standard.
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5.2 Implicit CSI Feedback Algorithms

The aim of the CSI feedback selection algorithms proposed in this section is to
maximize the instantaneous user throughput, given the CSI available at the receiver
as obtained from channel estimation using, e.g., training symbols [37]. Naturally,
instantaneous CSI feedback is reasonable only if the current channel estimate at the
receiver, employed for calculating the feedback, is representative for the time when
the feedback is utilized to adapt the data transmission. Hence, the delay experienced
in the feedback path must be sufficiently small compared to the coherence time of
the channel to ensure similar channel conditions; see Sect. 5.3 for a more detailed
investigation on the impact of a feedback delay on the proposed algorithms. If this
cannot be guaranteed, statistical (or long-term) CSI feedback should be employed
instead, as proposed, e.g., in [38].

5.2.1 Feedback Clustering

Before going into the details of the proposed feedback selection algorithms, some
useful notation is introduced in this section to capture the concept of feedback clus-
tering. As mentioned above, feedback clustering is a technique for reducing the CSI
feedback overhead, by exploiting the correlation of the wireless channel in the time-
frequency domain. With feedback clustering, the optimal CSI feedback is determined
not for each RE individually, but for a set of consecutive time instants and subcarriers.
The intuition behind this approach is that the best precoder stays constant over a spe-
cific time-frequency interval, due to the restricted size of the precoder codebook
Q(NT[i])

� and the correlation of the channel. Therefore, the size of this interval is
determined by the coherence time and bandwidth of the channel, but also by the
size of the codebook; see [39] for an overview of different clustering approaches for
precoder feedback. Similarly, due to the restricted set of supported MCSs, the achiev-
able transmission rate does not change arbitrarily fast. But even if this assumption
is not fulfilled and significant variations of the channel occur over the cluster size,
optimal feedback indicators can still be determined using appropriate averaging as
explained in Sect. 5.2.2, though for the price of a reduced throughput as investigated
in Sect. 5.3.3.

The idea of clustering is illustrated in Fig. 5.3. This figure shows the time-
frequency resource grid spanned by the OFDM subcarriers and symbols. The pair
[n, k] of subcarrier index and symbol-time index is denoted as RE, as already intro-
duced before. With clustering, a set of N ( f )

clust subcarriers and N (t)
clust time instants is

combined to a so called RB.1 The number of REs per cluster is NRE = N ( f )

clust N
(t)
clust.

1Notice the slight abuse of LTE notation; the RBs considered can have variable size, while those of
LTE consist of exactly 12 subcarriers and 7 OFDM symbols.
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Fig. 5.3 OFDM time-frequency resource grid and clustering of REs into RBs

The time axis is divided into slots by the time domain clustering. The feedback is
calculated for each slot κ individually. Similarly, the frequency axis is divided into
clusters by the frequency domain clustering. A specific RB is indexed with the pair
[η, κ] of cluster index and slot index. The number of RBs per time slot is NRB = Ntot

N ( f )

clust

,

with Ntot denoting the total number of subcarriers. To index the REs of a specific RB
[η, κ], the single RB specific RE index ρ ∈ {1, . . . , NRE} is employed, which relates
to the index pair [n, k] as

k = (κ − 1)N (t)
clust +

⌈
ρ

N ( f )

clust

⌉
, n = (η − 1)N ( f )

clust + ρ − (k − 1)N ( f )

clust, (5.13)

η =
⌈

n

N ( f )

clust

⌉
, κ =

⌈
k

N (t)
clust

⌉
, (5.14)

ρ =
(

n − N ( f )

clust(η − 1)
)

+
(

k − N (t)
clust(κ − 1) − 1

)
N ( f )

clust. (5.15)

This is equivalent to indexing the REs within an RB along subcarriers one time
instant after the other, as illustrated in Fig. 5.3.

With clustering, the same precoder is applied for all REs within an RB. Hence,
the RB index η, κ is employed in that case to index the precoders instead of the
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RE index n, k, i.e., Qn,k[u, i] is replaced with Qη,κ [u, i]. Similarly, the transmission
rank is indexed with the time slot index κ instead of the OFDM symbol index k, i.e.,
�κ [u, i].

5.2.2 Feedback Selection Algorithm

With the support of AMC and codebook based precoding with a variable transmis-
sion rank, the assumed transceiver architecture is able to adapt the parameters of the
SU-MIMO transmission to the current channel conditions such as to maximize
the MIMO gain and to ensure a reliable data transmission. This is achieved with
the provision of CSIT for each time slot κ using the following three feedback indi-
cators: Channel Quality Indicator (CQI)

• The preferred MCSs mη,κ [u, i] ∈ M C� , ∀η ∈ {1, . . . , NRB} are signaled with the
CQIs. The set of supported MCSs of the considered technology is denoted M . As
the MCS determines the spectral efficiency of the data transmission, the CQI is
equivalent to the achievable transmission rate over RBη,κ . RB and codeword spe-
cific CQI feedback is considered to enable exploitation of the multi-user diversity
during scheduling.

• The preferred transmission rank �κ [u, i] is signaled with the Rank Indicator (RI).
With rank adaptive transmission, a trade-off between the SNR gain provided by
beamforming and the spatial multiplexing gain of the MIMO system is enabled,
adjusting the transmission to the current SINR experienced by a user.

• The Precoding Matrix Indicator (PMI) is employed for MIMO precoding, select-
ing the favored precoders Qη,κ [u, i], ∀η ∈ {1, . . . , NRB} from the quantization
codebooks Q(NT[i])

� , � ∈ {1, . . . , �max}. The maximum number of spatial streams
is �max = min (NT[i], NR[u, i]).

The selection of the preferred feedback indicators is based on maximizing the
achievable throughput. Due to the finite block-length of the codewords cκ [u, i] ∈
{1, . . . , C�κ [u,i]]} and other imperfections of the channel code, a vanishing BLER is
in general not achieved. The system is rather designed to operate below a target BLER
P (t)

b that is commonly determined by the application driving the data transmission.
This target BLER is considered in the proposed feedback selection algorithm as an
implicit constraint of the optimization problem.

In the following, feedback clustering with a cluster size of N ( f )

clust in the frequency
domain and N (t)

clust in the time domain is assumed. The same cluster size is applied
for CQI and PMI feedback to simplify the exposition, although different cluster
sizes can be accommodated with an extended notation; see [18]. The RI is a wide
band feedback value that is valid for all REs of a time slot κ . The CSI feedback is
determined for each slot κ individually; hence, κ is assumed as fixed in the following.
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Assuming that precoder Qη ∈ Q(NT[i])
� is employed during transmission on RBη,κ ,

the post-equalization SINR of data stream ν ∈ {1, . . . , �} on REn,k equals

βn,k [ν, u, i] =
Pi
�

∣∣∣gn,k [ν, u, i]HHn,k [u, i]Hqη[ν]
∣∣∣
2

Pi
�

∑�
μ=1,μ�=ν

∣∣gn,k [ν, u, i]HHn,k [u, i]Hqη[μ]∣∣2 + Pz̃
∥∥gn,k [ν, u, i]∥∥2

, (5.16)

with gn,k[ν, u, i] = [
Gn,k[u, i]H

]
:,ν , qη[ν] = [

Qη

]
:,ν and Pz̃ from Eq. (5.6). Due to

SU-MIMO transmission, the in-cell interference term of the more general instanta-
neous SINR defined in (1.44) does not appear in Eq. (5.16). Also, the semi-unitary
precoder Q is employed in (5.16) instead of its scaled version F from (5.9) as
in Eq. (1.44), to express the dependency of the SINR on the precoder codebook
more clearly.

In order to determine the achievable transmission rate over an RB comprising NRE

REs, Mutual Information Effective Signal to Interference and Noise Ratio Mapping
(MIESM) is employed in this work to average the corresponding post-equalization
SINRs [40]. The idea of MIESM is to identify the time-frequency selective channel
experienced over the NRE REs, with an AWGN channel that achieves the same
average spectral efficiency in terms of the BICM capacity. Assuming transmission
with MCS mη ∈ M on RBη,κ , this is achieved with the following averaging function

β
(mη)
η,κ [ν, u, i] = B−1

mη

⎛

⎝ 1

NRE

NRE∑

ρ=1

Bmη

(
βρ[ν, u, i])

⎞

⎠ , (5.17)

where the absolute RE index n, k has been replaced with the implicit RB specific RE
index ρ using Eq. (5.15). In Eq. (5.17), the function Bmη

(β) is defined as

Bmη
(β) = BAmη

(
β

φmη

)
, (5.18)

with BAmη
(β) denoting the BICM capacity of the modulation alphabet Amη

∈ A that
is associated with the MCS mη. The scalar φmη

is employed for calibration purposes,
to adapt the MIESM averaging to the performance of the different MCSs. The inverse
of the bijective function Bmη

(β) is denoted B−1
mη

(·).
The RB specific AWGN equivalent effective SNR β

(mη)
η,κ [ν, u, i] is dependent on

the spatial stream index ν. As mentioned in Sect. 5.1.1, in LTE the data of multiple
spatial streams can be jointly coded, that is, a codeword c ∈ {1, . . . , C�} is mapped
onto several streams ν ∈ {1, . . . , �}. If this is the case, it is sufficient to provide CQI
feedback for each codeword only, instead of for each stream. To accommodate this
case, MIESM averaging is applied to determine the average SNR not only over REs,
but also over spatial streams. Denoting the set of spatial streams associated with
codeword c as Lc ⊆ {1, . . . , �}, the codeword dependent effective SNR is defined as

http://dx.doi.org/10.1007/978-981-10-0617-3_1
http://dx.doi.org/10.1007/978-981-10-0617-3_1
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β
(mη)

c,u,i [η, κ] = B−1
mη

⎛

⎝ 1

NRE |Lc|
∑

ν∈Lc

NRE∑

ρ=1

Bmη

(
βν,u,i [ρ])

⎞

⎠ . (5.19)

The AWGN equivalent SNR β
(mη)
η,κ [c, u, i] is employed to estimate the BLER

achieved with MCS mη on RBη,κ , using precomputed AWGN look-up tables that
quantify the performance of the considered technology. For the AWGN BLERs
attained with the MCSs of LTE, which are employed as look-up tables in the sim-
ulations, as well as for details on MIESM, see [15, Appendix E]. Denoting the
relationship between the SNR β of an AWGN channel and the corresponding BLER
of MCS mη as gmη

(β), the estimated BLER of codeword c over RBη,κ equals

P
(mη)
η,κ [c, u, i] = gmη

(
β

(mη)
η,κ [c, u, i]

)
. (5.20)

To account for the target BLER P (t)
b , a function hmη

(P, P (t)
b ) is defined that outputs

the spectral efficiency emη
of MCS mη if the BLER P is less than the target BLER

and zero otherwise

hmη
(P, P (t)

b ) =
{

emη
, P ≤ P (t)

b

0, P > P (t)
b

. (5.21)

With this function, the spectral efficiency of codeword c using MCS mη for the
transmission over RB [η, κ] is estimated as

e
(mη)

c,u,i [η, κ] =
(

1 − P
(mη)

c,u,i [η, κ]
)

hmη

(
P

(mη)

c,u,i [η, κ], P (t)
b

)
. (5.22)

In this equation, the success probability of the data transmission is taken into account
in the first term, and the achieved spectral efficiency in case of successful transmission
is quantified with the second term. Hence, e

(mη)

c,u,i [η, κ] corresponds to the expected
value of the spectral efficiency. Notice though that zero spectral efficiency is output
in case that the BLER target is not satisfied, preventing these MCSs to be selected
by the optimization problem defined below. The target BLER is hence implicitly
considered as a hard constraint of the optimization problem.

The optimal feedback values at time slot κ are jointly determined from the fol-
lowing optimization problem maximizing the achievable throughput, i.e., the sum
spectral efficiency over all RBs and codewords

{
�u,i [κ], Qu,i [η, κ],mu,i [η, κ]} = argmax

�,Q[η],m[η]

NRB∑

η=1

C�∑

c=1

e(mc[η])
c,u,i [η, κ] (5.23)

subject to: � ≤ min (NT[i], NR[u, i]) ,

Q[η] ∈ Q(NT[i])
� , ∀η ∈ {1, . . . , NRB}

m[η] = [
m1[η], . . . , mC�

[η]]T ∈ M C� , ∀η ∈ {1, . . . , NRB} .
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In general, a joint optimization over all NRB RBs is required to solve this problem,
because the individual summands of the sum over η are coupled over the transmission
rank �. Only if � is fixed, the summands in (5.23) decouple and the optimal precoder
and MCSs for each RB can be determined independently. Based on this observation,
the most efficient way for solving the joint optimization problem (5.23) is

• Fix the transmission rank � and solve the decoupled optimization problem for
each η

{
Q(�)

u,i [η, κ], m(�)
u,i [η, κ], e(�)

u,i [η, κ]
}

= argmax
Q[η],m[η]

C�∑

c=1

e(mc[η])
c,u,i [η, κ] (5.24)

subject to: Q[η] ∈ Q(NT[i])
� ,

m[η] ∈ M C� .

Here, the optimized efficiency on RB [η, κ] when transmitting � streams is denoted
e(�)

u,i [η, κ].
• Maximize the sum of the optimized efficiencies with respect to the transmission

rank �

�u,i [κ] = argmax
�∈{1,...,�max}

NRB∑

η=1

e(�)
u,i [η, κ], (5.25)

Qu,i [η, κ] = Q(�u,i [κ])
u,i [η, κ],

mu,i [η, κ] = m(�u,i [κ])
u,i [η, κ].

A closed-form solution of this optimization problem is not possible, because the
variables are confined to pre-specified codebooks and are hence discrete. As soon
as the optimization problem is solved, the feedback indicators are obtained as the
codebook indices corresponding to the optimal solutions, i.e., the PMIs are the indices
of the precoders Qu,i [η, κ] in the codebookQ(NT[i])

�u,i [κ] , the RI is equal to the transmission
rank �u,i [κ] and the CQIs are determined by the indices of mu,i [η, κ] within M .

5.2.3 Approximate Sequential Solution

The complexity involved in the exhaustive search required to obtain the optimal solu-
tion of Eq. (5.23) may often be too high for practical implementations. For example,
finding the optimum of only one RB in an LTE compliant system with eight transmit
antennas and four receive antennas already requires a search over almost 10,000
options, which may not be feasible within the strict delay requirements of instanta-
neous CSI feedback.



5 Single User MIMO LTE Transmission with Quantized Feedback 99

To reduce the complexity of the exhaustive search, an approximate sequential
solution is proposed, selecting the precoders independently of the MCSs by employ-
ing a coarser estimation of the achievable throughput. This estimation is obtained
from the BICM capacity. To make the calculation independent of the modulation
alphabet A ∈ A and hence of the MCS, the BICM system capacity is defined as the
envelope of the modulation alphabet dependent capacities

B (β) = max
A∈A

BA (β) . (5.26)

The RB specific estimated achievable throughput using precoder Q[η] ∈ Q(NT[i])
� is

B(Q[η])
u,i [η, κ] =

�∑

ν=1

NRE∑

ρ=1

B
(
βν,u,i [ρ]) , (5.27)

with βν,u,i [ρ] from Eq. (5.16). Maximizing this value with respect to the precoders,
the transmission rank dependent optimal precoders are obtained

{
Q(�)

u,i [η, κ], B(�)
u,i [η, κ]

}
= argmax

Q[η]∈Q(NT [i])
�

B(Q[η])
u,i [η, κ], (5.28)

with B(�)
u,i [η, κ] denoting the transmission rank dependent optimized achievable

throughput. The solutions for the precoders can then be employed as a-priori knowl-
edge in Eq. (5.23) to obtain the corresponding transmission rank and MCSs.

If this is still too complex, the transmission rank � can also be selected indepen-
dently of the MCSs by maximizing the sum of B(�)

u,i [η, κ] over the RBs

�u,i [κ] = argmax
�∈{1,...,�max}

NRB∑

η=1

B(�)
u,i [η, κ], (5.29)

Qu,i [η, κ] = Q(�u,i [κ])
u,i [η, κ].

Utilizing these solutions as a-priori knowledge in Eq. (5.23) the corresponding MCSs
are obtained. The optimization of the MCSs cannot be further simplified to ensure
that the upper bound on the BLER specified by P (t)

b is satisfied.
The most expensive step involved in solving these optimization problems is the

calculation of the post-equalization SINR in (5.16) for every precoder, because it
involves matrix inversions to determine the equalizer Gn,k[u, i]. This can be avoided
by employing the pre-equalization mutual information achieved with Gaussian sig-
naling to estimate the achievable throughput according to [41]

Iu,i [n, k] = log2 det

(
INR[u,i] + Pi

σ̃ 2
z �

Hn,k[u, i]Q[η]Q[η]HHn,k[u, i]H

)
. (5.30)
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Replacing
∑�

ν=1 B
(
βν,u,i [ρ]) in Eq. (5.27) with Iu,i [n, k], the same optimization

steps as in Eqs. (5.28) and (5.29) can again be performed to calculate suboptimal
solutions for the precoders and the transmission rank. Then, the post-equalization
SINR hast to be calculated only once, for the optimization of the MCSs. The precoder
selection based on the mutual information is also proposed in [6]. The performance
of the different methods is compared in Sect. 5.3.2.

5.2.4 Antenna Subset Selection for DASs

The available transmit power Pi of cell i is distributed uniformly over all NT[i]
transmit antennas by the precoders of the considered semi-unitary codebook (5.8). In
case of distributed transmit antennas, when pathloss differences between the Remote
Radio Units (RRUs) become significant, it is beneficial to concentrate the transmit
power on those antenna arrays that experience good channel quality, thus employing
only a subset of the antennas for transmission. To transmit the data from Ñi ≤ NT[i]
antennas, the reduced size codebook Q(Ñi )

� is employed to distribute the signal onto
the Ñi activated antennas, while the other antenna elements are deactivated.

The preferred antenna subset can be determined by solving the optimization prob-
lem (5.23) for all possible antenna subset choices, amounting in

NT[i]∑

Ñi =1

(
NT[i]

Ñi

)
= 2NT[i] − 1 (5.31)

possibilities and thus in an additional feedback overhead of roughly NT[i] bits.
To enable efficient transmit antenna subset selection, with minimal extra CSI

feedback overhead, it is assumed that the macroscopic in-cell channel gains with
respect to all distributed antenna arrays are known by both, the base station and the
user. This is a reasonable, often made assumption in DASs, because the large-scale
statistics change only very slowly over time and frequency, and can thus be learned
either from the uplink [42], provided the duplex distance is not too large, or via a very
low rate feedback link (e.g., during connection setup). The CSI feedback overhead
can then be reduced by considering only the antenna subsets with the largest channel
gains as possible candidates for antenna subset selection. Thus, e.g., if Ñi = 4, the
optimization problem (5.23) is only solved for the four strongest distributed antennas,
reducing the additional CSI feedback overhead to log2 (NT[i]) bits.

As an alternative to antenna subset selection, power loading over transmit anten-
nas can be employed [43], which requires accurate knowledge of the instantaneous
channel gain at the transmitter, thus increasing the CSI feedback overhead signifi-
cantly.
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5.3 Performance Investigation

In this section, the performance of the proposed CSI feedback selection algorithms
is investigated by means of Monte-Carlo simulations. Due to the involved non-
linear functions (MIESM, BICM capacity) and the discrete nature of the proposed
optimization problem, an analytic performance investigation was not successful.
Instead, the theoretical throughput bounds developed in [15, Appendix D] are applied
to evaluate the performance of LTE using the proposed CSI feedback algorithms,
and to identify the dominant sources of the observed throughput loss with respect
to the Shannon capacity. In Sect. 5.3.2, the performance of the individual feedback
indicators, i.e., the RI, CQI and PMI, is scrutinized and the impact of a delay in the
feedback path is evaluated. Finally, in Sect. 5.3.3, the impact of the CSI feedback
granularity applied with feedback clustering on the achieved throughput is examined.

The simulations presented here are mostly obtained with the Vienna Long
Term Evolution-Advanced (LTE-A) link level simulator [26, 44]. This open source
MATLAB based LTE compliant link level simulator is publicly available for down-
load, pursuing the goal of facilitating reproducibility in wireless communications
research. The link level simulator is augmented with a system level simulator enabling
the simulation of large cellular networks with reasonable complexity. The results are
presented in dependence of the equivalent average transmit SNR defined as

SNR = Pi

σ 2
z

= Ei

N0
, (5.32)

with Ei denoting the symbol energy and N0 being the noise power spectral
density.

Centralized antenna systems, without RRUs, are studied in the simulations pre-
sented in this section. Pathloss and shadow fading are not considered, the instan-
taneous SNR observed by a user is rather determined by the microscopic channel
fading realization and the variance of the receiver noise. In case of multi-user sim-
ulations, the average SNR of all users is equal. A block fading channel model is
assumed with a temporally constant channel for the duration of one LTE Transmis-
sion Time Interval (TTI), denoted as subframe (1 ms or 14 OFDM symbols). The
channel realizations of consecutive subframes are either statistically independent or
correlated according to Clarke’s model. CSI feedback is provided for each TTI. In
most simulations a feedback delay of zero is assumed, meaning that the CSIT is
acausally available before the transmission. The impact of a feedback delay is sep-
arately investigated. Proportional fair multi-user scheduling is applied [45] utilizing
the LTE optimized scheduling framework of [46]. Important simulation parameters
are summarized in Table 5.1. Notice, parameter sets are specified by curly brackets
{·}; intervals are defined by square brackets [·].
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Table 5.1 Simulation parameters of the SUMIMO performance investigation

Parameter Value

Carrier bandwidth {1.4, 10} MHz

Carrier frequency fc = 2 GHz

Signal to noise ratio SNR ∈ [−10, 40] dB

Number of subcarriers Ntot ∈ {72, 600}
Channel models Power delay profile based:

Vehicular A, pedestrian B [47]

Typical urban [48]

Number of receive antennas NR[u, i] ∈ {4, 8}
Number of transmit antennas NT[i] ∈ {4, 8}
Number of users Ui ∈ {1, 2, 4, . . . , 64}
Spatial correlation parameter αcorr ∈ {0, 0.9}
Maximum channel doppler frequency fd ∈ [10, 500] Hz

CSI feedback delay τd ∈ [0, 8] TTIs

Multi-user scheduling Proportional fair

MIMO receiver ZF

5.3.1 Comparison of LTE to Theoretical Throughput Bounds

In this section, a single user scenario employing the largest LTE compliant antenna
configuration of NT[i] = 8 transmit antennas and NR[u, i] = 8 receive antennas is
assumed, transmitting over a bandwidth of 1.4 MHz (72 subcarriers). The spatial cor-
relation parameter of the receive antenna array is optimistically assumed as αcorr = 0.
The performance of LTE’s CLSM transmission mode, utilizing PMI, RI and CQI
feedback, is compared to the throughput bounds derived in [15, Appendix D]. CSI
feedback clustering is applied with N (t)

clust = 14 and N ( f )

clust = 12. The performance
with perfect and estimated channel knowledge at the receiver is simulated, employ-
ing a least-squares channel estimator [37]. The additional noise caused by the channel
estimator has to be considered in the post-equalization SINR βν,u,i [n, k] used for the
calculation of the feedback indicators to ensure an accurate CQI estimation [17].
This is achieved by employing the first-order Taylor approximation proposed in [49]
together with the analytic expression of the channel estimation error variance of the
least-squares channel estimator derived in [50].

The results of the investigation are shown in Fig. 5.4 in terms of the absolute
throughput and the relative throughput with respect to channel capacity. As detailed
in [15, Appendix D], the proposed throughput upper bounds shown in the figure
account for the throughput loss due to the system overhead for guard bands and
reference symbols (achievable capacity), the restriction to codebook based precod-
ing (Closed Loop Mutual Information (CLMI)), the application of a linear receiver
(Closed Loop Mutual Information with Linear Receiver (CLMI LR)) and the BICM
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Fig. 5.4 Comparison of the
achieved throughput to
channel capacity and the
proposed throughput bounds
with NT[i] × NR[u, i] =
8 × 8. a Absolute
throughput. b Relative
throughput
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architecture (Bit Interleaved Coded Modulation with Linear Receiver (BICM LR)).
It can be seen in Fig. 5.4b that each of these factors entails a throughput loss in
the order of 10–20 % of channel capacity, amounting in an achievable throughput
of approximately 35–45 % of channel capacity (BICMLR). The simulated optimum
performance of LTE with perfect channel knowledge at the receiver, obtained by
exhaustive search, is found another 3–7 % below the BICM LR bound. With the
proposed feedback selection algorithms close to optimal performance is attained
(feedback method). The loss of approximately 1 % can be explained by the non-zero
BLER achieved with the proposed CQI selection. With imperfect channel knowl-
edge at the receiver a further throughput reduction to 20–30 % of channel capacity
is experienced (feedback method with LS channel est.).

Notice that the performance of LTE is pessimistically represented in these results
due to some assumptions of the simulation. With all other LTE compliant carrier
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bandwidths (3/5/10/20 MHz), the guard band overhead is reduced from 23 to 10 %.
The bandwidth of 1.4 MHz was chosen for complexity reasons to be able to determine
the optimal performance of LTE with an exhaustive search. The channel estimator
performance can be improved, e.g., by means of linear MMSE channel estimation
providing close to perfect performance [37]. Also, significantly improved MIMO
detection is possible, e.g., with successive interference cancellation [8]. Still, it is
questionable whether such highly complex algorithms are feasible in practice in the
near future, particularly in mobile phones.

5.3.2 Evaluation of the Feedback Algorithms

The performance of the individual feedback indicators is evaluated in the following
in more detail. In the first scenario, an NT[i] × NR[u, i] = 4 × 4 antenna configu-
ration is investigated assuming strongly correlated receive antennas, i.e., αcorr = 0.9
in Eq. (5.33). The correlation matrices are generated according to the 3rd Generation
Partnership Project (3GPP) document [51, Appendix B.2.3] assuming uniform linear
arrays; e.g., the user-side correlation matrices for two and four receive antennas are

RRX =
[

1 αcorr

αcorr 1

]
, RRX =

⎡

⎢⎢⎢⎢⎢⎢⎣

1 α
1
9
corr α

4
9
corr αcorr

α
1
9
corr 1 α

1
9
corr α

4
9
corr

α
4
9
corr α

1
9
corr 1 α

1
9
corr

αcorr α
4
9
corr α

1
9
corr 1

⎤

⎥⎥⎥⎥⎥⎥⎦
, (5.33)

with αcorr ∈ [0, 1] determining the strength of the correlation.
Other simulation parameters are set as in the previous section considering perfect

channel estimation at the receiver. The corresponding throughput versus SNR is
shown in Fig. 5.5a, comparing the performance of fixed rank transmission (�u,i ∈
{1, 2, 3, 4}) to rank adaptation by means of the proposed joint feedback selection
algorithm of Eq. (5.23). These results show that the proposed feedback selection
algorithm is able to determine the optimal transmission rank in dependency of the
channel conditions, and automatically trades-off the MIMO beamforming gain for
the MIMO multiplexing gain to achieve the best performance. The corresponding
BLER of the two codewords is shown in Fig. 5.5b demonstrating that the target BLER
P (t)

b = 0.1 is observed by the proposed CQI selection. Due to the limited set of only
15 MCSs supported in LTE the achieved BLER is markedly below the constraint
P (t)

b = 0.1. Notice that the second codeword is activated just in case �u,i ≥ 2; hence
the BLER curve starts only at 14 dB SNR.

The same scenario is considered in the results presented in Fig. 5.6a to investigate
the performance of the approximate sequential solutions (5.28) and (5.29) of the joint
CSI feedback selection problem (5.23). The figure shows that the best performance is
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Fig. 5.5 Comparison of the
proposed rank adaptive
scheme to fixed rank
transmission and simulated
BLER achieved with the
proposed feedback
algorithms. a Rank
adaptation versus fixed rank
transmission. b BLER
achieved with the proposed
feedback algorithms
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achieved with the accurate rate estimation considered in the joint selection algorithm.
If the PMI and RI are selected from the BICM capacity as in Sect. 5.2.3 almost equally
good performance is achieved, with a complexity that is approximately a factor of
ten below the joint selection in case of LTE. Similar throughput is attained if the
pre-equalization mutual information of Eq. (5.30) is employed instead of the BICM
capacity for the PMI selection to avoid the calculation of the post-equalization SINR.
Notice though that the RI selection based on the pre-equalization mutual information
leads to a significant throughput reduction, because the performance of higher rank
transmission is obviously overestimated. For comparison the achieved transmission
rate with random precoder selection is also shown in Fig. 5.6a. It can be seen that a
gain of approximately 5–10 dB in SNR is obtained with optimal precoder selection.
Similar behavior is observed in Fig. 5.6b for the case of eight transmit antennas.
Notice that the LTE precoder codebook for eight antennas is four times larger than
the four antenna codebook.
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Fig. 5.6 Performance of
approximate sequential CSI
feedback selection schemes
compared to the joint
optimization. a
Ni × Mu,i = 4 × 4. b
Ni × Mu,i = 8 × 4
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Next, the impact of a delay in the feedback path on the transmission rate obtained
with the proposed instantaneous CSI feedback algorithms is investigated. Again,
the NT[i] × NR[u, i] = 4 × 4 configuration is assumed, this time with uncorrelated
receive antennas, i.e., αcorr = 0. The effect of the feedback delay is determined by the
strength of the temporal correlation of the wireless channel. Hence, the performance
of the system is evaluated in terms of the maximum channel Doppler frequency fd ,
defining the channel coherence time according to Eq. (5.34). The 50 % coherence
time of the channel, assuming Clarke’s model [52], is defined as [53]

TC = 9

16π fd
, (5.34)
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where fd is the maximum channel Doppler frequency. The results are plotted in
dependency of the normalized channel Doppler frequency

νd = fd Ts, (5.35)

with Ts = 1 ms being the temporal sampling rate of the channel, i.e., the CSI feedback
interval. The throughput degradation due to the feedback delay is shown in Fig. 5.7a.
With a delay of 1 TTI, i.e., τd = 1 ms, optimal performance is achieved up to a
normalized Doppler frequency of ν

(c)
d = 0.025, corresponding to a user speed of

v = ν
(c)
d

Ts fc
c ≈ 15 km/h, (5.36)

Fig. 5.7 Sensitivity of the
proposed instantaneous CSI
feedback algorithms with
respect to a delay in the
feedback path. a Throughput
versus channel Doppler
frequency. b Block error
ratio versus channel Doppler
frequency
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with fc = 2 GHz denoting the carrier frequency and c being the speed of light.
With τd = 4 ms a further reduction to 5 km/h is incurred. Hence, without any delay-
compensation, the proposed algorithms are suitable for quasi-stationary situations.
The reason for the performance degradation can be seen in Fig. 5.7b. Due to the
mismatch between the channel observed during CSI feedback calculation and the
channel for which the outdated CSIT is employed for rate adaptation, the BLER is
severely increased and the target BLER is not satisfied. A simple means to overcome
this problem is the inclusion of an adaptive link margin to account for the channel
mismatch [54].

Alternatively, channel prediction can be employed to compensate for the feed-
back delay. To demonstrate the capabilities of this approach, Finite Impulse Response
(FIR) filter based channel prediction is implemented. For simplicity, each column
of the channel matrix Hn,k[u, i] is independently predicted. Also, each RB [η, κ] is
represented by the single channel matrix in the center of the RB for CSI feedback
calculation, utilizing the channel sub sampling approach of [16]. The FIR filter coef-
ficients are trained by means of the Recursive Least Squares (RLS) algorithm [55].
The corresponding results, labeled with RLS prediction, are shown in Fig. 5.7. The
delay sensitivity is significantly reduced with channel prediction, enabling optimal
performance up to user speeds of 100 and 40 km/h at delays of 1 TTI and 8 TTIs,
respectively. Interestingly, the throughput reduction at high Doppler frequencies is
not caused by an increased BLER. It is rather a consequence of the reduction of
the gain of the predicted channel matrix, due to diminishing magnitudes of the FIR
filter coefficients with decreasing channel correlation. Hence, the SINR is automat-
ically reduced with decreasing channel correlation, entailing a more conservative
CQI estimation.

5.3.3 Impact of CSI Feedback Granularity

The SU-MIMO CSI feedback indicators investigated in this chapter can be exploited
in a twofold way to improve the downlink data rate of cellular networks. Firstly, the
single user throughput is increased through the optimized selection of the precoders,
transmission rank and MCSs enabled by the proposed feedback selection algorithm of
Eq. (5.23). Secondly, the CQI feedback is useful in multi-user scheduling to achieve
a multi-user diversity gain and hence to improve the sum data rate in a multi-user
scenario [46, 56]. In both cases, the potential gain is larger with a smaller CSI
feedback cluster size. The downside of reducing the cluster size is an increase in the
CSI feedback overhead. This trade-off is investigated below by means of a simulation
based study.

In the first scenario the improvement of the single user throughput with reducing
PMI feedback cluster size and with increasing precoder codebook size is evaluated.
To enable a variable precoder codebook size, which is not considered in LTE, a
random codebook of independent and isotropically distributed semi-unitary matrices
is generated [57]. Such random codebooks are known to be asymptotically optimal
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in the case of Identically Distributed (I.I.D.) channel matrices; hence αcorr is set equal
to zero. The results are averaged over random codebook realizations. An NT[i] ×
NR[u, i] = 8 × 1 antenna configuration is considered. The typical urban channel
model [48] is employed, having a 50 % coherence bandwidth of BC = 400 kHz. A
carrier bandwidth of 10 MHz is assumed. The precoder codebook size is varied from
one element to 212 elements corresponding to a feedback overhead of 0–12 bits per
cluster. The number of feedback clusters per TTI is varied from 1–50. The results of
the simulation are shown in Fig. 5.8a. A significant throughput improvement from
14 Mbit/s without precoder feedback to 34 Mbit/s with a feedback overhead of 12 ·
50 bit/ms = 600 kbit/s is obtained. Such investigations are also useful to determine
the optimal trade-off between cluster size and codebook size for a fixed amount of
CSI feedback bits. For example, the best performance with 10 bits per TTI is obtained
with a single cluster using a precoder codebook of size 210, amounting in 22 Mbit/s
downlink throughput. On the contrary, with 10 clusters each using a codebook of

Fig. 5.8 Cell throughput
with proportional fair
scheduling versus CSI
feedback granularity,
codebook size and number of
users. a Variation of PMI
feedback granularity and
codebook size. b Variation of
CQI feedback granularity
and user number
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size two only 17 Mbit/s are achieved. Naturally, these results depend on the channel
coherence bandwidth.

In the second scenario the impact of the CQI cluster size on the achievable multi-
user scheduling gain is investigated. A 10 MHz SISO system is assumed to eliminate
the effect of the precoder feedback. The pedestrian B channel model [47] with a
coherence bandwidth of BC = 267 kHz is employed. The number of users Ui is varied
from one to 64 and the number of CSI feedback clusters is increased from one to 50.
The simulation results are plotted in Fig. 5.8b, visualizing the improvement of the
multi-user gain with an increasing number of feedback clusters. With one feedback
cluster, only temporal multi-user diversity can be exploited, leading to a throughput
improvement by a factor of two when increasing the number of users form one to 64.
With 50 feedback clusters a threefold throughput gain is obtained as the frequency
diversity can additionally be exploited during scheduling. With 64 users the cell
throughput grows by 6 Mbit/s when increasing the number of clusters from one to 50.
Notice though that this downlink improvement is outweighed by the increased CQI
feedback overhead, scaling from 4 · 64 bit/ms = 256 kbit/s up to 4 · 64 · 50 bit/ms =
12.8 Mbit/s, if 4 bits per CQI are employed as in LTE. Solutions for this problem have
been published, e.g., K-significant scheduling [58] and thresholding, i.e., providing
feedback only in case a threshold is exceeded [59].

5.4 Summary

In this chapter, limited feedback SU-MIMO transmission in wireless communica-
tions is investigated. Following the approach that is currently implemented in most
commercial systems, the transmission parameters of the single user link are adapted
by means of AMC and codebook based precoding to ensure reliable and spectrally
efficient data transmission. This is achieved by the provision of CSIT using feed-
back indicators for the selection of the optimal transmission rate, transmission rank
and precoders. The best performance is achieved with instantaneous CSIT enabling
the exploitation of the space, time, frequency and multi-user diversity inherent in
wireless communication systems.

By deriving an accurate estimate of the achievable user data rate, based on the post-
equalization SINR, the optimization problem for the joint-selection of the optimal
CSI feedback indicators is derived in this chapter. The performance of this method is
investigated by means of simulations, demonstrating that close to optimal throughput
is achieved with the proposed algorithm. Several simplifying approximations are
considered to reduce the complexity of the exhaustive search. A promising trade-off
between complexity and performance is obtained by selecting the precoders based on
the pre-equalization mutual information and considering the post-equalization SINR
only for transmission rank and rate adaptation, significantly reducing the amount of
matrix inversion.

The sensitivity of instantaneous CSI feedback with respect to a delay in the feed-
back path is investigated. The obtained results show that this kind of feedback is
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restricted to quasi-stationary situations if no delay compensation is incorporated.
The scope of the algorithms can be extended to moderate mobility (∼50 km/h) if
delay compensation by means of channel prediction is implemented. The achievable
throughput with limited feedback is strongly dependent on the granularity of the
feedback indicators in the OFDM time-frequency grid, requiring a careful choice of
the feedback parameters to achieve a good trade-off between the uplink overhead
and the downlink throughput.
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Chapter 6
Multi User and Multi Cell Simulations

Markus Rupp, Stefan Schwarz and Martin Taranetz

Spatial multiplexing of multiple users, i.e., Multi User Multiple-Input Multiple-
Output (MU-MIMO), is considered as a promising technique inmulti-antenna broad-
cast systems to achieve high spectral efficiencies by serving multiple users in parallel
over the same time-frequency resources [1, 2]. In contrast to Single User Multiple-
Input Multiple-Output (SU-MIMO), the potential multiplexing gain of MU-MIMO
is only confined by the capabilities of the transmitter. Hence, with MU-MIMO the
need for multiple antennas at the users is eliminated, facilitating the development of
small and cheap user equipments. Another important advantage of MU-MIMO over
SU-MIMO is the reduced sensitivity to channel impairments such as line-of-sight
propagation and antenna correlation, which cause an increase in the singular value
imbalance of the single-user channel and hence effectively limit the transmission
rank of SU-MIMO [3, 4]. Unfortunately, these advantages come at the cost of signif-
icantly increased susceptibility of the achievable multi-user throughput with respect
to the accuracy of the Channel State Information at the Transmitter (CSIT), due to
residual multi-user interference incurred with imperfect channel knowledge [5–8].

The literature onMU-MIMO precoding can be coarsely partitioned into twomain
concepts, that is, linear precoding and non-linear precoding. While non-linear tech-
niques based on Tomlinson-Harashima precoding [7] and vector perturbation [8, 9]
provide an advantage in terms of the achievable throughput, linear strategies such
as Zero Forcing (ZF) beamforming [10] and Block Diagonalization (BD) precoding
[11] are considered as practically important for complexity reasons. In addition to
their complexity advantage, ZF and BD precoding have the benefit that partial CSIT,
specifically channel subspace information, is sufficient for the calculation of the
precoders, reducing the burden on the feedback channel. Notice that BD precoding
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can be viewed as a generalization of ZF beamforming to multiple data stream trans-
mission per user; hence in the sequel mostly BD precoding is used to refer to both
methods.

For the reasons mentioned above, MU-MIMO transmission based on BD pre-
coding is investigated. Although codebook based precoding as in SU-MIMO is an
option for MU-MIMO as well [12], the precoders employed with BD precoding
are not confined to a codebook but are calculated during operation from explicit
channel knowledge at the base station. Correspondingly, the implicit Channel State
Information (CSI) feedback of SU-MIMO is replaced with direct quantization of the
channel matrix in MU-MIMO. To this end, memoryless and predictive CSI quanti-
zation algorithms are proposed in this chapter, building upon the concepts of Grass-
mannian quantization [13, 14]. The temporal correlation of the wireless channel can
be exploited by the proposed predictive quantizer to achieve high fidelity quantiza-
tion in low to moderate mobility scenarios, i.e., when the channel coherence time
is large. In case of distributed antennas, knowledge of the channel gain matrix is
utilized during quantization to further improve the accuracy.

Similar to SU-MIMO, Channel Quality Indicator (CQI) feedback is employed in
MU-MIMO as well, for transmission rate adaptation and multi-user scheduling. In
contrast to single-user transmission, the achievable rate with MU-MIMO cannot be
estimated accurately by the users ahead of scheduling due to the unknown precoders.
Exploiting the precoder construction of BDprecoding, a lower bound on the expected
Signal to Interference and Noise Ratio (SINR) of a user with imperfect CSIT is
derived, facilitating estimation of the achievable transmission rate. This bound is
proposed as CQI feedback for multi-user scheduling.

In case the number of data streams per user is less than the number of receive
antennas, interference cancellation by means of BD is only achieved over a subspace
of a users’ channel matrix. Ideally, joint user subspace selection and scheduling must
be performed at the transmitter to maximize the achievable throughput, requiring full
channel knowledge for all users at the base station. To reduce the CSI feedback over-
head, it is, however, proposed to perform a pre-selection of the preferred channel
subspace by the users based on selfish arguments, effectively decreasing the dimen-
sionality of the Grassmannian quantization problem. To filter-out the interference-
free subspace at the users, semi-unitary antenna combiners are employed. It is shown
how theDegrees of Freedom (DoF) provided by the excess antennas can be utilized to
trade-off the residual multi-user interference, due to imperfect CSI, for the effective
channel gain experienced by a user.

The proposed CSI feedback algorithms are extended to frequency selective
Orthogonal Frequency Division Multiplexing (OFDM) systems employing the same
concepts as in SU-MIMO, i.e., by means of CSI feedback clustering and interpola-
tion. The performance of these two methods is evaluated in this chapter using sim-
ulations, with the result that interpolation is only reasonable if the distance between
CSI pilots is small compared to the channel coherence bandwidth, challenging its
value for practical implementations.

This chapter is organized as follows: In Sect. 6.1, the ZF beamforming and BD
precoding constructions are introduced, providing the motivation for the proposed
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Grassmannian quantization algorithms. The memoryless and predictive CSI quan-
tizers are detailed in Sects. 6.2.1 and 6.2.2, respectively. In Sect. 7.1, the proposed
antenna combiners are derived.

6.1 Zero-Forcing and Block-Diagonalization Precoding

In this section, an overviewofZF andBDprecoding is provided and the relevantCSIT
for precoder calculation is identified. It is shown that channel subspace information
is sufficient if uniform power allocation over spatial streams and users is considered,
which is known to be a asymptotically optimal in the limit of high Signal to Noise
Ratio (SNR) [15]. Although not considered here, optimal power allocation by means
of water-filling can be facilitated with additional channel magnitude feedback [11].

6.1.1 Transmit Strategy

The input-output relationship of user u in cell i on Resource Element (RE) [n, k],
assuming MU-MIMO transmission and employing the description with conjugate-
transpose channel matrices as introduced in Sect. 1.5, is

yn,k[u, i] = H(ect)
n,k [u, i]HFn,k[u, i]xn,k[u, i]

+ H(ect)
n,k [u, i]H

∑

s∈Sn,k [i]
s �=u

Fn,k[s, i]xn,k[s, i] + G(ct)
n,k [u, i]H z̃n,k[u, i],

(6.1)

with the effective channel H(ect)
n,k [u, i] ∈ C

NT[i]×�k [u,i] being specified in Eq. (1.42)
and z̃n,k[u, i] ∼ NC

(
0, σ̃ 2

z INR[u,i]
)
, hence the out-of-cell interference is treated as

additional Gaussian noise. To simplify notations, the user set Ui is re-ordered
after scheduling such that the served users Sn,k[i] can be indexed as Sn,k[i] ={
1, . . . , Sn,k[i]

}
. The goal of BD precoding is to calculate the precodersFn,k[s, i],∀s

such that the interference at each user due to all other users is perfectly eliminated. BD
was originally proposed for the case that each user is served over �k[u, i] = NR[u, i]
streams.Thenno antenna combinerG(ct)

n,k [u, i] is required at the users. If the number of
data streams �k[u, i] is less than the number of receive antennas NR[u, i], the BD pre-
coder is calculated for the effective channelH(ect)

n,k [u, i]. Hence themulti-user interfer-

ence is only cancelled in the �k[u, i]-dimensional subspace of span
(

H(ct)
n,k [u, i]

)
that

is spanned by H(ect)
n,k [u, i]. The precoders are obtained from the following conditions

H(ect)
n,k [u, i]HFn,k[s, i] = 0�k [u,i]×�k [s,i], ∀u, s ∈ Sn,k[i] and s �= u, (6.2)

rank
(

H(ect)
n,k [u, i]HFn,k[u, i]

)
= �k[u, i], ∀u ∈ Sn,k[i]. (6.3)

http://dx.doi.org/10.1007/978-981-10-0617-3_7
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Notice the similarity of this formulation of BD to interference alignment [16, 17],
with the difference that there is only a single transmitter in BD that has access
to the data of all users. When applied for Coordinated Multi-Point (CoMP) trans-
mission, BD is hence classified as a joint transmission strategy. Certain feasibility
conditions on the number of streams per user and the total number of spatial streams
�n,k[i] have to be fulfilled to assure that a solution to this problem exists, such as
�k[u, i] ≤ NR[u, i] and �n,k[i] ≤ NT[i] [11]. Provided these feasibility conditions
are satisfied, the solution is obtained from

Fn,k[u, i] ∈ null
(
Hn,k[u, i]) , rank

(
Fn,k[u, i]) = �k[u, i], ∀u ∈ Sn,k[i], (6.4)

Hn,k[u, i] =
[
H̃n,k[1, i], . . . , H̃n,k[u − 1, i], H̃n,k[u + 1, i], . . . , H̃n,k[Sn,k[i], i]

]H
,

(6.5)

span
(

H̃n,k[s, i]
)

= span
(

H(ect)
n,k [s, i]

)
, (6.6)

H̃n,k[s, i]HH̃n,k[s, i] = I�k [s,i], H̃n,k[s, i] ∈ C
NT[i]×�k [s,i], ∀s ∈ Sn,k[i]. (6.7)

Here, the matrices H̃n,k[s, i] form orthonormal bases for the respective effective
channelsH(ect)

n,k [s, i] and can, e.g., be obtained from aQR or a Singular Value Decom-

position (SVD) of H(ect)
n,k [s, i]. The precoder of user u lies in the left null space of

all other users’ effective channels. Hence, after antenna combining, the transmission
to user u does not interfere with the transmission to any of the other users. As the
same holds true for every u ∈ Sn,k[i], interference-free transmission to all users is
achieved. To satisfy the rank constraint (6.3), rank

(
Fn,k[u, i]) = �k[u, i] must be

fulfilled.
As mentioned above, to maximize the SINR of the users, a joint optimization of

the precodersFn,k[s, i] and the antenna combinersG(ct)
n,k [s, i] at the base station, based

on perfect knowledge of H(ct)
n,k [s, i],∀s, is required; see, e.g., [18]. With the proposed

approach, however, it is sufficient to feed back the subspace span
(

H(ect)
n,k [s, i]

)
,∀s,

effectively reducing the feedback overhead, facilitating independent design of the
transmit- and receive-filters and enabling the application of Grassmannian quantiza-
tion, as detailed Sect. 6.1.2. Useful selections of H(ect)

n,k [s, i] are proposed in Sect. 7.1.
In case of ZF beamforming, transmitting a single streamper user �k[u, i] = 1, ∀u,

the effective channel matrix H(ect)
n,k [u, i] of user u is reduced to the effective channel

vectorh(ect)
n,k [u, i] and the precodingmatrixFn,k[u, i] is obtained as the column-vector

fn,k[u, i] ∈ C
NT[i]×1. Combining the normalized effective channel vectors (channel

directions)

h̃n,k[u, i] = h(ect)
n,k [u, i]

∥∥∥h(ect)
n,k [u, i]

∥∥∥
(6.8)

http://dx.doi.org/10.1007/978-981-10-0617-3_7
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of all served users in the so-called cell channel direction matrix

H̃n,k[i] =
[
h̃n,k[1, i], . . . , h̃n,k[Sn,k[i], i]

]H ∈ C
Sn,k [i]×NT[i], (6.9)

a closed-form solution of the cell ZF precoding matrix Fn,k[i] of all users is
obtained as

Fn,k [i] = H̃n,k [i]H
(

H̃n,k [i]H̃n,k [i]H
)−1

Pn,k [i]1/2 = F̃n,k [i]Pn,k [i]1/2, (6.10)

Fn,k [i] = [
fn,k [1, i], . . . , fn,k [Sn,k [i], i]] , Pn,k [i] = diag

(
pn,k [1, i], . . . , pn,k [Sn,k [i], i]) ,

where the precoding vectors fn,k[u, i] are obtained as the columns of Fn,k[i]. Con-
sidering equal power allocation, the powers pn,k[u, i] are calculated as

pn,k[u, i] = Pi

Sn,k[i]
∥∥∥[F̃n,k[i]]:,u

∥∥∥
2 , ∀u ∈ {1, . . . , Si [n, k]} , (6.11)

with Pi denoting the instantaneous total power constraint of the base station.
With the BD condition (6.2), the input-output relationship with perfect CSIT

simplifies to

yn,k[u, i] = H(ect)
n,k [u, i]H Fn,k[u, i] xn,k[u, i] + G(ct)

n,k [u, i]H z̃n,k[u, i]. (6.12)

The precoder Fn,k[u, i] obtained from (6.4) is unique only up to right-multiplication
with any full-rank �k[u, i] × �k[u, i] matrix, as this multiplication has no impact on
span

(
Fn,k[u, i]).

In [11], this ambiguity is removed by treating the interference-free input-output
relationship (6.12) as a SU-MIMO system (c.f. Eq. (5.1)), and additionally perform-
ing SVD based precoding with water-filling power allocation over the obtained
single-user channel. Hence, if F̃n,k[u, i] denotes an arbitrary semi-unitary solution
of (6.4), the unambiguous precoder according to [11] is obtained as

H(ect)
n,k [u, i]H F̃n,k[u, i] = Un,k[u, i]Σn,k[u, i]Vn,k[u, i]H, (6.13)

Fn,k[u, i] = F̃n,k[u, i]Vn,k[u, i]Pn,k[u, i]1/2, (6.14)

with (6.13) denoting an SVD of
(

H(ect)
n,k [u, i]H F̃n,k[u, i]

)
and Pn,k[u, i] being the

diagonal power allocation matrix obtained form the water-filling solution; see
Sect. 5.1.2.

This, however, is not a reasonable approach with the subspace CSI feedback
proposed below, because the feedback only provides an arbitrary orthonormal basis
for H(ect)

n,k [u, i] that neither matches the individual orientations of the eigenmodes
of the effective channel nor contains information on their magnitude. Instead, semi-
unitary precoding with equal power allocation is considered, enforcing the following
additional precoder constraint

http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_5
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Fn,k[u, i]HFn,k[u, i] = Pi

Sn,k[i] �k[u, i] F̃n,k[u, i]HF̃n,k[u, i] = Pu,i [n, k]I�k [u,i].

(6.15)

The corresponding solution is unique up to right-multiplication with any unitary
matrix, which has no impact on the achievable per user transmission rate with perfect
CSIT and equal power allocation

RBD = E log2 det
(

I�k [u,i] + ρ H(ect)
n,k [u, i]HF̃n,k[u, i]F̃n,k[u, i]HH(ect)

n,k [u, i]
)

,

ρ = Pu,i [n,k]
σ̃ 2

z
.

(6.16)

6.1.2 Limited Feedback Model

With the assumption of equal power allocation, BD precoders can be calculated at the

base station if knowledge of the �k[u, i]-dimensional subspace span
(

H(ect)
n,k [u, i]

)
is

available for every u ∈ Sn,k[i]. This subspace can be interpreted as a point on the
Grassmann manifold of �k[u, i]-dimensional subspaces in the NT[i]-dimensional
Euclidean space, denoted as G (NT[i], �k[u, i]). In general it can be represented
equivalently by any matrix S spanning the subspace

S ≡ H(ect)
n,k [u, i] ⇔ span (S) = span

(
H(ect)

n,k [u, i]
)

. (6.17)

The most common approach to represent points on the Grassmann manifold is
employed, using orthonormal bases as in Eqs. (6.6) and (6.7). For a short introduction
of the Grassmann manifold see [19, Appendix C].

Perfect knowledge of H̃n,k[u, i], ∀u ∈ Sn,k[i] from (6.6) is required at the base
station to achieve zero multi-user interference. With limited feedback, however, a
quantized version Ĥn,k[u, i] of the subspace is fed back to the transmitter. To convey
the CSI to the transmitter, a quantization codebookQn,k[u, i] of size 2b is employed
by user u, with b denoting the number of feedback bits

Qn,k[u, i] = {
Q j ∈ C

NT[i]×�k [u,i]∣∣QH
j Q j = I�k [u,i], j ∈ {1, . . . , 2b}} . (6.18)

The codebook is known by the base station. The quantized channel subspace is
obtained by minimizing the subspace chordal distance [6] between H(ect)

n,k [u, i] and
the elements of the codebook

Ĥn,k[u, i] = argmin
Q j ∈Qn,k [u,i]

d2c
(

H(ect)
n,k [u, i], Q j

)
, (6.19)

d2c
(

H(ect)
n,k [u, i], Q j

)
= �k[u, i] − tr

(
H̃n,k[u, i]HQ j QH

j H̃n,k[u, i]
)

, (6.20)
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d2c,min = d2c
(

H(ect)
n,k [u, i], Ĥn,k[u, i]

)
= �k[u, i] −

�k [u,i]∑

�=1

cos
(
ϕ

(q)

�

)2
. (6.21)

In this equation, the variables ϕ
(q)

� denote the �k[u, i] principal angles between
span

(
H(ect)

n,k [u, i]) = span
(
H̃n,k[u, i]) and span

(
Ĥn,k[u, i]). When the chordal dis-

tance is employed as quantizationmetric the expected value of the residualmulti-user
interference, due to the CSI quantization error, is minimized. This is investigated in
more detail in Sects. 7.1 and 7.2.2, when considering the theoretical performance of
BD precoding with limited feedback and deriving the lower bound on the expected
SINR. The quantization problem(6.19) is well known as Grassmannian quantization
on the Grassmann manifold G (NT[i], �k[u, i]) [13].

It is assumed that the base station treats the quantized subspaces Ĥn,k[u, i] as
the actual subspaces H̃n,k[u, i], and calculates the precoders from (6.4), replacing
Hn,k[u, i] with

Ĥn,k[u, i] =
[
Ĥn,k[1, i], . . . , Ĥn,k[u − 1, i], Ĥn,k[u + 1, i], . . . , Ĥn,k[Sn,k[i], i]

]H
.

(6.22)

The effective channel H(ect)
n,k [u, i] can be decomposed into its range space compo-

nent H(ect,r)
n,k [u, i] and its left null space component H(ect,n)

n,k [u, i], with respect to the

orthonormal basis Ĥn,k[u, i]

H(ect)
n,k [u, i] = Ĥn,k[u, i]Ĥn,k[u, i]H H(ect)

n,k [u, i]
+

(
INT[i] − Ĥn,k[u, i]Ĥn,k[u, i]H

)
H(ect)

n,k [u, i]
= Ĥn,k[u, i]Ĥn,k[u, i]H H(ect)

n,k [u, i]
︸ ︷︷ ︸

H(ect,r)
n,k [u,i]

+ Ĥ⊥
n,k[u, i]Ĥ⊥

n,k[u, i]H H(ect)
n,k [u, i]

︸ ︷︷ ︸
H(ect,n)

n,k [u,i]

,

(6.23)

with Ĥ⊥
n,k[u, i] ∈ C

NT[i]×NT[i]−�k [u,i] being an orthonormal basis for the orthogo-

nal complement of span
(
Ĥn,k[u, i]). Using this notation and Ĥn,k[u, i]HFn,k[s, i] =

0, ∀s �= u, due to the BD construction, the input-output relationship with quantized
CSIT is

yn,k[u, i] = H(ect)
n,k [u, i]HFn,k[u, i]xn,k[u, i]

+ H(ect,n)
n,k [u, i]H

Sn,k [i]∑

s=1,s �=u

Fn,k[s, i]xn,k[s, i] + G(ct)
n,k [u, i]H z̃n,k[u, i].

(6.24)

http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://dx.doi.org/10.1007/978-981-10-0617-3_7
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Thus, with quantized CSIT perfect interference cancellation is not achieved. The
residual interference is determined by the quantization error of H̃n,k [u, i], captured by
the null space componentH(ect,n)

n,k [u, i]. Theper-user transmission rate with quantized
CSIT is [6]

RBD-Quant = E log2 det

⎛

⎝I�k [u,i] +
Sn,k [i]∑

s=1

H(ect)
n,k [u, i]HFn,k [s, i]Fn,k [s, i]HH(ect)

n,k [u, i]
⎞

⎠

− E log2 det

⎛

⎝I�k [u,i] +
Sn,k [i]∑

s=1,s �=u

H(ect)
n,k [u, i]HFn,k [s, i]Fn,k [s, i]HH(ect)

n,k [u, i]
⎞

⎠ ,

(6.25)

where the expectation is taken with respect to channel and corresponding precoder
realizations.

6.2 Explicit CSI Feedback Algorithms

In interference limited multi-user precoding systems, such as MU-MIMO and inter-
ference alignment, strict requirements are placed on the CSIT accuracy, because CSI
imperfections directly impact the residual multi-user interference and strongly dete-
riorate the throughput performance [5, 6, 20]. Therefore, efficient CSI quantization
is central in such systems to obtain sufficiently accurate CSIT with a reasonable
feedback overhead. As mentioned above, for the calculation of the BD precoders
with equal power allocation channel subspace information is sufficient. The same
holds true for other concepts as well, e.g., interference alignment [21] and signal
to leakage and noise ratio beamforming [22]. This information can efficiently be
conveyed by the Grassmann manifold, putting Grassmannian quantization at the
center of this section. In Sect. 6.2.1, memoryless quantization of channel subspaces
is studied, where the CSI at each Transmission Time Interval (TTI) is independently
quantized, i.e., without considering the past. Efficient memoryless quantization in
Distributed Antennas Systems (DASs) is achieved by taking into account the channel
gain with respect to the individual antenna arrays during construction of the quanti-
zation codebook, to match the spatial distribution of the compound channel matrix.
For this purpose, we employ the following decomposition of the channel matrix into
a macroscopic and a microscopic fading part

H(ct)
n,k [u, i] = C[u, i]H̄(ct)

n,k [u, i], (6.26)

C[u, i] = diag
(
γ1[u, i], . . . , γNT[i][u, i]) , (6.27)

with γ j [u, i] denoting the large-scale channel gain between transmit antenna j of
cell i and all receive antennas of user u in cell i .
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Often sufficient CSIT accuracy cannot be obtained with an acceptable feedback
overhead employing memoryless techniques. To circumvent this problem, predictive
quantization is proposed in Sect. 6.2.2, exploiting the temporal channel correlation
to improve the quantizer’s fidelity. The performance of the quantizers is investigated
numerically by evaluating the quantization Mean Square Error (MSE) in Sect. 6.2.3.
The derivation of channel quality feedback for transmission rate adaptation andmulti-
user scheduling is postponed until Sect. 7.2.2 when frequency selective systems are
treated.

The methods proposed in this section are designed for CSI quantization on a
single frequency flat subcarrier. Efficient extensions to multi-carrier OFDM are pro-
posed in Sect. 7.2, considering feedback clustering and interpolation. Also, antenna
combining is not considered in Sects. 6.2.1 and 6.2.2; hence, �k[u, i] = NR[u, i] and
G(ct)

n,k [u, i] = INR[u,i] is assumed. Excess receive antennas, i.e., the case �k[u, i] ≤
NR[u, i], and antenna combining are covered in Sect. 7.1. Notice that it is possible to
apply the predictive quantization proposed in Sect. 6.2.2 in the frequency domain as
well, i.e., over OFDM subcarriers. This is not treated here, although it has been inves-
tigated in [23, 24]. With sufficiently dense placement of CSI pilots in the frequency
domain, a substantial prediction gain can be achieved, especially if large system
bandwidths are considered. The interpolation and clustering methods proposed here,
however, facilitate a significant reduction of the required CSI pilots in the frequency
domain.

6.2.1 Memoryless Grassmannian Quantization

Withmemoryless quantization, the temporal correlation of the source to be quantized
is neglected and the quantization is performed independently at each time instant
k, employing a pre-specified quantization codebook Qn,k[u, i]. Possibly different
codebooks are used by different users to avoid situations in which users feed back
the same CSI, excluding them from being spatially multiplexed with each other. The
average quantization distortion in terms of the chordal distance MSE

D = E
(
d2c,min

)
(6.28)

is critically determined by the construction of the quantization codebook.

Codebooks for Isotropic Subspaces

If the channel subspace span
(

H̃n,k[u, i]
)
is uniformly distributed on the Grassmann

manifold G (NT[i], NR[u, i]), i.e., the channel matrix H(ct)
n,k [u, i] is isotropically dis-

tributed (e.g., independent and Identically Distributed (I.I.D.) Rayleigh fading), the
minimum average quantization distortion is achieved by maximally spaced Grass-
mannian subspace packings with respect to the chordal distance [25]. These packings
are essentially uniform on the Grassmann manifold in terms of the chordal distance.

http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://dx.doi.org/10.1007/978-981-10-0617-3_7
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Unfortunately, finding good codebooks is in general hard except for special cases;
an algorithm for obtaining good codebooks is provided, e.g., in [26].

More suitable for analytical investigations, however, are random quantization
codebooks, consisting of elementsQ j ∈ Qn,k[u, i] that are chosen independently and
uniformly distributed on G (NT[i], NR[u, i]) [6]. The elements of such codebooks
can be obtained as the compact left singular matrices of I.I.D. Gaussian matrices
H ∈ C

NT[i]×NR[u,i], [H]m,n ∼ NC (0, 1). Such a codebook construction, denoted as
Random Vector Quantization (RVQ), is applied in here whenever memoryless quan-
tization is evaluated. In that case, the results are averaged over codebook realizations
by employing independent quantization codebooks at each time instant k. Bounds on
the average distortion achieved with random isotropically distributed Grassmannian
quantization codebooks are derived in [14], and the codebooks are shown to perform
asymptotically optimal in a number of applications, e.g., [27].

Codebooks for Correlated Subspaces

In case the channel subspace to be quantized is not obtained from an isotropically
distributed channelmatrix, better quantization performance can be achieved if knowl-
edge of the spatial channel correlation is exploited. An efficient heuristic codebook
construction is proposed in [28] for single-user multiple-input single-output beam-
forming systems, which effectively “colors” a Grassmannian line packing according
to the channel correlation matrix. This approach is extended here for Grassmannian
subspace packings to exploit the pathloss differences experienced in DASs. Consid-
ering a DAS model, a random Grassmannian codebook that is statistically matched
to the distribution of the channel subspace can be obtained as

Q
(corr)
n,k [u, i] =

{
Q(corr)

j

∣∣∣∣Q
(corr)
j ΣVH = C[u, i]1/2H̄ ∈ C

NT[i]×NR[u,i], [H̄]m,n ∼ NC (0, 1)

}
.

(6.29)

Here, Q(corr)
j ΣVH represents a compact SVD of the matrix C[u, i]1/2H̄. The code-

book construction is denoted as correlated RVQ. An analytic performance charac-
terization of this construction was not yet successful. Simulations demonstrating the
performance gain achieved in DASs with this codebook are provided in [29, 30].
The method can be applied to account for the spatial correlation in-between different
entries of the channel matrix as well. Alternative approaches to consider the pathloss
differences in DASs or the spatial channel correlation exist in literature, e.g., in [31]
a quantization codebook for ZF beamforming based on estimated channel statistics
is proposed, and in [32] a feedback bit allocation scheme for DASs is derived.

6.2.2 Predictive Grassmannian Quantization

MU-MIMO techniques are mostly considered for situations in which users are either
static or moving slowly through the cell. If this is the case, the temporal correlation
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of the wireless channel is often high, which can be exploited to improve the CSI
quantization accuracy and to reduce the feedback overhead. A common approach in
quantization and source coding for exploiting the correlation of the source signal is
vector quantization [33], where multiple consecutive samples of the source signal
are combined to a vector and are jointly coded/quantized. Although such techniques
are rate-distortion optimal, they cannot be applied for CSI quantization in wireless
communications, because the throughput performance of MU-MIMO with outdated
CSI degrades in a similar way as with a quantization error [34]. Hence, the delay
of vector quantization caused by gathering and processing the data cannot be toler-
ated. Instead, predictive quantization on the Grassmann manifold is proposed in this
section to achieve efficient subspace quantization. Predictive quantizers are able to
leverage the temporal correlation of the source signal at consecutive time instants
to provide higher fidelity at a given quantization rate. The prediction of points on
the Grassmannian is realized by translating the problem to the tangent space associ-
ated with the manifold. The statistics of the prediction error in the tangent space are
approximated with a Gaussian distribution, which is valid for sufficiently small pre-
diction errors. Based on this approximation, a Grassmannian quantization codebook
is generated to quantize the prediction error. The performance of the proposed algo-
rithm is evaluated by means of Monte Carlo simulations of the quantization MSE in
Sect. 6.2.3. An application of the proposed quantizer for CSI quantization in limited
feedback MU-MIMO is investigated in Sect. 7.2.3. For a short introduction of the
Grassmann manifold see [19, Appendix C]. To shorten notations, the RE index [n, k]
is partly omitted for intermediate steps and auxiliary variables of the derivation.

Predictive Quantization Model

The predictive Grassmannian quantizer derived below explicitly considers the effect
of distributing antenna arrays over the cell area, by employing the decomposition
of the channel matrix into a temporally constant channel gain matrix C[u, i] and a
small-scale fading matrix H̄u,i [n, k]. The channel gain matrix C[u, i] is supposed to
be known by the transmitter and the receiver. The temporal variation of the channel
due to the movement of obstacles and/or users is hence captured in H̄u,i [n, k]. In the
derivation of the quantizer, a general model for the temporal evolution of H̄u,i [n, k]
is considered

H̄(ct)
n,k [u, i] = G

(
H̄(ct)

n,k−1[u, i], H̄(ct)
n,k−2[u, i], . . .

)
+ J̄n,k [u, i] = H̄(d)

n,k [u, i] + J̄n,k [u, i].
(6.30)

Here, the deterministic dependence of the current channel on the past is described
with H̄(d)

n,k[u, i] and the random innovation is captured in the matrix J̄n,k[u, i], which
is assumed as I.I.D. Gaussian

vec
(
J̄n,k[u, i]) ∼ NC

(
0, σ 2

j [n, k] INT[i]·NR[u,i]
)
. (6.31)

No specific assumptions aremade about the nature of the deterministic function G (·)
in (6.30), because the behavior of the wireless channel is strongly dependent on the

http://dx.doi.org/10.1007/978-981-10-0617-3_7
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surrounding environment [35]. In [36] it is shown that Rayleigh fading processes can
be accurately modeled using auto-regressive relations, fitting well to the considered
decomposition in (6.30).

In the proposed quantizer, a prediction algorithm is implemented to provide an
estimate of the deterministic evolution H̄(d)

n,k[u, i], based on previously quantized

channel observations. Assuming that a prediction H̄(p)
n,k[u, i] of H̄(d)

n,k[u, i] is available,
the channel is written as

H(ct)
n,k [u, i] = C[u, i]1/2

(
H̄(p)

n,k[u, i] + Ē(p)
n,k[u, i] + J̄n,k[u, i]

︸ ︷︷ ︸
Ēn,k [u,i]

)

= H̄(p)
n,k[u, i] + C[u, i]1/2Ēn,k[u, i], (6.32)

with Ē(p)
n,k[u, i] denoting the prediction error. The prediction error is assumed as

independent of the innovation and I.I.D. Gaussian:

vec
(
Ē(p)

n,k[u, i]) ∼ NC

(
0, σ 2

p [n, k] INT[i]·NR[u,i]
)
.

Thus, the total error Ēn,k[u, i] is distributed as

vec
(
Ēn,k[u, i]) ∼ NC

(
0, σ 2

e [n, k] INT[i]·NR[u,i]
)
, σ 2

e [n, k] = σ 2
p [n, k] + σ 2

j [n, k].
(6.33)

Given the prediction H̄(p)
n,k[u, i] at both ends of the CSI feedback link, the channel

can be reproduced from knowledge of the error Ēn,k[u, i]. With an accurate predic-
tion (σ 2

p [n, k] 
 1) and a smoothly varying channel (σ 2
j [n, k] 
 1), the variance of

the signal to be quantized can thus be reduced by quantizing Ēn,k[u, i] instead of
H̄(ct)

n,k [u, i].
By taking advantage of theCSIT invariances introduced in Sect. 6.1.2, the required

feedback information can further be reduced. Using orthonormal bases H̃n,k[u, i] and
H̃(p)

n,k[u, i] for the actual channel H(ct)
n,k [u, i] and the predicted channel H̄(p)

n,k[u, i], as
defined by Equation (6.7), the channel matrix can be written as

H(ct)
n,k [u, i] = H̃n,k[u, i]Dn,k[u, i] = H̃(p)

n,k[u, i]D(p)
n,k[u, i] + C[u, i]1/2Ēn,k[u, i],

(6.34)

Dn,k[u, i] = H̃n,k[u, i]HH(ct)
n,k [u, i], D(p)

n,k[u, i] = H̃(p)
n,k[u, i]HH̄(p)

n,k[u, i]. (6.35)

The channel subspace, represented by the orthonormal basis H̃n,k[u, i], is thus
obtained as

H̃n,k[u, i] =
(

H̃(p)
n,k[u, i]D(p)

n,k[u, i] + C[u, i]1/2Ēn,k[u, i]
)−1

Dn,k[u, i]. (6.36)
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Exploiting the differential geometry associated with the Grassmannian, it is possi-
ble to describe the error between the predicted subspace span

(
H̃(p)

n,k[u, i]) and the

observed subspace span
(
H̃n,k[u, i]) with the error tangent

Tn,k[u, i] = T
(

H̃(p)
n,k[u, i], H̃n,k[u, i]

)
∈ T

(
H̃(p)

n,k[u, i]
)

⊂ C
NT[i]×NR[u,i], (6.37)

where T
(
H̃(p)

n,k[u, i]) denotes the tangent space associated with the prediction

H̃(p)
n,k[u, i]. The shortest path on the manifold between the predicted subspace and

the actual subspace, which is denoted as the geodesic Γ
(
H̃(p)

n,k[u, i], Tn,k[u, i], p
)
, is

specified by the tangent Tn,k[u, i] and parametrized by variable p ∈ [0, 1]. Having
knowledge of H̃(p)

n,k[u, i] and Tn,k[u, i], it is hence possible to obtain an equivalent

representation of span
(
H̃n,k[u, i]) from

H̃n,k[u, i] ≡ H̃(e)
n,k[u, i] = Γ

(
H̃(p)

n,k[u, i], Tn,k[u, i], 1
)

, (6.38)

span
(

H̃n,k[u, i]
)

= span
(

H̃(e)
n,k[u, i]

)
, H̃(e)

n,k[u, i]HH̃(e)
n,k[u, i] = INR[u,i]. (6.39)

In general, the two orthonormal bases H̃n,k[u, i] and H̃(e)
n,k[u, i] are not equal but

equivalent representatives of the same point on the Grassmann manifold
G (NT[i], NR[u, i]), since they span the same subspace. For the purpose of precoder
calculation for BDMU-MIMO either matrix can be employed; an explicit distinction
between H̃n,k[u, i] and H̃(e)

n,k[u, i] is hence omitted in the following. To calculate the

subspace span
(
H̃n,k[u, i]) at the base station, it is sufficient to feed back the error tan-

gent Tn,k[u, i]. Notice that this tangent lies in the (NT[i] − NR[u, i])-dimensional
tangent space associated with H̃(p)

n,k[u, i]. Therefore, compared to quantization of
Ēn,k[u, i], the dimensionality of the quantization problem is reduced from NT[i] to
NT[i] − NR[u, i].
Approximation of the Error Tangent Statistics

To derive an efficient quantizer for the error tangent, knowledge about the statistics
of Tn,k[u, i] is required. Due to the nonlinear operations involved in the calculation
of the tangent, obtaining a closed-form statistical description is hard. Therefore, an
approximation is employed in the following that is valid if the channel correlation is
sufficiently large.

The tangent Tn,k[u, i] is obtained as

Tn,k[u, i] = UΦVH, U tan (Φ) VH = Θn,k[u, i], (6.40)

Θn,k[u, i] =
(

INT[i] − H̃(p)
n,k[u, i]H̃(p)

n,k[u, i]H
︸ ︷︷ ︸

Pn,k [u,i]

)
H̃n,k[u, i]

(
H̃(p)

n,k[u, i]HH̃n,k[u, i]
)−1

.

(6.41)
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Here, the diagonal matrix Φ = diag
(
ϕ

(p)
1 , . . . , ϕ

(p)
NR[u,i]

)
is composed of the princi-

pal angles between the subspaces spanned by H̃(p)
n,k[u, i] and H̃n,k[u, i], which are

obtained from the arctangent of the singular values of Θn,k[u, i]. Under the assump-
tion ϕ

(p)
i ≤ 0.30 =̂ 17◦ an error that is below 3% is caused by the approximation

tan
(
ϕ

(p)
i

)
≈ ϕ

(p)
i . (6.42)

With this approximation, the tangent simplifies to

Tn,k[u, i] ≈ Θn,k[u, i] = Pn,k[u, i]H̃n,k[u, i]
(

H̃(p)
n,k[u, i]HH̃n,k[u, i]

)−1
, (6.43)

where the matrix Pn,k[u, i], which is defined in Eq. (6.41), can be identified as a
projection onto the orthogonal complement of H̃(p)

n,k[u, i]. Substituting H̃n,k[u, i] from
Eq. (6.36) the approximated tangent can be written as

Tn,k[u, i] ≈ Pn,k[u, i]C[u, i]1/2Ēn,k[u, i]
(

H̃(p)
n,k[u, i]HH(ct)

n,k [u, i]
)−1

, (6.44)

where thefirst term from(6.36) vanishes due to the projectionPn,k[u, i] and thematrix
Dn,k[u, i]−1 is pulled inside the brackets. The tangent matrix is hence obtained as the
product of the left null space component of the channel matrix with respect to the
predicted subspace span

(
H̃(p)

n,k[u, i]), and the inverse of the term H̃(p)
n,k[u, i]HH(ct)

n,k [u, i]
that is determined by the range space component. Applying an SVD to the term in
brackets

H̃(p)
n,k[u, i]HH(ct)

n,k [u, i] = Yn,k[u, i]Λn,k[u, i]Wn,k[u, i]H, (6.45)

Yn,k[u, i],Λn,k[u, i], Wn,k[u, i] ∈ C
NR[u,i]×NR[u,i],

the approximated tangent can be formulated as

Tn,k[u, i] ≈ Pn,k[u, i]C[u, i]1/2Ēn,k[u, i] (Wn,k[u, i]−1Λn,k[u, i]Yn,k[u, i]H)
.

(6.46)

Assuming H̃(p)
n,k[u, i]HH(ct)

n,k [u, i] as fixed/observed, the distribution of the tangent
is determined by the null space component Pn,k[u, i]C[u, i]1/2Ēn,k[u, i]. This term
is obtained as the projection of the zero-mean Gaussian error C[u, i]1/2Ēn,k[u, i]
onto the orthogonal complement of span

(
H̃(p)

n,k[u, i]) and is therefore itself Gaussian
distributed. The distribution of Tn,k[u, i] is hence obtained as

vec
(
Tn,k [u, i]) ∼ NC

(
0, C(t)

n,k [u, i]
)

, (6.47)
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C(t)
n,k [u, i] = σ 2

e [n, k]
(

Yn,k [u, i]Λn,k [u, i]−2Yn,k [u, i]H
︸ ︷︷ ︸

CM ∈CNR [u,i]×NR [u,i]

⊗ Pn,k [u, i]C[u, i]Pn,k [u, i]
︸ ︷︷ ︸

CN ∈CNi ×Ni

)
.

(6.48)

Notice that the correlation matrix (6.48) is obtained from a Kronecker product. It
is therefore possible to derive a statistically matched quantization codebook for the
error tangent Tn,k[u, i] by correlating I.I.D. Gaussian matrices

Q(t,corr)
n,k [u, i] =

{
C1/2

N Q j C
1/2
M

∣∣∣ Q j ∈ C
NT[i]×NR[u,i],

[
Q j

]
l,m ∼ NC

(
0, σ 2

e [n, k])
}

.

(6.49)

The correlation matrix CN can be calculated by the transmitter and the receiver,
because both have knowledge of the predicted subspace and of the channel gain
matrix. Unfortunately, CM is not known a-priori and can therefore not be exploited
to improve the quantization efficiency. Hence, the codebook is designed under the
assumption that CM is a scaled identity, which is the case if Λn,k[u, i] in (6.48) is a
scaled identity. The error tangent correlation matrix is then obtained as

C(t)
n,k[u, i] ≈

(
σe[n, k]
λn,k[u, i]

)2 (
INR[u,i] ⊗ CN

)
. (6.50)

To further motivate this approach, two special cases are considered below that enable
a more detailed investigation of the factor λn,k[u, i].
Error Tangent Statistics with NR[u, i] = 1

When the users are equipped with single receive antennas, the channel matrix is
reduced to the channel vector h(ct)

n,k [u, i] and CM is obtained as

CM = 1
∥∥∥h(ct)

n,k [u, i]
∥∥∥
2
cos

(
ϕ(p)

)2 , cos
(
ϕ(p)

)2 =
∣∣∣h̃(p)

n,k[u, i]Hh̃n,k[u, i]
∣∣∣
2
, (6.51)

with 0 ≤ ϕ(p) ≤ π/2 denoting the principal angle of the subspace prediction error. In
this case,CM is reduced to a scalar and has an impact only on the variance of the error

tangent. Notice that the variance is increased in fading dips, i.e., when
∥∥∥h(ct)

n,k [u, i]
∥∥∥
2

is small, and in case the subspace prediction error is large.

Error Tangent Statistics for I.I.D. Gaussian Channels

When the channel matrix is I.I.D. Gaussian distributed
[
H(ct)

n,k [u, i]
]

l,m
∼

NC

(
0, γu,i

)
, it is possible to determine the expected value of the matrix CM with

respect to the unknown range space component ofH(ct)
n,k [u, i]within span(H̃(p)

n,k[u, i]).
This is achieved by considering the inverse of CM
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C−1
M = Yn,k[u, i]Λn,k[u, i]2Yn,k[u, i]H = H̃(p)

n,k[u, i]HH(ct)
n,k [u, i]H(ct)

n,k [u, i]HH̃(p)
n,k[u, i].

(6.52)

With a compact SVD of the channel matrix H(ct)
n,k [u, i] = UΣVH, this product is

written as

C−1
M = H̃(p)

n,k[u, i]HUΣ2UHH̃(p)
n,k[u, i]. (6.53)

Notice that U is an isotropically distributed unitary matrix that is statistically inde-
pendent of the singular value matrix Σ , due to the assumption that the channel is
I.I.D. Gaussian and hence also isotropic [37, Theorem1]. Applying an SVD to the
product H̃(p)

n,k[u, i]HU = Q cos (Φ) WH, the inverse of CM is obtained as

C−1
M = Q cos (Φ)

(
WHΣ2W

)
cos (Φ) QH. (6.54)

Due to the isotropy of U, its projection onto span
(
H̃(p)

n,k[u, i]) is isotropically distrib-
uted within the subspace. Hence, the NR[u, i] × NR[u, i] matrices Q, cos (Φ) and
W are statistically independent, and Q and W are isotropically distributed unitary
matrices [37, Theorem1]. Furthermore, cos (Φ) is composed of the cosines of the
principal angles between span

(
H̃(p)

n,k[u, i]) and span
(
H̃n,k[u, i])

cos (Φ) = diag
(
cos

(
ϕ

(p)
1

)
, . . . , cos

(
ϕ

(p)
NR[u,i]

))
. (6.55)

Because of the isotropy of W and its statistical independence of Σ , it follows that

WHΣ2W ∼ W C

NR[u,i]
(
NT[i], γu,i INR[u,i]

)
, (6.56)

with W C

NR[u,i]
(
NT[i], γu,i INR[u,i]

)
denoting a central complex-valued Wishart distri-

bution of dimension NR[u, i], having NT[i] DoF. With this notation, the correlation
matrix CM is obtained as

CM = Q cos (Φ)−1 (
WHΣ2W

)−1
cos (Φ)−1 QH, (6.57)

where the inverse matrix in the center is distributed according to the inverse Wishart
distributionW −C

NR[u,i]
(
NT[i], γ −1

u,i INR[u,i]
)
. Correspondingly, the expected value ofCM

can be calculated as [38]

E (CM) = E
(
Q cos (Φ)−2 QH

)

γu,i (NT[i] − NR[u, i])

= 1

γu,i (NT[i] − NR[u, i])

⎛

⎝ 1

NR[u, i]
NR[u,i]∑

j=1

1

cos
(
ϕ

(p)
j

)2

⎞

⎠ INR[u,i], (6.58)
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where the second equality follows from the isotropy of Q. Hence, averaging out the
unknown orientation of the range space component ofH(ct)

n,k [u, i]within the unknown
singular values and span

(
H̃(p)

n,k[u, i]
)
, a scaled identity matrix is obtained. The exact

scaling is determined by the distribution of the chordal distance prediction error
among the subspace dimensions. Notice that the expected value of (6.51) in case of
I.I.D. Rayleigh fading is obtained from (6.58) by setting NR[u, i] = 1.

Quantization Algorithm

Based on the observations of the previous paragraphs, a predictive Grassmannian
quantizer is proposed that generates at each time instant k a quantization codebook,
according to the tangent statistics derived in Eqs. (6.47) and (6.50). To determine the
correlation matrix C(t)

n,k[u, i] in (6.50), a subspace prediction H̃(p)
n,k[u, i] is required

at the CSI encoder and the decoder. In this paragraph the prediction is assumed
to be given; subspace prediction algorithms are proposed in the next paragraph. In

general the scaling
(

σe[n,k]
λn,k [u,i]

)2
of C(t)

n,k[u, i] is time-dependent; a tracking algorithm

is proposed to adapt the scaling of the quantization codebook correspondingly. As
described in Sect. 6.1.2, the chordal distance is employed as quantization metric.
The chordal distance cannot be evaluated directly in the tangent space associated
with the Grassmannian. It is therefore necessary to project the tangent codebook
onto the manifold to obtain an equivalent Grassmannian codebook that enables the
quantization. The quantization algorithm is described in the following steps:

1. Initialize the codebook scale parameter sn,0[u, i] = 0 and the scale growth rate
g > 1. These parameters are used to track the scaling of C(t)

n,k[u, i].
2. Initialize a Gaussian quantization codebook Q(0)

u,i of size 2
b for a standard nor-

mal random matrix of size NT[i] × NR[u, i]. Here this codebook is randomly
generated

Q(0)
u,i =

{
Q(0)

j

∣∣∣
[
Q(0)

j

]

l,m
∼ NC (0, 1)

}
. (6.59)

3. Correlate the elements of Q(0)
u,i to match the correlation of the prediction error

C[u, i]1/2Ēn,k[u, i]

Q(corr)
u,i =

{
C[u, i]1/2Q(0)

j

∣∣ ∀Q(0)
j ∈ Q(0)

u,i

}
. (6.60)

Repeat the following steps for each k > 0:
4. Predict the current subspace and calculate the projection matrix Pn,k[u, i] in

Eq. (6.41).
5. Project the correlated codebook onto the orthogonal complement of

span
(
H̃(p)

n,k[u, i]) to determine the tangent codebook matching the structure of

the error tangent correlation matrix C(t)
n,k[u, i] defined in (6.50)
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Q(t)
n,k[u, i] =

{
Pn,k[u, i]Q j

∣∣∣ ∀Q j ∈ Q(corr)
u,i

}
⊂ T

(
H̃(p)

n,k[u, i]
)

. (6.61)

6. Calculate two scaled codebooks to track the scaling of C(t)
n,k[u, i]

Q(t)
−,n,k[u, i] =

{
gs− Q(t)

j

∣∣ ∀Q(t)
j ∈ Q(t)

n,k[u, i]
}

, (6.62)

Q(t)
+,n,k[u, i] =

{
gs+ Q(t)

j

∣∣ ∀Q(t)
j ∈ Q(t)

n,k[u, i]
}

, (6.63)

s− = sn,k−1[u, i] − 1, s+ = min
(
sn,k−1[u, i] + 1, 0

)
. (6.64)

7. Project the obtained tangent codebooks onto the manifold to obtain two Grass-
mannian codebooks Q−,u,i [n, k] and Q+,u,i [n, k]. This is achieved with the
geodesic Γ (·)

Q−,n,k[u, i] =
{
Γ

(
H̃(p)

n,k[u, i], Q(t)
j , 1

) ∣∣∣∣∀Q(t)
j ∈ Q(t)

−,n,k[u, i]
}

, (6.65)

Q+,n,k[u, i] =
{
Γ

(
H̃(p)

n,k[u, i], Q(t)
j , 1

) ∣∣∣∣∀Q(t)
j ∈ Q(t)

+,n,k[u, i]
}

. (6.66)

8. Quantize the observed subspace H̃n,k[u, i] with respect to both Grassmannian
codebooks

Q− = argmin
Q j ∈Q−,n,k [u,i]

d2c
(

H̃n,k[u, i], Q j

)
, d− = d2c

(
H̃n,k[u, i], Q−

)
, (6.67)

Q+ = argmin
Q j ∈Q+,n,k [u,i]

d2c
(

H̃n,k[u, i], Q j

)
, d+ = d2c

(
H̃n,k[u, i], Q+

)
. (6.68)

9. Determine the “winning” codebook, i.e., the one with minimum quantization
error

w = argmin
i∈{−,+}

di . (6.69)

10. Determine the quantized channel subspace and update the codebook scale para-
meter

Ĥn,k[u, i] = Qw ∈ Qw,n,k[u, i], sn,k[u, i] = sw. (6.70)

11. Feedback the indices of Qw and sw.

The tangent codebook obtained in step 2 of the algorithm is equal in distribution to
the error tangent specified by Eqs. (6.47) and (6.50), despite a scaling factor. The

codebook scale parameter sn,k[u, i] is employed to track the scaling
(

σe[n,k]
λn,k [u,i]

)2
of

C(t)
n,k[u, i], by determining the appropriate up- or down-scaling of the codebook scale

parameter in steps 3 and 6 of the algorithm. The ratio of the scaling between two
consecutive time instants is given by
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gsn,k [u,i]

gsn,k−1[u,i] = g±1. (6.71)

Thus, the tracking speed of the algorithm is determined by the variance growth
rate g; increasing g causes a faster tracking speed, but also a larger steady state
tracking error. The optimal value of g is determined by means of simulations in my
corresponding publication [39], where it is shown that the optimum depends on the
subspace dimension, but the sensitivity of the algorithm to the calibration of g is not
strongly pronounced. In this publication also the accuracy of the approximation of
the error tangent statistics in (6.47) is evaluated, demonstrating that the estimated
tangent variance fits well to the observed variance up to very high channel Doppler
frequencies.

The feedback overhead of the proposed quantization algorithm is b + 1 bits per
quantization instant. The 1bit overhead is caused by the codebook scale parame-
ter that must be signaled to the decoder as additional side-information. The same
prediction algorithm is employed at the encoder and at the decoder, such that both
sides are able to calculate the two scaled codebooks Q−,n,k[u, i] and Q+,n,k[u, i].
With the feedback information, i.e., the indices of Qw and sw, the quantized channel
subspace Ĥn,k[u, i] and the scale parameter sn,k[u, i] can therefore be reproduced by
the decoder.

Prediction Algorithm

The Grassmannian quantization algorithm proposed in the previous paragraph is
based on the availability of a prediction H̃(p)

n,k[u, i] of the current channel subspace,
to calculate a quantization codebook that is matched to the temporal evolution of
the subspace. The prediction algorithm must be based on quantized CSI to enable
the prediction at the encoder and at the decoder. Trivially, the previously quantized
subspace can be employed as a prediction H̃(p)

n,k[u, i] = Ĥn,k−1[u, i], leading to a
differential quantizer as proposed in [40]. Better performance can be achieved with a
more sophisticated prediction. One possibility is to implement the prediction directly
on the Grassmann manifold, e.g., by means of a linear predictor

H̃(p)
n,k[u, i] =

Np∑

j=1

Ĥn,k− j [u, i] a j . (6.72)

In general, the obtained prediction H̃(p)
n,k[u, i] is not compatible with the considered

semi-unitary matrix representation of points on G (NT[i], NR[u, i]), which could be
resolved by applying an SVD decomposition after linear prediction to determine the
corresponding subspace. With this approach, however, an optimal solution for the
filter coefficients is hard to obtain.

This difficulty canbe avoidedbypredicting the tangentT
(
Ĥn,k−1[u, i], H̃n,k[u, i])

between the quantized subspace Ĥn,k−1[u, i] at time instant k − 1 and the observed
subspace H̃n,k[u, i] at time instant k. With the geodesic defined by this predicted
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tangent, a subspace prediction H̃(p)
n,k[u, i] can indirectly be obtained. In the tangent

space well known prediction algorithms from Euclidean geometry can be reused.
Although statistical models for the temporal evolution of the channel matrix exist,
there are no corresponding models for the temporal evolution of tangents available.
Due to the highly nonlinear relationship between subspaces and tangents, it is difficult
to derive such amodel. Instead, predictors that are not based on an underlying channel
model are proposed here. For one-dimensional subspaces adaptive Finite Impulse
Response (FIR) filters are employed, while a regression model is considered for
higher dimensional subspaces. The adaptive filtering approach is not used for higher
dimensional subspaces, due to the large number of filter coefficients required to
achieve an accurate prediction and the corresponding slow filter convergence speed.

The basic idea of regression based prediction is proposed by Zhang et.al. for one-
dimensional subspaces in [41] under the name robust Grassmannian prediction. Its
extension to higher dimensional subspaces is straightforward and is conducted in
my publication [42]; the interested reader is referred to this publication for details.
The basic idea is to apply a linear regression to the tangents observed over multiple
time instants and to predict the current tangent based on this regression. Compared to
the adaptive filter based approach proposed below, the regression has the advantage
that the filter convergence phase of the adaptive filter is omitted, despite a slightly
reduced prediction performance as shown in Sect. 6.2.3.

Adaptive Filter Based Prediction of One-Dimensional Subspaces

The following predictor is derived for a prediction on the Grassmann manifold
G (NT[i], 1). An auto-regressivemodel of order Np is considered to describe the tem-
poral evolution of the tangent random process. The prediction is based on quantized
CSI. The tangent describing the geodesic between the quantized channel subspaces
ĥn,k−1[u, i] and ĥn,k[u, i] at consecutive time instants is denoted

t(q)

n,k[u, i] = T
(

ĥn,k−1[u, i], ĥn,k[u, i]
)

∈ T
(

ĥn,k−1[u, i]
)

. (6.73)

At time instant k, a prediction h̃(p)

n,k [u, i] of the subspace h̃n,k[u, i] is required by
the quantizer to calculate the quantization codebook. This prediction is obtained

indirectly byfirst predicting the tangent tn,k[u, i] = T
(

ĥn,k−1[u, i], h̃n,k[u, i]
)
using

a linear predictor of order Np

t(p)

n,k [u, i] =
Np∑

j=1

t̄(q)

n,k− j [u, i] a( j)
n,k[u, i] = T(q)

n,k[u, i]an,k[u, i], (6.74)

T(q)

n,k[u, i] =
[
t̄(q)

n,k−1[u, i], . . . , t̄(q)

n,k−Np
[n, k − Np]

]
∈ T

(
ĥn,k−1[u, i]

)
, (6.75)

an,k[u, i] =
[
a(1)

n,k[u, i], . . . , a
(Np)

n,k [u, i]
]T

. (6.76)
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A linear combination of tangent vectors as in (6.74) is only meaningful if the tan-
gents are defined in the same tangent space. Hence, the tangents t(q)

n,k− j [u, i], j ∈
{1, . . . , Np} cannot directly be employed in (6.74). Instead, it is necessary to trans-
port the geometric information contained in t(q)

n,k− j [u, i] from the respective tangent

space T
(
ĥn,k− j−1[u, i]) to the current position T (

ĥn,k−1[u, i]). This is enabled by

means of parallel transport. Thus, parallel transported versions t̄(q)

n,k− j [u, i] of the
previously observed tangents t(q)

n,k− j [u, i] are employed in (6.74). This is achieved by

updating the matrix T(q)

n,k[u, i] at each time instant k, as soon as ĥn,k[u, i] is observed,
as follows:

1. Circularly shift the columns of T(q)

n,k[u, i] by one to the right.

2. Calculate the tangent t(q)

n,k[u, i] and replace the first column of T(q)

n,k[u, i] with

t(q)

n,k[u, i].
3. Parallel transport the columns ofT(q)

n,k[u, i] along the geodesic defined by t(q)

n,k[u, i]
from T

(
ĥn,k−1[u, i]) to T (

ĥn,k[u, i]).
[
T(q)

n,k+1[u, i]
]

:, j
= Π

(
ĥn,k−1[u, i], ĥn,k[u, i],

[
T(q)

n,k[u, i]
]

:, j

)
, (6.77)

with Π(·) denoting the parallel transport operator.

The predictor coefficients an,k[u, i] are trained with a stochastic gradient algorithm,
namely the normalized least mean squares algorithm [43]. Defining the tangent pre-
diction error at time k as

e(p)

n,k [u, i] = t(q)

n,k[u, i] − t(p)

n,k [u, i] = t(q)

n,k[u, i] − T(q)

n,k[u, i]an,k[u, i], (6.78)

the filter coefficient update rule is obtained as

an,k+1[u, i] = an,k[u, i] + μ
T(q)

n,k[u, i]H
∥∥∥T(q)

n,k[u, i]
∥∥∥
2 e(p)

n,k [u, i]. (6.79)

The step size μ, determining the trade-off between the filter convergence speed and
the steady-state MSE, has to satisfy 0 < μ < 2 for convergence [43]. Notice that the
error (6.78) is calculated with the tangent t(q)

n,k[u, i] obtained from the quantized sub-

space ĥn,k[u, i] and not from the actual subspace h̃n,k[u, i]. Therefore, the accuracy
of the prediction of h̃n,k[u, i] is impacted by the quantization error. This approach is
necessary to enable the prediction at the decoder, which has only access to quantized
CSI.

In Fig. 6.1, a schematic of the concatenation of the proposed quantization, pre-
diction and codebook generation methods is illustrated, visualizing the interplay
between the different components. The quantized subspace is passed from the
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Fig. 6.1 Structure of the Grassmannian subspace quantizer visualizing the different components

quantizer to the predictor at both ends of the feedback link to enable the prediction of
the next subspace. Based on this prediction and on information about the previously
employed codebook scaling, a new quantization codebook is calculated that spans
a certain volume on the Grassmann manifold around the predicted subspace. Over
a dedicated feedback channel the quantized CSI is passed from the encoder to the
decoder in form of the codebook index and the scale index. This information is suf-
ficient for the decoder to reconstruct the quantized channel subspace and to prepare
the codebook for the next time instant.

6.2.3 Evaluation of the Quantization MSE

In this section, the performance of the proposed Grassmannian quantization algo-
rithms is investigated by means of Monte-Carlo simulations. The chordal distance
MSE as defined in Eq. (6.28), providing a natural distance measure for points on
the Grassmannian, is employed as performance metric. The chordal distance also
determines the achievable rate loss of BD based MU-MIMO with quantized CSIT
compared to perfect CSIT; see Sect. 7.1 for details.

In the first simulation, predictive Grassmannian quantization on G (4, 1) is con-
sidered using the quantization codebook sizes Q ∈ {8, 32, 128} which translates to
a CSI feedback overhead of b ∈ {3, 5, 7} + 1 bit, due to the 1 bit overhead caused by
the codebook scale index. The performance of differential quantization [40], robust
Grassmannian prediction [41] and the adaptive filter based prediction proposed in the
previous section is compared. The temporal correlation is determined by Clarke’s
model. The results are plotted in dependency of the normalized channel Doppler
frequency νd defined in Eq. (5.35). The appropriate length Np of the prediction filter
is determined by the channel correlation according to Clarke’s model. The length is
set as

http://dx.doi.org/10.1007/978-981-10-0617-3_7
http://dx.doi.org/10.1007/978-981-10-0617-3_5
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Np = min

(⌈
1.5

2πνd

⌉
, 20

)
, (6.80)

employing past values with a correlation of≥ 0.5 for prediction, where the argument
of the Bessel function determining the correlation in Clarke’smodel is approximately
1.5 [44]. The maximum filter length is restricted to 20 taps to achieve moderate
complexity and a reasonable filter convergence speed. The channel gain matrix is
assumed as an identity matrix.

The results of the simulation are shown in Fig. 6.2a. The performance of the quan-
tizer is strongly dependent on the Doppler frequency, which determines the channel
correlation according to (5.34).With increasingDoppler frequency the channel corre-
lation is reduced, leading to a larger prediction error and thus to an increased variance
of the error tangent Tn,k[u, i]. It can be seen that the slope of the MSE achieved with

Fig. 6.2 MSE performance
comparison of the proposed
predictive Grassmannian
quantizer using different
prediction algorithms. a
Predictive quantization on
G (4, 1). b Predictive
quantization on G (8, 2).

(a)

(b)

http://dx.doi.org/10.1007/978-981-10-0617-3_5
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the adaptive filter based predictor and the robust predictor is similar. Differential
quantization is significantly outperformed by predictive quantization if the channel
correlation is sufficiently large, i.e., at low Doppler frequencies. Notice though that
this observation depends on the considered channel model. In [40] it is observed
that quantizers using higher order prediction do not achieve a gain over differential
quantizers in case the temporal channel evolution is determined by an autoregres-
sive model of order 1. This is evident, because in this case the current channel is
obtained by adding I.I.D. noise to the previous channel realization; as the I.I.D. noise
cannot be predicted, the best approach is to use the previous quantized observation
as prediction. Comparing adaptive prediction and robust prediction, it can be seen
that the adaptive filter is able to extract a prediction gain already at higher Doppler
frequencies. With a similar or even slightly improved slope, this gain is maintained
over the full range of considered Doppler frequencies. The gain is achieved because
the adaptive filter adjusts to the temporal statistics of the tangents, in contrast to the
tangent regression model employed by [41], which does not exploit any statistical
information.

Similar observations are obtained if quantization of higher dimensional subspaces
is investigated. In Fig. 6.2b, the quantization performance on G (8, 2) is shown. In
this case, a CSI feedback overhead of 7bit and 11bit is considered. A comparison
of differential quantization and predictive quantization is conducted. The predictive
quantizers employ the robust prediction algorithm of [42]. Again it is observed that
a larger MSE slope is achieved with predictive quantization compared to differential
quantization, leading to a significantly reduced quantization error at lowDoppler fre-
quencies. The gain obtained by jointly quantizing all subspace dimensions (denoted
as matrix quantization) is investigated by comparing to an individual quantization
of the subspace dimensions (vector quantization). In case of matrix quantization, a
matrix codebook of size Qm ∈ {64, 1024} is employed, while with vector quantiza-
tion the codebook size has to be reduced to Qv ∈ {6, 23} to achieve the same feedback
overhead of log2 (64) + 1 ≈ 2 (log2 (6) + 1) ≈ 7 bit respectively 11bit. Due to the
reduced codebook size, individual quantization of the subspace dimensions is outper-
formed by joint quantization. With a growing subspace dimension the performance
difference is also increased.

In the next simulation, the effect of different channel gains experienced in a DAS
on the quantization performance is considered, by assuming a channel gain matrix
of the form

C[u, i] = diag (1, 1, 1, 1, γs, γs, γs, γs) ,

with γs ∈ [0, 1]. Effectively this causes a gradual switching from the quantiza-
tion on G (4, 1) to G (8, 1). A codebook size of Q = 16 is assumed. The perfor-
mance of memoryless quantization, using the correlated RVQ codebook proposed in
Sect. (6.2.1), is compared to the MSE of predictive quantization, employing adaptive
filter based prediction. The obtained quantization MSE is shown in Fig. 6.3. It can
be seen how the quantizers adapt to the varying channel gains. With decreasing γs

the quantization MSE is improved from the pure 8 × 1 performance at γs = 1 to
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Fig. 6.3 Quantization MSE
achieved with memoryless
and predictive quantization
in a DAS with varying
channel gain differences

the pure 4 × 1 curve at γs = 0. Also, the performance improvement of predictive
quantization over memoryless quantization at low to moderate Doppler frequencies
is demonstrated in Figure6.3.
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Chapter 7
Advanced Multi User MIMO Concepts

Markus Rupp, Stefan Schwarz and Martin Taranetz

We start with extensions to systems with excess antennas in Sect. 7.1. In the
following Sect. 7.2, the feedback methods are extended to frequency selective sys-
tems by means of interpolation and clustering, and the lower bound on the Signal
to Interference and Noise Ratio (SINR) for Channel Quality Indicator (CQI) feed-
back is presented in Sect. 7.2.2. The performance of the methods and algorithms
is investigated in Sect. 7.2.3 through extensive Monte-Carlo simulations. Relevant
background information on the Grassmann manifold, useful for the understanding
of the proposed Grassmannian quantizer, is provided in [1, Appendix C]. Proofs and
derivations related to the antenna combiners and the SINR lower bound proposed
in this chapter are presented in [2, 3]. The Multiple-Input Multiple-Output (MIMO)
Minimum Mean Square Error (MMSE) equalizer that is employed in some of the sim-
ulations presented in Sect. 7.2.3 is derived in [4]. The impact of the residual multi-user
interference due to Channel State Information at the Transmitter (CSIT) inaccuracies
is effectively reduced by this equalizer by exploiting the Block Diagonalization (BD)
construction to estimate the multi-user interference. More details are in [2–11].

7.1 Extension to Systems with Excess Antennas

The performance of Zero Forcing (ZF) beamforming and BD precoding based Multi
User Multiple-Input Multiple-Output (MU-MIMO) with quantized CSIT has been
studied thoroughly in the literature, for the case that the number of data streams per
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user �[u, i][k] is equal to the number of receive antennas NR[u, i]. It is shown in [12]
that the Channel State Information (CSI) feedback overhead of ZF beamforming
must be scaled linearly with the logarithmic Signal to Noise Ratio (SNR) (the SNR
in [dB]) to achieve the same multiplexing gain as in a system with perfect CSIT. A
similar bit-scaling law is determined in [13] for BD precoding to multiple users, if the
number of data streams per user is equal to the number of receive antennas. In [14], the
results of [12] on ZF beamforming are extended to the case that the users are equipped
with multiple receive antennas. An efficient antenna combining algorithm denoted
as Quantization Based Combining (QBC) is proposed, which exploits the excess
antennas to minimize the CSI quantization error. With this strategy a significant
reduction of the residual multi-user interference is achieved, implying a reduced
slope of the feedback bit-scaling law.

In this section, the QBC algorithm of [14] is extended to multiple data-streams
per user via BD precoding, for the case that the number of data streams per user
is less than or equal to the number of receive antennas, i.e., �[u, i][k] ≤ NR[u, i].
The performance of the obtained Subspace Quantization Based Combining (SQBC)
algorithm is investigated analytically by deriving the statistics of the Gramian of
the effective channel when including the antenna combiner. An upper bound on the
rate loss of a BD system employing SQBC with quantized CSIT compared to a BD
system with perfect CSIT is derived. It is shown that this bound generalizes the
previous results [12–14]. The corresponding scaling law of the feedback overhead
to achieve the same multiplexing gain as a system with perfect CSIT is calculated.
Depending on the number of data streams per user, the slope of the bit-scaling law
is significantly reduced compared to BD without antenna combining.

To set the basis for the proposed antenna combining algorithm, previous results on
the rate loss of ZF and BD precoding systems with quantized CSIT are summarized
in Sect. 7.1.1. The SQBC strategy, derived and analyzed in Sect. 7.1.2, is compared
to a conventional antenna combining method, namely Maximum Eigenmode Trans-
mission (MET), which considers maximization of the effective channel gain of a
user. The performance of MET with quantized CSIT is evaluated in Sect. 7.1.3 by
deriving an upper bound on the rate loss with respect to perfect CSIT. Although MET
provides an advantage in case of perfect CSIT, a significant throughput improvement
is obtained with SQBC in interference-limited scenarios if a reasonable CSI feedback
overhead is considered. The RE index [n, k] is partly omitted for intermediate steps
and auxiliary variables to shorten notations.

7.1.1 Summary of Previous Results

Important results that assess the sensitivity of special cases of BD based MU-MIMO
systems with respect to the CSI quantization error are summarized below under
the assumption of independent and Identically Distributed (I.I.D.) Rayleigh fading

channels, i.e.,
[
H(ct)

n,k [u, i]
]

n,m
∼ NC (0, γ [u, i]), with γ [u, i] denoting the macro-

scopic fading loss. A symmetric system is investigated where all users have the same
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number of antennas and receive an equal number of data streams �k[u, i] = NL, ∀u.
The scheduleSn,k[i] is supposed to be time independent, constantly serving the same
set of S[i] = NT[i]

NL
users in parallel (supposed to be integer-valued). CSI quantization

is achieved with an Random Vector Quantization (RVQ) quantization codebook.

ZF Beamforming with NL = NR[u, i] = 1

The gap between the per-user transmission rate achieved with ZF beamforming based
on perfect CSIT (see Eq. (6.16)) and the rate of ZF beamforming with quantized CSIT
(see Eq. (6.25)) employing RVQ is upper-bounded by [12]

RZF − RZF-Quant ≤ log2

(
1 + Pi γ [u, i]

σ̃ 2
z

D

)
, D = 2− b

NT [i]−1 , (7.1)

with D being the average distortion achieved with RVQ. To maintain a bounded rate
gap, the number of feedback bits b must be scaled linearly with the logarithmic SNR,
with a slope that is determined by the number of transmit antennas NT[i].

BD Precoding with NL = NR[u, i] ≥ 1

The performance of “pure” BD precoding without receive antenna combining is
investigated in [13]. The number of streams NL per user is here equal to the number
of receive antennas NR[u, i]. The per-user rate gap between BD precoding with
perfect CSIT and BD precoding with quantized CSIT is upper-bounded by

RBD − RBD-Quant ≤ NR[u, i] log2

(
1 + Pi γ [u, i]

σ̃ 2
z NR[u, i]D

)
, (7.2)

D = CBD 2− b
NR [u,i](NT [i]−NR [u,i]) . (7.3)

As before it is observed that the number of feedback bits must be scaled linearly with
the SNR in [dB] to maintain a bounded rate gap, with a slope that depends on both
NT[i] and NR[u, i]. The constant CBD is specified in [15]. Setting NL = NR[u, i] = 1
this bound reduces to the result of [12].

ZF Beamforming with NL = 1, NR[u, i] ≥ 1 and Receive Antenna Combining

ZF beamforming with multiple receive antennas is considered in [14]. The QBC
antenna combiner proposed in [14] results in an effective channel that can be quan-
tized with minimal quantization error, given the quantization codebook Q[u, i]. In
that way, the expected residual multi-user interference is minimized without requir-
ing knowledge about the interference statistics. On the downside, the gain of the
effective channel is reduced when applying QBC, causing a loss in the received
power of the intended signal. Still, in interference limited scenarios this power-loss
is outweighed by the reduction of the multi-user interference. The rate gap between
ZF beamforming with N (ZF)

R [u, i] = 1 and perfect CSIT and ZF beamforming with
NR[u, i] > 1 employing QBC and quantized CSIT is bounded by

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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RZF − R(NR[u,i])
QBC ≤ log2

(
1 + Pi γ [u, i]

σ̃ 2
z

NT[i] − NR[u, i] + 1

NT[i] D

)

+ log2 (e)
NT[i]−1∑

�=NT[i]−NR[u,i]+1

1

�
, (7.4)

with D being proportional to 2− b
NT [i]−NR [u,i] as specified in [14]. Hence, with

NR[u, i] > 1, the distortion is reduced compared to Eq. (7.1). The superscript (NR[u,i])
is employed to highlight the important dependency of the performance of QBC on
the number of available receive antennas. In contrast to the other bounds consid-
ered above, a constant residual rate loss (the second summand) is caused by the
application of QBC, which does not depend on the quantization accuracy and thus
cannot be reduced by increasing the feedback overhead. This loss is caused by the
reduced channel gain of QBC compared to the single receive antenna system. With
NR[u, i] = 1 the result of [12] is recovered.

7.1.2 Subspace Quantization Based Combining

Considering the list of previous work on theoretical performance bounds for ZF
and BD MU-MIMO with limited feedback presented in the previous section, it is
noticed that the general case of BD precoding with 1 ≤ �k[u, i] ≤ NR[u, i] and receive
antenna combining is not evaluated. This general case is investigated below by first
extending the QBC method to multi-stream transmission per user and then deriving
an upper-bound on the rate loss compared to perfect CSIT, generalizing the results
of [12–14] presented above.

SQBC Algorithm

The proposed antenna combiner is designed such as to generate an effective channel
that can be quantized with minimal subspace quantization error, given the quantiza-
tion codebook Qn,k[u, i] and the number of streams �k[u, i], that is,

{
G(SQBC)

n,k [u, i], Ĥ(SQBC)
n,k [u, i]

}
= argmin

G,Qj

d2
c

(
H(ect)

n,k [u, i], Qj

)

= argmin
G,Qj

d2
c

(
H(ct)

n,k [u, i]G, Qj

)
, (7.5)

subject to: G ∈ C
NR[u,i]×�k [u,i], GHG = I�k [u,i],

Qj ∈ Qn,k[u, i] =
{

Qj ∈ C
NT[i]×�k [u,i]|QH

j Qj = I�k [u,i], j ∈ {1, . . . , 2b}
}

.

Considering any Qj ∈ Qn,k[u, i], a decomposition into its range space and left null
space components with respect to H(ct)

n,k [u, i] can be applied, using an orthonormal

basis B[u, i] for span
(

H(ct)
n,k [u, i]

)
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Qj = Q(R)
j + Q(N)

j , (7.6)

Q(R)
j = H(ct)

n,k [u, i]
(

H(ct)
n,k [u, i]HH(ct)

n,k [u, i]
)−1

H(ct)
n,k [u, i]HQj

= B[u, i]B[u, i]HQj, (7.7)

Q(N)
j = (

INT[i] − B[u, i]B[u, i]H
)

Qj, (7.8)

span (B[u, i]) = span
(

H(ct)
n,k [u, i]

)
, (7.9)

B[u, i] ∈ C
NT[i]×NR[u,i], B[u, i]HB[u, i] = INR[u,i]. (7.10)

As Q(R)
j is in the range space of H(ct)

n,k [u, i], it is possible to find an antenna com-

biner G(ct)
n,k [u, i] such that the effective channel spans the same space as Q(R)

j , i.e.,

span
(
H(ct)

n,k [u, i]G(ct)
n,k [u, i]) = span

(
Q(R)

j

)
. On the other hand, the subspace distance

to the component Q(N)
j in the orthogonal complement of span

(
H(ct)

n,k [u, i]) cannot be
reduced with antenna combining. Hence, with appropriate antenna combining, the
subspace quantization error is only determined by Q(N)

j , and the minimal quantization

error is obtained with that Qj that is closest to the range space of H(ct)
n,k [u, i].

Theorem 7.1 (Subspace Quantization Based Combining) An �k[u, i] ≤ NR[u, i]
dimensional subspace of a channel matrix H(ct)

n,k [u, i] ∈ C
NT[i]×NR[u,i] is to be quantized

with a given quantization codebook

Qn,k[u, i] = {
Qj ∈ C

NT[i]×�k [u,i]|QH
j Qj = I�k [u,i], j ∈ {1, . . . , 2b}} . (7.11)

Applying an antenna combiner to generate an effective channel of dimension NT[i] ×
�k[u, i], the minimal quantization error that can be obtained and the corresponding
quantized channel subspace are

d2
c,SQBC[n, k] = min

Qj∈Qn,k [u,i]
∥∥Q(N)

j

∥∥2 = min
Qj∈Qn,k [u,i]

tr
(
(Q(N)

j )HQ(N)
j

)

= min
Qj∈Qn,k [u,i]

�k[u, i] − tr
(
B[u, i]HQjQH

j B[u, i])

= min
Qj∈Qn,k [u,i]

d2
c

(
H(ct)

n,k [u, i], Qj

)
, (7.12)

Ĥ(SQBC)

n,k [u, i] = argmin
Qj∈Qn,k [u,i]

d2
c

(
H(ct)

n,k [u, i], Qj

)
, (7.13)

with span (B[u, i]) = span
(

H(ct)
n,k [u, i]

)
, B[u, i]HB[u, i] = INR[u,i]. The corre-

sponding receive antenna combiner, generating the effective channel that achieves
this error, is obtained from the conditions

span
(

H(ct)
n,k [u, i]G(SQBC)

n,k [u, i]
) != span

(
(B[u, i]B[u, i]H)Ĥ(SQBC)

n,k [u, i]
)

, (7.14)

(G(SQBC)

n,k [u, i])HG(SQBC)

n,k [u, i] != I�k [u,i]. (7.15)
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A formal proof of this theorem is provided in [1, Appendix F]. Notice that the quanti-
zation metric (7.13) is independent of the antenna combiner. Hence, it is not necessary
for CSI quantization to calculate the combiner for each Qj, providing an advantage
in terms of computational complexity.

A solution for the antenna combiner obtained from the conditions stated in Theo-
rem 7.1 is unique only up to right-multiplication with any unitary �k[u, i] × �k[u, i]
matrix. In the following a specific solution is derived that enables further investiga-
tions on the channel statistics; an equivalent alternative solution is provided in [4].
The condition (7.14) can be written as

H(ct)
n,k [u, i]G(SQBC)

n,k [u, i] = (B[u, i]B[u, i]H)Ĥ(SQBC)
n,k [u, i]K̃[u, i], (7.16)

with an appropriate full-rank matrix K̃[u, i] ∈ C
�k [u,i]×�k [u,i]. The orthonormal basis

B[u, i] can be chosen such that the first �k[u, i] columns of B[u, i] correspond to the
range space component of Ĥ(SQBC)

n,k [u, i] with respect to H(ct)
n,k [u, i] and the remaining

NR[u, i] − �k[u, i] columns are orthogonal to Ĥ(SQBC)
n,k [u, i]

B[u, i]HĤ(SQBC)
n,k [u, i] = W[u, i]R[u, i] =

[
I�k [u,i]

0

]
R[u, i], (7.17)

W[u, i] ∈ C
NR[u,i]×�k [u,i], R[u, i] ∈ C

�k [u,i]×�k [u,i].

The channel H(ct)
n,k [u, i] is decomposed in terms of B[u, i], resulting in H(ct)

n,k [u, i] =
B[u, i]D[u, i] with D[u, i] = B[u, i]HH(ct)

n,k [u, i] ∈ C
NR[u,i]×NR[u,i]. With these

decompositions the solution for G(SQBC)

n,k [u, i] is obtained as

G(SQBC)
n,k [u, i] = H(ct)

n,k [u, i]†B[u, i]W[u, i] R[u, i]K̃[u, i]︸ ︷︷ ︸
K[u,i]

= D[u, i]−1W[u, i]K[u, i].

(7.18)

The undetermined matrix K[u, i] of size �k[u, i] × �k[u, i] is obtained by invoking
condition (7.15)

(G(SQBC)

n,k [u, i])HG(SQBC)

n,k [u, i]
= K[u, i]H

(
W[u, i]H

(
D[u, i]D[u, i]H

)−1
W[u, i]

)
K[u, i] != I�k [u,i], (7.19)

⇒ K[u, i] =
(

W[u, i]H
(

B[u, i]HH(ct)
n,k [u, i]H(ct)

n,k [u, i]HB[u, i]
)−1

W[u, i]
)−1/2

.

(7.20)

With this solution, the effective channel employing SQBC is given by

H(ect)
n,k [u, i] = H(ct)

n,k [u, i]G(SQBC)

n,k [u, i] = B[u, i]W[u, i]K[u, i] = H̃n,k[u, i]K[u, i].
(7.21)
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Channel Statistics

To derive statements about the statistics of the effective channel obtained with SQBC,
and to develop the throughput bound of the rate loss incurred with quantized CSIT
compared to perfect CSIT, it is necessary to impose additional assumptions on the
channel H(ct)

n,k [u, i] and the quantization codebook Qn,k[u, i]. Specifically, in the fol-
lowing two paragraphs the channel matrix is assumed as I.I.D. Rayleigh fading,
i.e., [H(ct)

n,k [u, i]]n,m ∼ NC (0, γ [u, i]), and RVQ is employed for channel subspace
quantization. Also, the number of streams per user is assumed as time independent
�k[u, i] = �[u, i].
Lemma 7.1 The subspaces spanned by the effective channels H(ect)

n,k [u, i],∀u are
statistically independent and isotropically (uniformly) distributed on G (NT[i] ,

�[u, i]).
Proof From (7.14) it is known that the subspace spanned by H(ect)

n,k [u, i] is determined

by the projection of the best quantization matrix Ĥn,k[u, i] onto span
(

H(ct)
n,k [u, i]

)
.

Since the quantization matrices are isotropically distributed on G (NT[i], �[u, i]),
their projections onto span

(
H(ct)

n,k [u, i]
)

are isotropically distributed within this sub-

space. This holds also true for the best quantization matrix, since it is chosen
based solely on the Frobenius norm of the null space component. Furthermore, the

subspace span
(

H(ct)
n,k [u, i]

)
itself is isotropically distributed on G (NT[i], NR[u, i]),

since we assume i.i.d. Rayleigh fading. Thus, span
(

H(ect)
n,k [u, i]

)
is isotropically dis-

tributed on G (NT[i], �[u, i]). Finally, the quantization codebooks and channels of
different users are statistically independent, implying statistical independence of
Heff

1,i [n, k], . . . , Heff
S[i],i[n, k].

Lemma 7.2 The Gramian of the effective channel (H(ect)
n,k [u, i])HH(ect)

n,k [u, i] is
complex-valued Wishart distributed of dimension �[u, i], with NT[i] − NR[u, i] +
�[u, i] degrees of freedom and identity scale matrix

(H(ect)
n,k [u, i])HH(ect)

n,k [u, i] ∼ W C

�[u,i]
(
NT[i] − NR[u, i] + �[u, i], γ [u, i] I�[u,i]

)
.

(7.22)

The proof of this lemma is provided in [1, Appendix F].

Throughput Analysis

Utilizing the results of the previous paragraph, it is possible to derive an upper
bound on the rate loss of BD precoding with quantized CSIT and excess receive
antennas NR[u, i] ≥ �[u, i], with respect to BD precoding with perfect CSIT but

having no excess antennas at the receivers, i.e., N (BD)
R [u, i] = �[u, i]. In case of excess

antennas, it is assumed that the users employ SQBC antenna combining to determine
the channel subspace feedback according to the quantization metric in Theorem 7.1.
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The quantized CSIT is used by the base station to calculate the precoders from (6.4)
and (6.22), respectively. The same symmetric scenario as in Sect. 7.1.1 is considered,
i.e., all S[i] users are equipped with the same number of NR[u, i] receive antennas and
are served over the same number of �[u, i] = NL data streams. An RVQ quantization
codebook is employed for quantization of the effective channel subspace.

According to (6.16), the achievable user rate of BD with perfect CSIT and no
excess antennas is

R(NL)
BD = E log2 det

(
INL + ρ H(ct)

n,k [u, i]HF̃n,k[u, i]F̃n,k[u, i]HH(ct)
n,k [u, i]

)
, (7.23)

ρ = Pi

σ̃ 2
z S[i] NL

, (7.24)

with H(ct)
n,k [u, i] = H(ect)

n,k [u, i] because N (BD)
R [u, i] = NL. The expected value is calcu-

lated with respect to the channel and the precoder. Similarly, with quantized CSIT,
NL ≤ NR[u, i] data streams and application of SQBC antenna combining, the achiev-
able rate is obtained as

R(NL,NR[u,i])
SQBC = E log2 det

(
INL + ρ

S[i]∑

s=1

H(ect)
n,k [u, i]HF̃n,k[s, i]F̃n,k[s, i]HH(ect)

n,k [u, i]
)

− E log2 det

⎛

⎝INL + ρ

S[i]∑

s=1,s �=u

H(ect)
n,k [u, i]HF̃n,k[s, i]F̃n,k[s, i]HH(ect)

n,k [u, i]
⎞

⎠ ,

(7.25)

ρ = Pi

σ̃ 2
z S[i] NL

, (7.26)

with H(ect)
n,k [u, i] being determined by Eq. (7.21). Here, the expected value is addi-

tionally calculated over quantization codebook realizations. Similar to the bounds
proposed in [12–14], i.e., Eqs. (7.1), (7.3), and (7.4), the throughput loss R(NL)

BD −
R(NL,NR[u,i])

SQBC can be upper bounded:

Theorem 7.2 (SQBC rate loss) Consider a broadcast system with NT[i] transmit
antennas, NR[u, i] receive antennas per user and transmit power Pi. The system
serves S[i] users with NL ≤ NR[u, i] streams each, over I.I.D. Rayleigh fading chan-
nels with additive Gaussian receiver noise of variance σ̃ 2

z . The per-user throughput
loss of BD precoding employing SQBC with quantized CSIT compared to BD precod-
ing with perfect CSIT, but having only NR[u, i](BD) = NL receive antennas, is upper
bounded by

R(NL)
BD − R(NL,NR[u,i])

SQBC ≤ NL log2

(
1 + ρ γ [u, i] NT[i] − NR[u, i] + NL

NT[i] − NL
(S[i] − 1) D

)

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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+ log2 (e)
NL−1∑

k=0

NT[i]−1∑

�=NT[i]−NR[u,i]+NL

1

� − k
, ρ = Pi

σ̃ 2
z S[i] NL

.

(7.27)

Here, the average quantization distortion in terms of subspace chordal distance
achieved with RVQ is denoted D and the macroscopic pathloss is considered in
γ [u, i].
The proof of this theorem is provided in Appendix [1, Appendix F]. As can be seen
from (7.12), the relevant distortion D for SQBC is the distortion achieved when
quantizing subspaces from G (NT[i], NR[u, i]) using a quantization codebook with
entries from G (NT[i], NL). This quantization problem is considered in [15]. It is
shown in [15], that the average distortion with random isotropically distributed quan-
tization codebooks, i.e., RVQ, is obtained as

D = E
(
d2

c,SQBC

) ≈ CSQBC 2− b
NL (NT [i]−NR [u,i]) , (7.28)

with CSQBC being a function of NL, NT[i] and NR[u, i] as specified in [15, Eqs. (8)
and (11)], and 2b being the size of the codebook. Notice, for random quantization
the upper bound of [15, Eq. (11)] is relevant; the O(1) term is omitted. By setting
appropriate values for NL, NT[i] and NR[u, i] and considering the case S[i] = NT[i]

NL
it

can be verified that (7.1), (7.3) and (7.4) are contained in (7.27).

Discussion of the Bound

The upper bound on the rate loss in (7.27) is composed of two summands captur-
ing distinct effects of the SQBC antenna combiner. The second summand, which is
abbreviated by Δa, is independent of the quantization accuracy D. From the argu-
mentation in the proof in [1, Appendix F], it follows that Δa gives a tight upper bound

on the rate loss R(NL)
BD − R(NL,NR[u,i])

SQBC for the case of perfect CSIT (b → ∞, D → 0)
and ρ γ [u, i] → ∞, i.e., at high SINR. This high SINR rate loss is caused by the
reduction of the effective channel gain due to the antenna combiner. Specifically, for
BD with NR[u, i](BD) = NL, the term H(ect)

n,k [u, i]HH(ect)
n,k [u, i] is distributed according

to W C

NL

(
NT[i], γ [u, i] INL

)
, while it is shown in Lemma 7.2 that it is distributed as

W C

NL

(
NT[i] − NR[u, i] + NL, γ [u, i] INL

)
for SQBC. This loss in Degrees of Freedom

(DoF) of the Wishart distribution is the cause for the constant rate offset Δa. Hence,
SQBC is disadvantageous if the CSI quantization accuracy is already very high.
In this case, it is better to invest the available DoF provided by the NR[u, i] ≥ NL

antennas to obtain a large effective channel gain, instead of further reducing the
quantization error.

The more important insights for limited feedback systems are captured in the first
summand of (7.27) (abbreviated by Δb). If b is fixed, this term grows to infinity as the
SNR increases, meaning that the system becomes interference limited. If b is scaled
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with the SNR, however, the rate gap can be kept constant and a multiplexing gain of
NT[i] can be achieved. Assuming S[i] = NT[i]

NL
the necessary feedback bit scaling is

determined by setting Δb equal to a constant rate loss ΔR in [bits/s/Hz]

b = NL (NT[i] − NR[u, i])
(

log2

(
Pi

σ̃ 2
z

γ [u, i]
NT[i]

)

+ log2

(
NT[i] − NR[u, i] + NL

NL
CSQBC

)
− log2

(
2

ΔR
NL − 1

))
. (7.29)

The important insight is the growth-rate of the number of feedback bits with the SNR
βdB in [dB]

db

dβdB
=NL (NT[i] − NR[u, i]) log2 (10)

10
≈ NL (NT[i] − NR[u, i])

3
, (7.30)

βdB = 10log10

(
Pi

σ̃ 2
z

)
.

It can be seen that the slope of the feedback overhead with SNR grows linearly with
the number of streams NL, and reduces with the number of receive antennas NR[u, i].
Hence, having more receive antennas with a fixed NL the CSI feedback overhead
can be decreased. Still, this does not give the full picture, because varying NL and/or
NR[u, i] also impacts the absolute achievable throughput.

To investigate this influence, the high SINR sum rate difference between two
SQBC systems with the same NT[i] and NL, but different NR[u, i] ∈ {M1, M2} is
determined. This rate difference is obtained from (7.27) by considering the bound
on R(NL)

BD − R(NL,M2)
SQBC − (

R(L)
BD − R(NL,M1)

SQBC

)
at high SINR

ΔR(M1, M2) = NT[i]
NL

(
R(NL,M1)

SQBC − R(NL,M2)
SQBC

)

= NT[i]
NL

log2 (e)
NL−1∑

k=0

NT[i]−M1+NL−1∑

�=NT[i]−M2+NL

1

� − k
, (7.31)

which results in a positive rate loss if M2 > M1. Thus, in contrast to most conven-
tional antenna combining strategies, if SQBC is employed with perfect CSIT, a rate
reduction is incurred at high SINR with growing number of receive antennas NR[u, i].
Similarly, it can be shown that the sum rate of SQBC is improved if the number of
streams per user is increased and the number of users is correspondingly decreased;
see [2] for details.
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7.1.3 Maximum Eigenmode Transmission

In this section, the performance of an alternative interference-unaware receive
antenna combining algorithm, namely MET, is investigated. With MET the effective
channel generated by a user is composed of the NL maximum eigenmodes of the
channel matrix. Hence, with perfect CSIT the NL-dimensional dominant subspace of
each users’ channel is kept free of interference, providing a potentially large channel
gain. On the other hand, the CSI quantization error achieved with MET is signif-
icantly larger than with SQBC, and thus the residual multi-user interference has a
much stronger impact on the performance of MET. The main reason for considering
MET as an alternative strategy to SQBC is that it enables an instructive investigation
on the trade off between investing the provided DoF of having NR[u, i] ≥ NL excess
antennas to maximizing the signal power by means of MET, in contrast to minimiz-
ing the CSI quantization error (and hence the expected interference power) utilizing
SQBC. Also, the complexity and CSI feedback requirements (subspace informa-
tion) of MET are very similar to those of SQBC. In [16], MET is combined with a
coordinated eigenmode selection by the base station, such that users with close to
orthogonal channels are served in parallel. In the following investigation, scheduling
is not explicitly considered.

MET Algorithm

The goal of MET is to generate an NL-dimensional effective channel that maximizes
the achievable transmission rate of a user in the absence of multi-user interference,
by applying a semi-unitary antenna combiner. This is achieved, if the transmission
to the user takes place over the NL-dimensional dominant subspace of the channel
matrix H(ct)

n,k [u, i]. Consider an Singular Value Decomposition (SVD) of the channel

matrix H(ct)
n,k [u, i] in compact form

H(ct)
n,k [u, i] = Un,k[u, i]Σn,k[u, i]Vn,k[u, i]H (7.32)

Un,k[u, i] ∈ C
NT[i]×NR[u,i], Σn,k[u, i] ∈ C

NR[u,i]×NR[u,i], Vn,k[u, i] ∈ C
NR[u,i]×NR[u,i].

Notice that Un,k[u, i], Σn,k[u, i], Vn,k[u, i] are statistically independent, and
Un,k[u, i] and Vn,k[u, i] are isotropic for I.I.D. Rayleigh fading. The channel sub-
space to be quantized is chosen as the first NL columns of Un,k[u, i], corresponding
to the NL largest singular values of H(ct)

n,k [u, i]. The quantized subspace is obtained as

Ĥ(MET)
n,k [u, i] = argmin

Qj∈Qn,k [u,i]
d2

c

([
Un,k[u, i]]:,1:NL

, Qj

)
. (7.33)

As with SQBC, the quantized channel subspace can be obtained without having to
calculate the antenna combiner for each Qj. The codebook index of the quantized
channel subspace is fed back to the base station by the users, and the BD precoder
is calculated from quantized CSIT. With the provided subspace feedback power
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loading over the eigenmodes is not reasonable, because no information about the
magnitude of the singular values is available at the base station. The corresponding
MET antenna combiner and the effective channel are given by

G(MET)
n,k [u, i] = [

Vn,k[u, i]]:,1:NL
, (7.34)

H(ect)
n,k [u, i] = [

Un,k[u, i]]:,1:NL

[
Σn,k[u, i]]1:NL,1:NL

= U(NL)

n,k [u, i]Σ (NL)

n,k [u, i] = H(NL)

n,k [u, i]. (7.35)

Throughput Analysis

The performance of BD precoding with MET antenna combining and quantized
CSIT can be evaluated in a similar way as the performance of SQBC under the
same assumptions (symmetric scenario, I.I.D. Rayleigh fading, RVQ), by deriving
an upper bound on the rate loss with respect to perfect CSIT. With the effective
channel from Eq. (7.35), the achievable per-user rate with perfect CSIT according to
Eq. (6.16) is

RMET = E log2 det
(

INL + ρ H(NL)

n,k [u, i]HF̃n,k[u, i]F̃n,k[u, i]HH(NL)

n,k [u, i]
)

. (7.36)

Similarly to (7.25), with quantized CSIT the achievable per-user rate is obtained as

RMET-Quant = E log2 det

(
INL + ρ

S[i]∑

s=1

H(NL)
n,k [u, i]HF̃n,k[s, i]F̃n,k[s, i]HH(NL)

n,k [u, i]
)

− E log2 det

⎛

⎝INL + ρ

S[i]∑

s=1,s �=u

H(NL)
n,k [u, i]HF̃n,k[s, i]F̃n,k[s, i]HH(NL)

n,k [u, i]
⎞

⎠ .

(7.37)

Theorem 7.3 (MET rate loss) Consider a multi-user broadcast system with NT[i]
transmit antennas, NR[u, i] receive antennas per user and transmit power Pi. The
system serves S[i] users with NL ≤ NR[u, i] spatial streams each, over I.I.D. Rayleigh
fading channels with additive Gaussian receiver noise of variance σ̃ 2

z . The per-user
throughput loss of BD precoding employing MET antenna combining with quantized
CSIT compared to perfect CSIT is upper bounded by

RMET − RMET−Quant ≤
NL∑

�=1

log2

(
1 + ρ σ̄ 2

�,u,i

S[i] − 1

NT[i] − NL
D

)
, ρ = Pi

σ̃ 2
z S[i] NL

.

(7.38)

Here, the average quantization distortion in terms of subspace chordal distance
achieved with RVQ is denoted D. The set

{
σ̄ 2

1 [u, i] . . . , σ̄ 2
NL

[u, i]} is composed of

http://dx.doi.org/10.1007/978-981-10-0617-3_6
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the expected values of the NL largest squared singular values of the channel matrix
H(ct)

n,k [u, i]. Hence, σ̄ 2
� [u, i] is equal to the expected value of the �-th largest eigenvalue

of H(ct)
n,k [u, i]HH(ct)

n,k [u, i] ∼ W C

NR[u,i]
(
NT[i], γ [u, i] INR[u,i]

)
, with γ [u, i] denoting the

macroscopic pathloss.

The proof of this theorem is provided in [1, Appendix F]. Notice that the macro-
scopic pathloss γ [u, i] does not appear explicitly in (7.38) but is captured in the
squared singular values. Closed form expressions for the expected eigenvalues of
H(ct)

n,k [u, i]HH(ct)
n,k [u, i] are known [17], but the expressions are involved and do not

provide further analytical insights. In contrast to the distortion D in (7.28) achieved
with SQBC, the average distortion D with MET is determined by quantizing an
isotropically distributed subspace from G (NT[i], NL) with a random codebook of
isotropically distributed entries from G (NT[i], NL) [15]

D ≈ CMET 2− b
NL (NT [i]−NL ) . (7.39)

It is hard to derive a closed form solution for b in dependency of the rate loss as
in (7.29), but the required number of bits can be evaluated numerically. The important
fact to note is that with MET the exponent of the distortion scales inversely propor-
tional to NL(NT[i] − NL) in contrast to NL(NT[i] − NR[u, i]), which is achieved with
SQBC. Hence, with SQBC having NR[u, i] > NL leads to a reduction of the average
quantization error, which is not the case with MET.

7.1.4 Achievable Rate Comparison of SQBC and MET

Whether SQBC or MET is considered as the preferred receive antenna combining
strategy in combination with BD precoding is determined by the available CSI feed-
back resources. This is investigated and explained in more detail in this section.
For that purpose, the achievable transmission rates of the two strategies in the lim-
iting case of perfect CSIT, i.e., b → ∞ is evaluated. The rates are calculated from
the corresponding achievable rate Eqs. (7.23) and (7.25) by estimating the expected
value by means of Monte-Carlo simulations. The achievable rate is calculated for a
single Orthogonal Frequency Division Multiplexing (OFDM) subcarrier, assuming

frequency flat Rayleigh fading with
[
H(ct)

n,k [u, i]
]

l,m
∼ NC (0, 1). The result is shown

in Fig. 7.1a for the case NT[i] = 6, NL = 2 and NR[u, i] ∈ {2, 3, 4, 5}. As scheduling
is not considered in this investigation, it is supposed that the set of scheduled users
S [i] is composed of all Ui = 3 users in the cell (hence also S[i] = 3).

It is observed in Fig. 7.1a that the achievable sum rate of SQBC decreases with
increasing number of receive antennas, while the throughput of MET improves. This
is in conformance with our theoretical investigation of Sect. 7.1.2. More specifically,
the throughput loss of SQBC at high SNR is given by the value ΔR(M1, M2) cal-
culated in (7.31), e.g., ΔR(2, 5) = 8.08 bits/s/Hz according to (7.31). Hence, with
perfect CSIT, SQBC is not a reasonable choice. This behavior can be explained by
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Fig. 7.1 Evaluation of the
achievable rate performance
and CSI feedback overhead
requirement of BD
precoding with SQBC and
MET antenna combining.
Three users are served over
six transmit antennas via two
streams per user. a
Achievable sum rate with
perfect CSIT. b Feedback
bit-scaling for a per-user rate
loss of 1 bits/s/Hz
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considering the channel statistics provided in Lemma 7.2. According to this lemma,
the DoF of the Wishart distribution defining the statistics of H(ect)

n,k [u, i]HH(ect)
n,k [u, i]

are reduced with a growing number of receive antennas NR[u, i]. Correspondingly,
the eigenvalues of this Wishart matrix are decreased on average, causing a reduction
of the average effective channel gain. On the other hand, with MET the channel gain
is determined by the NL maximum eigenvalues of a matrix with Wishart distribu-
tion W C

NR[u,i]
(
NT[i], INR[u,i]

)
according to Theorem 7.3. It is well known that these

eigenvalues increase on average with growing dimension NR[u, i].
The advantage of SQBC is visualized in Fig. 7.1b. In this figure the sufficient

number of CSI feedback bits to achieve a per-user rate loss of 1 bits/s/Hz compared to
perfect CSIT is shown. With MET, the slope of the feedback overhead versus the SNR
for a given number of data streams NL per user is independent of the number of receive
antennas NR[u, i] and the required feedback overhead is significantly larger than in
case of SQBC. With SQBC, the feedback overhead can be substantially reduced by
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increasing the number of receive antennas NR[u, i], for the cost of a moderate SNR
offset in the achievable throughput. This reduction is due to the decreasing exponent
in the average distortion (7.28) with increasing NR[u, i], obtained from the degree of
freedom to select the best NL-dimensional subspace within an NR[u, i]-dimensional
space during CSI quantization.

In Fig. 7.2, the validity of the bit-scaling law derived in (7.29) is investigated. In
the results shown in Fig. 7.2a the base station is equipped with NT[i] = 6 transmit
antennas. S[i] = 3 users are served in parallel over NL = 2 streams each. The CSI
feedback overhead is scaled such as to achieve a sum rate loss of 1.5 bits/s/Hz for the
case of SQBC with NR[u, i] = 5. At an SNR of βdB = 0 dB, a feedback overhead of
b = 0 bits is required to maintain the intended rate loss, which is increased to b =
17 bits at βdB = 30 dB. The other configurations considered in Fig. 7.2b are simulated
with the same number of feedback bits. It is observed that the actually achieved rate
loss is equal to 1.3 bits/s/Hz, which is close to the desired value. With the same

Fig. 7.2 Achievable sum
rate of BD-based
MU-MIMO systems
employing SQBC with
quantized and perfect CSIT
and NT[i] = 6. a NL = 2,
three users and
NR ∈ {2, . . . , 5}. b NR = 5,
NL ∈ {1, 2, 3} and
S = U = NT[i]

NL
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feedback overhead a significant reduction in throughput is incurred when NR[u, i] is
decreased. This reduction is caused by the increased residual multi-user interference
due to the CSI quantization error. If MET is employed with NR[u, i] = 5 and the same
feedback overhead, a much worse performance compared to SQBC is observed if
βdB > 10 dB. At low SNR, however, SQBC is outperformed by MET, because the
transmission rate is limited by the noise rather than the multi-user interference. In
this case, the interference reduction capabilities of SQBC are outweighed by the
channel gain improvement of MET.

In Fig. 7.2b, the performance of SQBC with NT[i] = 6, NR[u, i] = 5 and NL ∈
{1, 2, 3} is shown. The feedback overhead is scaled such as to achieve a sum
rate loss of 2 bits/s/Hz with respect to perfect CSIT. This is obtained with an
overhead of b ∈ [0, 8] bits/user for NL = 1, b ∈ [0, 16.1] bits/user for NL = 2 and
b ∈ [0, 18.3] bits/user for NL = 3. With decreasing number of streams NL per user
a sum rate reduction is observed. This is because the interference between a larger
number of users must be canceled by the BD precoder when the number of streams
per user is reduced and the total number of streams is kept constant, leading to an
SNR loss of the effective user channel [18].

Further simulation results investigating the tightness of the proposed bounds on
the rate loss are provided in [2]. A trade-off between SQBC and MET can be achieved
by restricting the SQBC algorithm to finding the best subspace within only a subset
of the eigenmodes of the channel. This is explained in Sect. 7.2 when extending the
method to frequency selective channels.

7.1.5 Adjustment of the Grassmannian CSI Feedback

In Sect. 6.2, memoryless and predictive Grassmannian quantization codebooks are
proposed under the assumption that the number of data streams per user �k[u, i]
is equal to the number of receive antennas NR[u, i], rendering the application of
an antenna combiner obsolete. In this case, the quantization metric is given by the
chordal distance between the NR[u, i]-dimensional subspace defined by the channel
matrix H(ct)

n,k [u, i] and the NR[u, i]-dimensional subspaces spanned by the elements
Qj of the codebook Qn,k[u, i]; see Eq. (6.19).

With the antenna combiners of the previous section the quantization metric is mod-
ified, which can be considered in correlated RVQ to improve the quantizer efficiency.
Specifically, with SQBC the chordal distance between the NR[u, i]-dimensional chan-
nel subspace and each of the �k[u, i]-dimensional subspaces defined by the elements
of the codebook is minimized according to Eq. (7.13). The minimum is achieved with
that element of the codebook, that has the smallest left null space component with
respect to the channel matrix. As the null space component of the codebook elements
is the decisive factor during quantization, there exists no preferred subspace orien-
tation within the range space of the channel matrix. Hence, efficient memoryless
quantization is enabled if the quantization codebook is matched to the distribution
of any �k[u, i]-dimensional subspace of the channel matrix. With correlated RVQ,

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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the quantization codebook can be generated according to

Q(SQBC)
n,k [u, i] =

{
Q(SQBC)

j = Q(corr)
j U|Q(corr)

j ∈ Q(corr)
n,k [u, i],

UΣVH = H̄ ∈ C
NR[u,i]×�k [u,i], [H̄]m,n ∼ NC (0, 1)

}
. (7.40)

Here, the codebook defined in (6.29) is employed to obtain semi-unitary matrices
Q(corr)

j of size NT[i] × NR[u, i] whose span is matched in distribution to the subspace

span
(

H(ct)
n,k [u, i]

)
. The multiplication with the isotropic semi-unitary matrix U ∈

C
NR[u,i]×�k [u,i] then generates an orthonormal basis Q(SQBC)

j that spans a uniformly

distributed subspace within span
(
Q(corr)

j

)
.

With MET, the quantization metric (7.33) is determined by the chordal dis-
tance between the subspace spanned by the �k[u, i] maximum eigenmodes of the
channel matrix and the elements of the codebook. Efficient memoryless quantization
is hence enabled by matching the quantization codebook to the distribution of these
eigenmodes. This can, e.g., be achieved by modifying the codebook construction
in Sect. 6.2.1 to select only the first �k[u, i] columns of the matrix of left singular
vectors

Q(MET)
n,k [u, i] =

{
Q(MET)

j =
[
Q(corr)

j

]

:,1:�k [u,i]

∣∣∣∣Q
(corr)
j ∈ Q(corr)

n,k [u, i]
}

. (7.41)

In case of predictive quantization, deriving the tangent statistics when MET or SQBC
is applied was not successful. The tangent codebook is therefore generated assuming
the channel subspace to be uniformly distributed on G (NT[i], �k[u, i]). This is not
a critical issue, because the predictive quantizer automatically adjusts to the statis-
tics of the subspace spanned by the effective channel using the adaptive codebook
construction described in Sect. 6.2.2.

7.2 Extension to Frequency-Selective Systems

The CSI feedback algorithms and channel subspace selection methods proposed
in Sects. 6.2 and 7.1 are derived for frequency flat channels and are hence applicable
to OFDM on a per-subcarrier basis. Providing CSI feedback for each Resource Ele-
ment (RE), however, implies a large feedback overhead, which cannot be sustained in
practical systems. The CSI feedback overhead can be reduced by employing the same
approaches as in Single User Multiple-Input Multiple-Output (SU-MIMO), i.e., CSI
feedback clustering and interpolation. CSI feedback interpolation for ZF and BD
based MU-MIMO is considered, e.g., in [7, 19–21]. Linear subspace interpolation
on the Grassmannian is possible by sampling the geodesic between neighboring CSI
pilots. Geodesic interpolation is reviewed in Sect. 7.2.1 for completeness. Higher

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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order spline interpolation on the unit-sphere has been proposed in [22] in the context
of graphics and animations. These algorithms are applicable to CSI interpolation
for ZF beamforming, but suffer from high computational complexity. An issue of
interpolation based methods is the high density of CSI pilots required to achieve
sufficiently accurate results; see Sect. 7.2.3. If this cannot be sustained due to limita-
tions on the feedback overhead, better performance is possible with suitable feedback
clustering. To this end, a clustering approach is proposed in Sect. 7.2.1, in which a
single representative subspace is determined for each Resource Block (RB) such that
the average chordal distance is minimized. This method can be viewed as a natural
extension of the SQBC idea to multiple REs, providing a significant performance
improvement especially in systems with excess antennas. With the SQBC cluster-
ing approach, it is possible to exploit the time-frequency channel correlation within
each RB separately. The residual interference in-between RBs, on the other hand,
is utilized by the predictive quantizer proposed in Sect. 6.2.2. Combining the two
methods, efficient CSI quantization is achieved, as demonstrated in Sect. 7.2.3.

In Sect. 7.2.2, channel quality feedback for transmission rate adaptation and multi-
user scheduling in the space, time and frequency domain is considered. A combina-
tion of the Semi-Orthogonal User Selection (SUS) algorithm [23] with proportional
fair scheduling [24] is employed to determine the multi-user resource allocation. The
scheduling is based on a proposed estimate of the achievable user data rate with BD
precoding. The performance of the proposed techniques is evaluated by means of
simulations in Sect. 7.2.3. Notice that the notation introduced for feedback clustering
in Sect. 5.2.1 is reused in this section.

7.2.1 Grassmannian Interpolation and Clustering

Geodesic Interpolation

Interpolation on the Grassmannian can be achieved by exploiting the differential
geometry associated with the manifold. The concept of a straight line in the Euclidean
space is generalized to curved spaces and manifolds with the geodesic; see, e.g.,
[1, Appendix C]. Linear interpolation on the manifold is possible by equidistantly
sampling the geodesic between neighbouring CSI pilots.

When CSI interpolation is employed, it is assumed that the OFDM time-frequency
resource grid is partitioned into RBs as visualized in Fig. 5.3. With the notation
introduced in Sect. 5.2.1, the index pair [η, κ] is employed to indicate the RBs. The
channel matrix observed on the RE in the center of the RB is quantized and fed back
by the users, employing the Grassmannian quantizers of Sect. 6.2. The corresponding
subcarrier index and symbol-time index are denoted as

nη = (η − 1)N (f )
clust +

⌊
N (f )

clust

2

⌋
, kκ = (κ − 1)N (t)

clust +
⌈

N (t)
clust

2

⌉
. (7.42)

http://dx.doi.org/10.1007/978-981-10-0617-3_6
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The quantized subspace on RB [η, κ] is thus obtained as

Ĥη,κ [u, i] = argmin
Qj∈Qη,κ [u,i]

d2
c

(
H̃nη,kκ

[u, i], Qj

)
. (7.43)

Because CSI feedback is provided only once per RB, the quantization codebook
Qη,κ [u, i] is adapted on a per-RB basis. To simplify the exposition, block fading
is considered in this section; hence, the channel is assumed as temporally constant
within each RB. Then 1D interpolation in the frequency domain is sufficient. A
trivial extension to time-frequency selective channels is possible by consecutive
1D interpolation in time and frequency (or vice versa); more sophisticated multi-
dimensional manifold interpolators are proposed in [25].

Considering two neighbouring quantized channel subspaces Ĥη,κ [u, i] as well as
Ĥη+1,κ [u, i], the tangent defining the geodesic is denoted as

Tη,κ [u, i] = T
(

Ĥη,κ [u, i], Ĥη+1,κ [u, i]
)

∈ T
(

Ĥη,κ [u, i]
)

. (7.44)

We define the linearly interpolated subspace between the subspaces span
(
Ĥη,κ [u, i])

and span
(
Ĥη+1,κ [u, i]) at distance Δf = N (f )

clust p, p ∈ [0, 1] from span
(
Ĥη,κ [u, i])

via the geodesic Γ (·)

Ĥnη+Δf ,kκ
[u, i] = Γ

(
Ĥη,κ [u, i], Tη,κ [u, i], p

)
, (7.45)

with N (f )
clust denoting the number of subcarriers in-between Ĥη,κ [u, i] and Ĥη+1,κ [u, i].

At the boundaries of the system bandwidth CSI extrapolation is necessary. Consider-
ing, e.g., the upper boundary, CSI extrapolation is achieved by extending the tangent
between ĤNRB−1,κ [u, i] and ĤNRB,κ [u, i] beyond the subcarrier nNRB , using (7.45) with
p > 1.

SQBC Clustering

As an alternative to CSI interpolation, feedback clustering is considered, avoiding the
need for an interpolator at the base station. The clustering approach is suitable when
the distance N (f )

clust between CSI pilots is large compared to the channel coherence
bandwidth, entailing unsatisfactory performance of linear interpolation because of
significant channel variations within the RBs. For such situations it is proposed that
the users determine the best �κ [u, i]-dimensional subspace representation for each
RB, assuming zeroth-order interpolation. The best subspace representation H̃η,κ [u, i]
of RB [η, κ] is defined by minimizing the average chordal distance over the RB

H̃η,κ [u, i] = argmin
H̃

1

NRE

NRE∑

ρ=1

d2
c

(
Un,k[u, i], H̃

)
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= argmin
H̃

1

NRE

NRE∑

ρ=1

�κ [u, i] − tr
(

H̃H
(
Un,k[u, i]Un,k[u, i]H

)
H̃
)

, (7.46)

subject to: H̃ ∈ C
NT[i]×�κ [u,i], H̃HH̃ = I�κ [u,i],

with Un,k[u, i] being obtained from an SVD of the channel matrix as in (7.32),
and the RE index [n, k] being implicitly determined by [η, κ] and ρ as specified
in (5.13). Notice the similarity of this optimization problem to the SQBC optimization
in Eq. (7.13). In fact, (7.46) can be combined with SQBC to not only finding the best
subspace representation in terms of zeroth-order interpolation, but minimizing both,
the interpolation and the quantization error

Ĥη,κ [u, i] = argmin
Qj

1

NRE

NRE∑

ρ=1

d2
c

(
Un,k[u, i], Qj

)
, (7.47)

subject to: Qj ∈ Qη,κ [u, i] = {
Qj ∈ C

NT[i]×�κ [u,i]∣∣QH
j Qj = I�κ [u,i]

}
.

The solution to problem (7.46) is obtained according to

H̃η,κ [u, i] = [
Ūη,κ [u, i]]:,1:�κ [u,i] = Ū(�κ [u,i])

η,κ [u, i], (7.48)

Ūη,κ [u, i]Λ̄η,κ [u, i]Ūη,κ [u, i]H = R̄η,κ [u, i], (7.49)

R̄η,κ [u, i] = 1

NRE

NRE∑

ρ=1

Un,k[u, i]Un,k[u, i]H, (7.50)

with (7.49) denoting an eigendecomposition of R̄η,κ [u, i]. Matrix R̄η,κ [u, i] can be
interpreted as a subspace correlation matrix. Notice that the eigenvalues in Λ̄η,κ [u, i]
are assumed in decreasing order. Similarly, the solution of (7.47) is determined by
the quantization metric

Ĥ(SQBC)
η,κ [u, i] = argmin

Qj∈Qη,κ [u,i]
�κ [u, i] − tr

(
Λ̄η,κ [u, i](Ūη,κ [u, i]HQjQH

j Ūη,κ [u, i])) ,
Δ= argmin

Qj∈Qη,κ [u,i]
d2

c,w

(
Ūη,κ [u, i], Qj, Λ̄η,κ [u, i]) , (7.51)

d2
c,SQBC[η, κ] = min

Qj∈Qη,κ [u,i]
d2

c,w

(
Ūη,κ [u, i], Qj, Λ̄η,κ [u, i]) . (7.52)

Here, d2
c,w

(
Ūη,κ [u, i], Qj, Λ̄η,κ [u, i]) can be viewed as a weighted chordal distance

with weighting matrix Λ̄η,κ [u, i]. The importance of the individual eigenmodes of
the subspace correlation matrix in the quantization metric (7.51) is specified by the
diagonal weighting matrix.

By applying the SQBC antenna combiner of Sect. 7.1.2 to generate the effective
channel on RE [n, k] based on the quantized subspace Ĥ(SQBC)

η,κ [u, i], the quantization
error (7.52) is achieved.

http://dx.doi.org/10.1007/978-981-10-0617-3_5
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Dimensionality Adaptation

As observed in Sect. 7.1.4, SQBC is subject to the problem that all NR[u, i] modes
of the channel matrix H(ct)

n,k [u, i] are equally treated in the quantization metric (7.13),
potentially causing a weak channel gain of the effective channel matrix. This is also
the case with SQBC clustering and its corresponding quantization metric (7.51).
When the transmission is noise limited, rather than interference limited, the effective
channel gain is of greater importance than the CSI quantization error. A trade-off
between MET and SQBC can be achieved by considering only the subset of d max-
imum eigenmodes of the channel during quantization, with �κ [u, i] ≤ d ≤ NR[u, i].
Then, the weighted chordal distance quantization metric (7.51) is replaced with

Ĥ(d)
η,κ [u, i] = argmin

Qj∈Qη,κ [u,i]
d2

c,w

(
Ū(d)

η,κ [u, i], Qj, Λ̄
(d)

η,κ [u, i]
)

, (7.53)

Ū(d)
η,κ [u, i]Λ̄(d)

η,κ [u, i]Ū(d)
η,κ [u, i]H = R̄(d)

η,κ [u, i], (7.54)

R̄(d)
η,κ [u, i] = 1

NRE

NRE∑

ρ=1

U(d)

n,k[u, i]U(d)

n,k[u, i]H, (7.55)

U(d)

n,k[u, i] = [
Un,k[u, i]]:,1:d . (7.56)

With this metric, the best �κ [u, i]-dimensional subspace representation in the quanti-
zation codebookQη,κ [u, i] is determined, with respect to the average chordal distance
to the d maximum eigenmodes of the channel matrices within the RB [η, κ].

The natural question that arises when considering the quantization metric (7.53)
is how to select the dimension d. To answer this question, an estimate of the
pre-equalization achievable data rate with BD precoding and quantized CSIT is
employed. The corresponding pre-equalization input-output relationship is given
in Eq. (1.37). According to [26], the instantaneous mutual information between the
channel input and output, determining the achievable transmission rate, is

R(d)
n,k[u, i] = log2 det

(
INR[u,i]

+ H(ct)
n,k [u, i]HSn,k [u, i]H(ct)

n,k [u, i]
(
σ̃ 2

z INR[u,i] + R(d)
n,k[u, i]

)−1 )
,

(7.57)

with Sn,k[u, i] denoting the covariance matrix of the channel input and R(d)

n,k[u, i]
being the interference covariance matrix. During the calculation of the CSI feedback,
the precoders are unknown to the users. To determine an estimate of the mutual
information, the precoders are hence considered as random and are taken into account
in the covariance matrices

Sn,k[u, i] = E
(
Fn,k[u, i]xn,k[u, i](Fn,k[u, i]xn,k[u, i])H) = E

(
Fn,k[u, i]Fn,k[u, i]H) ,

(7.58)

http://dx.doi.org/10.1007/978-981-10-0617-3_1


164 M. Rupp et al.

R(d)
n,k[u, i] =

Sn,k [i]∑

s=1,s �=u

H(ct)
n,k [u, i]H

E
(
Fs,i[n, k]Fs,i[n, k]H)H(ct)

n,k [u, i], (7.59)

with the expectation being taken with respect to the transmit signals and the precoders
and considering the statistical independence of transmit signals corresponding to
different streams and users. The precoder Fn,k[u, i] is determined by the channels
of the other users according to Eq. (6.4). As these channels are unknown to user u,
Fn,k[u, i] is assumed as isotropically distributed, implying

Sn,k[u, i] = Pn,k[u, i]E
(

F̃n,k[u, i]F̃n,k[u, i]H
)

= Pn,k[u, i] �κ [u, i]
NT[i] I�κ [u,i] = Pi

NT[i] Sn,k[i] I�κ [u,i], (7.60)

with F̃n,k[u, i] as defined in Eq. (6.15). Due to the BD construction, the precoders
Fs,i[n, k] of the other users are restricted to the left null space of Ĥ(d)

η,κ [u, i]. Consider-

ing this knowledge in the calculation of R(d)

n,k[u, i] and assuming that Sn,k[i] = NT[i]
�κ [u,i]

users are served in parallel each over �κ [u, i] streams, the interference covariance
matrix is obtained as

R(d)

n,k[u, i] = Pi

NT[i]H(ct)
n,k [u, i]H

(
INR[u,i] − Ĥ(d)

η,κ [u, i]Ĥ(d)
η,κ [u, i]H

)
H(ct)

n,k [u, i]. (7.61)

The preferred dimensionality dη,κ [u, i] is selected by maximizing the sum rate

dη,κ [u, i] = argmax
�κ [u,i]≤d≤NR[u,i]

NRE∑

ρ=1

R(d)

n,k[u, i], (7.62)

where the RE index [n, k] is implicitly determined by ρ and [η, κ], according
to Eq. (5.13). Notice that knowledge of dη,κ [u, i] is not required at the base station;
hence dimensionality adaptation does not imply an additional feedback overhead.

The sum rate in (7.62) could potentially also be considered as quantization metric
for the channel subspace. This is not followed up here for two reasons. Firstly,
calculating (7.62) for all quantization matrices is computationally expensive. The
second reason is only relevant for predictive quantization. The performance of the
prediction algorithm in the proposed quantizer of Sect. 6.2.2 is strongly impacted by
the chordal distance quantization error, because the prediction is based on quantized
CSI. Not choosing the quantized subspace according to the minimal chordal distance
can entail a significant degradation of the prediction accuracy.

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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7.2.2 Channel Quality Feedback and Multi-user Scheduling

CQI Feedback for Limited Feedback BD

To determine the multi-user resource allocation in the time, frequency and spatial
domain, it is necessary to calculate the achievable data rate of a given schedule at the
base station. In the spatial domain this rate is dependent on the number of users that is
served in parallel, because the available transmit power is equally distributed among
users and spatial streams according to Eq. (6.15). Therefore, it must be possible
to update the CQI feedback at the base station to account for the number of users
served in parallel. For this reason, the pre-equalization mutual information estimated
in the previous paragraph in Eq. (7.57) is not employed as channel quality feedback,
because the power allocation is hidden within the log2 det (·) and cannot be updated
subsequently.

The achievable data rate of a realistic communication system is determined by the
post-equalization SINR, as argued in Sect. 5.2.2. It is therefore proposed to employ
an estimate of the post-equalization SINR, achieved with limited feedback based BD
precoding, as CQI feedback. An accurate SINR estimate cannot be obtained during
feedback calculation, because the applied precoders are unknown at that time, in
contrast to SU-MIMO with codebook based precoding. To circumvent this problem,
a lower bound on the expected value of the SINR is utilized instead, similar to the
proposal in [27] for ZF beamforming. The derivation of this lower bound is provided
in [1, Appendix G]; the lower bound on the expected SINR of stream ν is expressed as

β̃ν,n,k[u, i] = cS,n,k σ eff
ν,n,k[u, i]2

σ̃ 2
z + cI,n,k σ eff

ν,n,k[u, i]2
, (7.63)

Σeff
u,i[n, k] = diag

(
σ eff

1,n,k[u, i], . . . , σ eff
�[u,i],n,k[u, i]) ,

cS,n,k = Pi

Sn,k[i](NT[i] − �̄i[n, k]) ·(
1− d2

c

(
Ĥn,k[u, i], Bn,k[u, i])

�k[u, i]

)(
1− d2

c

(
H̃n,k[u, i], Ĥn,k[u, i])

�k[u, i]

)
,

cI,n,k = Pi

NT[i] �k[u, i] d2
c

(
H̃n,k[u, i], Ĥn,k[u, i]).

with Σeff
n,k[u, i] denoting the matrix of singular values of the effective user chan-

nel H(ect)
n,k [u, i], H̃n,k[u, i] as defined in (6.6), Ĥn,k[u, i] being the quantized channel

subspace, Bn,k[u, i] denoting an orthonormal basis for the orthogonal complement
of the other served users’ effective channels and �̄n,k[i] = ∑

s∈Sn,k [i],s �=u �k[s, i]. The
residual multi-user interference due to imperfect CSI feedback is determined by the
chordal distance quantization error in cI,n,k , justifying the application of the chordal
distance as CSI quantization metric.

Considering the constant cS,n,k , the first two factors cannot be determined by
the user u during feedback calculation, because neither the number of served users

http://dx.doi.org/10.1007/978-981-10-0617-3_6
http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_6
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Sn,k[i] nor the number of interfering streams �̄n,k[i] is known, and also the other users’
quantized effective channels are unknown. The last term, however, depending on the
quantization error, can be calculated by the user. Also, the constant cI,n,k and the
singular values in Σeff

n,k[u, i] are available at the user, because they depend on local
CSI only. It is therefore proposed to employ the following value as per-stream CQI
feedback

CQIν,n,k[u, i] =
σ eff

ν,n,k[u, i]2

(
1 − d2

c

(
H̃n,k [u,i],Ĥn,k [u,i]

)

�k [u,i]

)

σ̃ 2
z + Pi

NT[i] �k [u,i] d2
c

(
H̃n,k[u, i], Ĥn,k[u, i]) σ eff

ν,n,k[u, i]2
. (7.64)

With this CQI feedback, it is possible to obtain an estimate of the achievable user rate
Rn,k[u, i] for a given schedule Sn,k[i], because the remaining two factors of cS,n,k

can be calculated by the base station, enabling the calculation of the SINR

β̃ν,n,k[u, i] = Pi

Sn,k[i](NT[i] − �̄n,k[i])

(
1 − d2

c

(
Ĥn,k[u, i], Bn,k[u, i])

�k[u, i]

)
CQIν,n,k[u, i],

(7.65)

Rn,k[u, i] ≈
�k [u,i]∑

ν=1

log2

(
1 + β̃ν,n,k[u, i]

)
. (7.66)

In case of feedback clustering or interpolation, CQI feedback is provided only once
per RB. In the proposed SU-MIMO feedback algorithms of Sect. 5.2.2, Mutual Infor-
mation Effective Signal to Interference and Noise Ratio Mapping (MIESM) is applied
to obtain a single SNR that represent the average channel quality of an RB. This
approach is not applicable here, because the CQI in (7.64) represents only a scaled
version of the SINR (7.63), and MIESM is not a linear function; hence, without
the correct scaling the application of MIESM is pointless. Instead, it is proposed to
calculate an average CQI for RB [η, κ], by linearly averaging the chordal distance
quantization error and the squared singular values

CQIν,η,κ [u, i] =
σ̄ eff

ν,η,κ [u, i]2
(

1 − d̄2
c,η,κ

�κ [u,i]
)

σ̃ 2
z + Pi

NT[i] �κ [u,i] d̄2
c,η,κ σ̄ eff

ν,η,κ [u, i]2
, (7.67)

σ̄ eff
ν,η,κ [u, i]2 = 1

NRE

NRE∑

ρ=1

σ eff
ν,n,k[u, i]2, d̄2

c,η,κ = 1

NRE

NRE∑

ρ=1

d2
c

(
H̃n,k[u, i], Ĥn,k[u, i]),

with [n, k] being determined by [η, κ] and ρ as specified in Eq. (5.13).
The performance of the proposed CQI feedback for multi-user scheduling is eval-

uated in Sect. 7.2.3, demonstrating reasonably close to optimal results with quantized
CSIT. Notice though that the CQI is not sufficiently accurate for transmission rate
adaptation. As the CQI is based on a lower bound on the expected value of the SINR,

http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_5
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the instantaneous SINR achieved with a given schedule can be considerably above
or below this value. It is therefore proposed to employ (7.64) only as an initial CQI
for multi-user scheduling. As soon as the schedule is fixed, the users are able to
estimate the instantaneous SINR defined in (1.44). Using this instantaneous SINR in
combination with the CQI feedback algorithm of Sect. 5.2.2, accurate transmission
rate adaptation can be achieved. Naturally this approach is only useful if the sched-
ule is kept fixed for several Transmission Time Intervals (TTIs), implying a loss of
temporal multi-user diversity. However, accounting for the downlink signaling over-
head involved in changing the multi-user resource allocation, the performance loss
is negligible in the considered low to moderate mobility scenarios.

Multi-user Scheduling

The sum throughput achieved with ZF beamforming and BD precoding is very much
dependent on the selected set of users that is served in parallel [23]. If the channels of
the selected users are orthogonal, the signal energy of the user can be steered into the
user’s channel subspace without causing any interference. This effect is also observ-
able in the term cS,n,k of the proposed SINR lower bound in Eq. (7.63): when the chan-
nels of the selected users are orthogonal, the chordal distance d2

c

(
Ĥn,k[u, i], Bn,k[u, i])

is equal to zero, implying no reduction of the channel gain by the precoder. In prin-
cipal, the schedule can hence be obtained from an exhaustive search employing the
achievable rate (7.66) as the scheduling metric. To avoid the complexity of an exhaus-
tive search, greedy scheduling based on the SUS algorithm is instead considered here.
To achieve some level of fairness among the users in the cell and to avoid user starva-
tion, proportional fairness is utilized as scheduling metric [24]. Scheduling is applied
on an RB basis, due to the availability of RB-specific CQI feedback. The scheduling
procedure is summarized below for RB [η, κ]; the same approach is applied on all
RBs. To simplify the presentation, it is assumed that �η,κ [s, i] = NL,∀s ∈ Ui and that
NT[i]
NL

is integer-valued. Otherwise, an explicit validation of the feasibility conditions
of BD precoding must be performed by the scheduler.

1. Initialize the weighted sum rate Rη,κ [i] = 0, the set of scheduled users Sη,κ [i] =
{}, the set of potential users Pη,κ [i] = Ui and the number of scheduled users
Sη,κ [i] = 0.
Repeat the following steps until the maximum number of Sη,κ [i] = NT[i]

NL
users is

served:
2. Calculate an orthonormal basis Bη,κ [i] for the space spanned by the channels of

the served users in Sη,κ [i].
3. Find the semi-orthogonal user set S̃η,κ [i], by determining all users s ∈ Pη,κ [i]

for which the SUS condition is fulfilled:

tr
(

Ĥη,κ [s, i]HBη,κ [i]Bη,κ [i]HĤη,κ [s, i]
)

≤ αSUS NL. (7.68)

4. If the SUS user set is empty, stop the algorithm and serve the users in Sη,κ [i].

http://dx.doi.org/10.1007/978-981-10-0617-3_1
http://dx.doi.org/10.1007/978-981-10-0617-3_5
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5. For all users s ∈ S̃η,κ [i], calculate the estimated achievable rate Rη,κ [s, i] in (7.66)
(replacing β̃ν,n,j[s, i] with β̃ν,η,κ [s, i] as obtained from CQIν,η,κ [s, i]) under the
assumption that user s is served in parallel with the users in Sη,κ [i].

6. Determine the user s ∈ S̃η,κ [i] that achieves the largest weighted rate

ŝ = argmax
s∈S̃η,κ [i]

Rη,κ [s, i]
T [s, i] , (7.69)

with T [s, i] denoting the average throughput of user s achieved over the past.
7. Update the estimated achievable rates Rη,κ [s, i] of the users s ∈ Sη,κ [i], assuming

that ŝ is served in addition to the users in Sη,κ [i].
8. Calculate the weighted sum rate of the schedule

{
Sη,κ [i], ŝ

}

R =
∑

s∈{Sη,κ [i],ŝ}
Rη,κ [s, i]

T [s, i] . (7.70)

9. If R ≥ Rη,κ [i], add user ŝ toSη,κ [i] and update Sη,κ [i], set Rη,κ [i] = R and remove
ŝ from Pη,κ [i]. Otherwise, stop the algorithm and serve the users in Sη,κ [i]

In step 2 of the scheduling algorithm, a pre-selection of users is performed, based
on their subspace distance to the already served users. Only if a user is close to
orthogonal to the previously served users, he is considered as a potential additional
user. The exact meaning of “close to orthogonal” is determined by the choice of the
SUS parameter αSUS; see [23] for details on the selection of this parameter. In the
presented simulations, the parameter αSUS = 0.35 turned out as a good choice.

7.2.3 Performance Investigation

In this section, the performance of CSI feedback using subspace clustering and inter-
polation for BD precoding based MU-MIMO transmission over a frequency-selective
OFDM broadcast channel is investigated. Monte-Carlo simulations of the quantiza-
tion Mean Square Error (MSE) are conducted and the corresponding throughput
achieved in the downlink of a single Long Term Evolution (LTE) compliant cell
is evaluated. The frequency-selectivity of the wireless channel is characterized by
the coherence bandwidth or equivalently by the Root Mean Square (RMS) delay
spread τRMS of the channel multipath power delay profile. When the sensitivity of
the proposed methods with respect to the frequency-selectivity of the channel is
investigated, the simulation results are presented in dependence of the normalized
sampling bandwidth

Bs = Δfs N (f )
clust τRMS, (7.71)
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with Δfs [Hz] being the OFDM subcarrier spacing (Δfs = 15 kHz in case of LTE)
and N (f )

clust denoting the size of a feedback cluster in the frequency domain in multiples
of subcarriers. The advantage of SQBC clustering in terms of the chordal distance
quantization MSE is demonstrated, but also its downside, i.e., the implied channel
gain reduction, is highlighted, which can cause a significant throughput degradation,
especially in case of strongly correlated receive antennas. In order to enable efficient
CSI feedback operation, channel prediction, subspace clustering and Grassmannian
quantization are combined at the user. The MSE contribution of the individual com-
ponents is investigated to reveal the corresponding limitations and operating regimes
of the proposed feedback algorithms. Finally, the performance achieved with the
proposed SUS based multi-user scheduler, utilizing the derived CQI feedback, is
evaluated by comparing to the throughput attained with the optimal schedule, as
determined from an exhaustive search.

Chordal Distance MSE Evaluation

In the first simulation, the chordal distance MSE obtained with MET subspace selec-
tion, according to Sect. 7.1.3, in combination with zeroth- and first-order interpola-
tion, as detailed in Sect. 7.2.1, is compared to SQBC clustering. The channel matrix is
of size NT[i] × NR[u, i] = 8 × 4, and an �[u, i] = 1-dimensional subspace is selected
as CSI feedback. Unquantized feedback of this representative subspace is consid-
ered; hence the error is caused only by the subspace clustering and the interpolation,
respectively. In case of MET, the maximum eigenmode of the channel matrix expe-
rienced in the center of each RB is used as feedback information, while with SQBC
clustering the subspace feedback is determined by solving the optimization prob-
lem (7.46). The MSE is estimated by means of Monte-Carlo simulations as

D ≈ 1

Ntot

1

K

Ntot∑

n=1

K∑

k=1

d2
c

(
Ĥn,k[u, i], H(ct)

n,k [u, i]
)

, (7.72)

where the interpolated subspace Ĥn,k[u, i] ∈ C
NT[i]×�[u,i] is obtained from Eq. (7.45)

in case of first-order interpolation, while Ĥn,k[u, i] = H̃η,κ [u, i] is employed with
zeroth-order interpolation and SQBC clustering ([η, κ] is defined in Eq. (5.14).

The effect of dimensionality adaptation, as defined in Eq. (7.53), on the MSE
performance of SQBC clustering is investigated. A system bandwidth of 5 MHz is
assumed and the power delay profile of the channel is determined by the SCME
urban micro channel model [28], having a coherence bandwidth of BC = 680 kHz.

The results of the simulation are shown in Fig. 7.3a. Considering MET subspace
selection with CSI interpolation, it is observed that zeroth-order interpolation is
outperformed by first-order (linear) geodesic interpolation, as soon as the distance
between the CSI pilots is sufficiently small. With SQBC clustering, a substantial
MSE reduction is achieved by increasing the dimensionality d of the optimization
problem (7.53), which determines the subspace selection. Notice that the dimension-
ality d has no impact on the dimension �[u, i] of the subspace feedback; it is rather

http://dx.doi.org/10.1007/978-981-10-0617-3_5
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Fig. 7.3 Chordal distance
MSE investigation of the
proposed CSI feedback
methods for
frequency-selective
channels. a Comparison of
feedback clustering and
interpolation. b Contribution
of CSI prediction, clustering
and quantization
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the dimension of the search space in the optimization problem (7.53) that is specified
with d. Comparing CSI interpolation and clustering, a significant MSE improvement
is observed with clustering when a small density of CSI pilots, i.e., a large sampling
bandwidth Bs, is applied. This MSE improvement, however, is obtained at the cost
of a channel gain reduction of the effective channel, causing a throughput loss at low
SNR, as demonstrated below.

In the next simulation, predictive CSI quantization and Grassmannian subspace
clustering are combined to enable efficient limited feedback operation. Additionally,
the effect of a delay in the feedback path is investigated. To compensate for this delay,
Finite Impulse Response (FIR) based channel prediction, as described in Sect. 5.3.2,
is employed by the user. Notice that this channel predictor is only required at the
user and not at the base station and it can therefore be based on perfect CSI. Channel
prediction for delay compensation is not related to the operation of the predictive
quantizer; the quantizer is working independently on top of the channel predictor

http://dx.doi.org/10.1007/978-981-10-0617-3_5
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output. Feedback of an �[u, i] = 2-dimensional subspace of an NT[i] × NR[u, i] =
8 × 2 dimensional channel matrix is considered. The PedA channel model [29], with
BC = 4.4 MHz, is employed and a single feedback cluster is applied to represent
the 1.4 MHz system bandwidth, resulting in a feedback overhead of 7 bit per TTI
(7 kbit/s assuming the LTE subframe duration of 1 ms).

The results of the investigation are shown in Fig. 7.3b. The individual MSE con-
tributions of the channel prediction, the subspace clustering and the quantization, as
well as the performance of the concatenated system are separately plotted. At low
normalized Doppler frequencies (see (5.35)), i.e., when the channel variation over
time is slow, the overall MSE is dominated by the subspace representation error,
due to feedback clustering. In this case, the adaptive codebook construction of the
predictive quantizer is able to track the channel variation very well, causing a negli-
gible quantization error. A reduction of the observed error floor is only possible by
reducing the cluster size, implying an increased feedback overhead. At intermediate
Doppler frequencies, the overall MSE is determined by the quantization error. This
error can be reduced by enlarging the quantization codebook, for the cost of increas-
ing the feedback rate. Only at high Doppler frequencies and with a large feedback
delay, the error caused by the channel prediction comes into play. In the region of
interest for predictive quantization (νd ≈ 10−2), even a feedback delay of 20 TTIs
is irrelevant; hence, the feedback delay is not further considered in the remaining
simulations of this chapter.

Throughput Evaluation

Next, the throughput performance of BD based MU-MIMO is investigated, when
the proposed limited feedback algorithms are applied to provide CSIT. In the first
simulation, the transmission rate reduction with respect to perfect CSIT, due to the
subspace representation error caused by SQBC clustering, is evaluated, demonstrat-
ing the effect of dimensionality adaptation on the achieved throughput in dependence
of the equivalent average transmit SNR (5.32).

The base station is equipped with NT[i] = 8 transmit antennas; S[i] = 8 users,
having NR[u, i] = 4 receive antennas, are served in parallel, each over a single spatial
stream �[u, i] = 1. The power delay profile of the channel is specified by the rural
area model [30], which has a coherence bandwidth of BC = 2 MHz. The carrier band-
width of 1.4 MHz is represented with a single CSI feedback cluster, using unquan-
tized CSI feedback. Correlated receive antennas are assumed according to Eq. (5.33)
with αcorr ∈ {0, 0.9}. The interference-averaged MMSE equalizer proposed in [4]
is applied by the users to detect their data streams. The throughput simulations are
conducted with the standard compliant Vienna LTE link level simulator [31].

The obtained simulations results are shown in Fig. 7.4. At low SNR, the best per-
formance is achieved with a dimensionality of d = 1. With d = 1, only the maximum
eigenmodes of the channels experienced over the subcarriers of an RB are taken into
account for the calculation of the subspace representation according to Eq. (7.53).
The calculated subspace is kept free of interference by the BD precoder; hence, the
interference-free subspace has a potentially large channel gain. Due to clustering,
however, the single subspace representation is imperfect for a given RE, implying

http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_5
http://dx.doi.org/10.1007/978-981-10-0617-3_5
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Fig. 7.4 Sum throughput
achieved with ZF
beamforming and SQBC
feedback clustering in an
NT[i] × NR[u, i] = 8 × 4
system, serving S[i] = 8
users over �[u, i] = 1 spatial
stream each. The impact of
dimensionality adaptation is
investigated. a No receive
antenna correlation
αcorr = 0. b Strong receive
antenna correlation
αcorr = 0.9
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residual multi-user interference after precoding. Therefore, an interference-limitation
is observed at high SNR. The strength of the residual multi-user interference is
impacted by the dimensionality d of the feedback clustering. By increasing d the
search space for the subspace representation in (7.53) is extended, enabling a reduc-
tion of the chordal distance error, as shown in Fig. 7.3a, which implies reduced
residual multi-user interference according to (7.63). The optimal dimensionality is
dependent on the SNR. The proposed dimensionality adaptation (7.62) is able to iden-
tify the optimal dimensionality, as demonstrated in Fig. 7.4. Comparing Fig. 7.4a, b,
it is observed that the throughput difference between different dimensionalities is
increased with growing antenna correlation. This behavior is due to the increased
singular value spread of the channel matrix with larger αcorr. Notice the similarity
of the performance observed with dimensionality adaptation and with transmission
rank adaptation, as shown in Fig. 5.5a. In the current simulations, however, the trans-
mission rank is not changed; the total number of data streams is always equal to
eight.

http://dx.doi.org/10.1007/978-981-10-0617-3_5
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Fig. 7.5 Sum throughput
achieved with BD precoding
and the proposed limited
feedback clustering and
quantization algorithms in an
NT[i] × NR[u, i] = 8 × 4
system, serving S[i] = 4
users over �[u, i] = 2 spatial
streams each. a MET
feedback with interpolation
versus SQBC clustering. b
Predictive versus
memoryless quantization
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In Fig. 7.5a, a similar scenario is evaluated where four users are served over
�[u, i] = 2 streams each. The throughput of SQBC clustering with dimensionality
adaptation is compared to MET subspace selection with linear geodesic interpolation.
The number of feedback clusters is varied from NRB = 1 to NRB = 6 and uncorrelated
receive antennas, αcorr = 0, are assumed. It is observed that MET is outperformed
by SQBC at high SNR if the feedback cluster size is large, because the residual
multi-user interference achieved with SQBC is smaller due to the improved subspace
representation. SQBC clustering is never surpassed by MET feedback, not even at
low SNR when the throughput is determined by the effective channel gain, due to
the application of dimensionality adaptation, which trades-off the effective channel
gain for the residual multi-user interference depending on the SNR.

Finally, in Fig. 7.5b, the performance of the combination of feedback cluster-
ing and quantization is evaluated. The 1.4 MHz channel generated with the PedA
model [29], assuming strongly correlated receive antennas, αcorr = 0.9, is quantized
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with a single feedback cluster. Nine and eleven bit of feedback per TTI are con-
sidered, corresponding to a feedback rate of 9 kbit/s and 11 kbit/s, respectively. A
maximum normalized Doppler frequency of νd = 0.01 is assumed, representing, at
a center frequency of 2 GHz, a walking user with a speed of approximately 5 km/h.

With these parameters, a negligible throughput degradation is caused by the sub-
space clustering, compared to perfect CSIT, up to an SNR of approximately 15 dB.
Above this value, a throughput loss is observed, due to the residual multi-user interfer-
ence induced by the frequency selectivity of the channel. When the SQBC subspace
selection is conveyed to the base station by means of predictive quantization, close
to optimal performance is achieved with 11 bit of feedback per TTI over a large SNR
range. Naturally, a throughput deterioration is incurred when the quantization code-
book size is reduced. Considering memoryless quantization, however, the obtained
CSIT accuracy is insufficient to ensure reliable transmission to four users in paral-
lel, each being served over �[u, i] = 2 streams. In this case, better performance is
possible by employing a multi-user scheduler to select only a subset of the users for
transmission, implying reduced multi-user interference.

Multi-user Scheduling

In this section, the efficiency of the SUS based greedy multi-user scheduler, proposed
in Sect. 7.2.2, is investigated by comparing the achieved sum throughput to the opti-
mal schedule, as obtained from an exhaustive search. Two different antenna configu-
rations are considered, i.e., NT[i] × NR[u, i] = 4 × 1 and NT[i] × NR[u, i] = 8 × 4.
In the 4 × 1 system, a single stream is transmitted per user, �[u, i] = 1, while with
8 × 4 antennas �[u, i] = 2 streams per user are employed. At most four users can
thus be spatially multiplexed in both cases. The rural area channel model [30] is used
and the antenna correlation parameter αcorr is set equal to zero. In case of imperfect
CSIT, unquantized feedback of a single feedback cluster is considered for the total
system bandwidth of 1.4 MHz using SQBC clustering. All users are simulated with
the same SNR of 20 dB.

Fig. 7.6 Performance of the
proposed SUS scheduling
algorithm with perfect and
imperfect CSIT compared to
an exhaustive search. Two
configurations are
considered:
NT[i] × NR[u, i] = 4 × 1
with �[u, i] = 1 and
NT[i] × NR[u, i] = 8 × 4
with �[u, i] = 2
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The simulation results are presented in Fig. 7.6, in terms of the sum throughput
achieved in the downlink of the cell versus the number of served users. It can be seen
that a similar multi-user diversity is attained with the exhaustive search scheduler and
the proposed greedy scheduling algorithm, albeit an approximately constant rate loss
that is dependent on the settings of the system. Especially in the realistic situation
of imperfect CSIT, the throughput obtained with the greedy algorithm is close to the
rate achieved with the optimal schedule.
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Chapter 8
LTE-Advanced Uplink Transmissions

Stefan Pratschner and Erich Zöchmann

In Long Term Evolution (LTE) uplink transmissions Single-Carrier Frequency
Division Multiplexing (SC-FDM) is employed, mainly to achieve a lower Peak-
to-Average Power Ratio (PAPR) at the transmitting mobile device, when compared
to Orthogonal Frequency Division Multiplexing (OFDM) transmissions. SC-FDM,
however, is essentially OFDM with an additional Discrete Fourier Transform (DFT)
spreading at the transmitter and a de-spreading at the receiver. Employing such
modulation scheme, subcarriers are still orthogonal due to the OFDM processing.
Unlike in pure OFDM transmissions, individual subcarriers cannot be treated inde-
pendently, since each data symbol is spread over all subcarriers by means of a DFT.
Therefore, we present a Multiple-Input Multiple-Output (MIMO) SC-FDM system
model, suitable to describe the Long Term Evolution-Advanced (LTE-A) uplink
link level, together with appropriate Signal to Interference and Noise Ratio (SINR)
expressions. Already at this point, severe differences to the downlink occur in the
post-equalization SINR for Zero Forcing (ZF) and Minimum Mean Square Error
(MMSE) receiver. Due to the spreading of symbols across all subcarriers, the system
performance is dominated by the subcarrier with the lowest channel gain. Employing
an MMSE receiver in SC-FDM is thus even more beneficial.

Similar to downlink transmissions the Modulation and Coding Scheme (MCS)
is adapted to the current channel state by the post-equalization SINR. However, in
uplink transmissions,it turns out that the post-spreading SINR is the relevant metric
to select the optimal Adaptive Modulation and Coding (AMC).

Within this framework, we compare SC-FDM performance to OFDM in terms
of Bit Error Ratio (BER) and PAPR by replacing the spreading and de-spreading
with the identity function. This even allows to compare the achieved throughput as
the system’s overhead is not influenced. We show that the reduction in PAPR of
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SC-FDM compared to OFDM transmissions is significant, even at a low bandwidth
of 1.4 MHz. This, however, comes at the cost of a performance loss, as in an OFDM
transmissions the coded BER is in general lower.

Another aspect of differences between uplink and downlink transmissions is
observed when it comes to Channel Estimation (CE). In both cases, CE for coherent
detection is pilot aided. While the allocation of pilot symbols in the downlink shows a
diamond pattern (see Fig. 2.2 in Chap. 2), the uplink pilot symbols (see Fig. 8.7 further
ahead) are allocated at symbol time n = 3 in each slot, spanning the entire sched-
uled bandwidth range. Also, user specific reference symbols, required for channel
estimation in the downlink, are multiplexed such that reference symbols of different
spatial transmission layers do not overlap. This allows to estimate all MIMO chan-
nel components separately. The uplink reference symbols, of different transmission
streams, on the other hand, overlap entirely and have to be separated by exploiting
their Frequency Domain Code Division Multiplexing (FD-CDM) orthogonality. Fur-
ther, the non-diamond shaped pilot allocation in the uplink hampers sophisticated
interpolation between the reference symbols. We present well known DFT based CE,
as well as novel estimation methods with improved performance together with time
interpolation methods in the last part of this chapter.

8.1 LTE-Specific System Model and Post-equalization
SINR

We focus one those details, necessary to describe our system model at time n. In an
SC-FDM model, OFDM tranmissions can be considered a special case. The major
difference is an additional spreading and de-spreading stage at the transmitter and
receiver, highlighted via dashed boxes in Fig. 8.1. The common parts of the system
model will be described from left to right. An equivalent mathematical model is
given in Eqs. (8.1) and (8.2).

Fig. 8.1 The LTE-A uplink transceiver
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x̂ = (
INL ⊗ WH

Nc

)
G
(
INR ⊗ MH WNFFT PremCP

)
(receiver)

× H (channel)

× (
INT ⊗ PaddCPWH

NFFT
M
) (

F ⊗ INc

) (
INL ⊗ WNc

)
x (transmitter)

+ (
INL ⊗ WH

Nc

)
G
(
INR ⊗ MH WNFFT PremCP

)
v

︸ ︷︷ ︸
ṽ

(transformed noise)

= (
INL ⊗ WH

Nc

)
︸ ︷︷ ︸

INL Nc
for OFDM

GH(eff)
(
INL ⊗ WNc

)
︸ ︷︷ ︸

INL Nc
for OFDM

x + ṽ (8.1)

= Kx + ṽ = I � Kx︸ ︷︷ ︸
desired signal

+ (K − I � K) x︸ ︷︷ ︸
intra- and interlayer interference

+ ṽ. (8.2)

Right after the DFT spreading, the Demodulation Reference Signals (DMRS)
are inserted. DMRS will be considered later for the purpose of CE. Next, MIMO
precoding is carried out, exploiting a set of semi-unitary precoding matrices F, pooled
in the precoder codebook Q, as defined in [1]. For LTE-A uplink transmission, the
precoding matrix applied for a given user is equal for all Resource Block (RB)
assigned to this user. In case of spatial multiplexing, each spatial layer is transmitted
with equal power.

Each antenna is equipped with its own OFDM modulator, consisting of subcarrier
mapping, Inverse Fast Fourier Transform (IFFT) and an Cyclic Prefix (CP) addition.

At the transmitter, processing occurs in reversed order. First, the OFDM demodu-
lation by an Fast Fourier Transform (FFT) takes place to get back into the frequency
domain. The immunity to multipath propagation (stemming from the CP) allows to
employ one-tap frequency domain equalizers G ∈ C

NL Nc×NR Nc without performance
loss. Eventually, de-spreading delivers the data estimates.

All this previously informally described processing is linear and we are able to
formulate a matrix-vector input–output relationship between a (stacked) data-vector
x and its estimate x̂. For simplicity we assume that the channel stays constant during
one OFDM symbol. A more detailed system description can be found in [2, 3].

In order to adapt the data transmission to the current channel state, LTE-A applies
limited feedback. Limited feedback is depicted via the feedback arrow in Fig. 8.1.
The data vector x(l) ∈ C

Nc×1 of layer l ∈ {1, . . . , NL} contains modulated and coded
symbols for each of the Nc subcarriers; the modulation format and code rate is
adapted via the Channel Quality Indicator (CQI). The number of transmit layers
depends on the LTE-A specific Rank Indicator (RI) feedback. All x(l) are stacked
into one vector x ∈ C

Nc NL×1 on which layer-wise spreading and joint precoding—
according to the Precoding Matrix Indicator (PMI)—of all subcarriers takes place.
The subsequent OFDM modulator consists of the localized subcarrier mapping M,
mapping Nc subcarriers to the center of an NFFT point IFFT, and the addition of
the CP.
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Depending on the level of abstraction, our system model can be described via
different channel matrices. The physical baseband time domain channel is described
by a block-wise Toeplitz matrix H ∈ C

(NFFT+Ncp)NR×(NFFT+Ncp)NT , with NT transmit
and NR receive antennas, which turns block-wise circulant after addition (PaddCP)
and removal (PremCP) of an appropriately chosen CP of length Ncp. Finally, it turns
diagonal after the IFFT and FFT on the transmitter and receiver, respectively.

H(diag) = (
INR ⊗ WNFFT PremCP

)
H
(
INT ⊗ PaddCPWH

NFFT

)
. (8.3)

The last step of the OFDM de-modulator is the reversal of the localized subcarrier
mapping MH . The effective MIMO channel from NL transmit layers to NR receive
antennas, incorporating the precoder, the OFDM modulator, the time-domain MIMO
channel H and the OFDM de-modulator, is abstracted to one block matrix H(eff). This
greatly facilitates the readability of all formulas later on.

H(eff) = (
INR ⊗ MH

)
H(diag)

(
INT ⊗ M

)(
F ⊗ INc

)
(8.4)

The additive noise is assumed independent across antennas and is distributed
zero mean, white Gaussian v(i) ∼ NC (0, PVI) , i ∈ {1, . . . , NR}. The stacked noise
vector v = (

(v(1))T , . . . , (v(NR))T
)T

is thus zero mean, white Gaussian as well.
The frequency domain one-tap equalizer G is chosen conforming to different

criteria, either the ZF criterion, which removes all channel distortions at risk of noise
enhancement, or the MMSE criterion, that tries to minimize the effects of noise
enhancement and channel distortion.

After the de-spreading operation the data estimates x̂ of the noisy, received signal
are given in Eq. (8.2), with the before mentioned convenient abbreviation (8.4) and
WNFFT is the DFT matrix of size NFFT.

8.1.1 Post-spreading SINR in SC-FDM Transmissions

The special structure of Eq. (8.2), due to the frequency domain one tap equalizer and
the DFT spreading, yields a block-wise circulant input–output matrix,

K = (
INL ⊗ WH

Nc

)
GH(eff)

(
INL ⊗ WNc

)
. (8.5)

This block-wise circulant structure produces a constant post equalization and post
spreading SINR over all subcarriers within one layer l = 1, 2, . . . , NL [3, 4]. The
detailed derivation is provided in the appendix of [5]. We obtain for the SINR
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SINRSC−FDM, (l) =
PS
Nc

∣∣1T
Nc

S(l)diag
(
GH(eff)

) ∣∣2

PS‖S(l)GH(eff)‖2
F − PS

Nc

∣∣1T
Nc

S(l)diag
(
GH(eff)

)∣∣2 + PV‖S(l)G‖2
F

,

where
S(l) = (

0, INc , 0
)
, (8.6)

selects that part of GH(eff), that effects the lth layer. The second moment of the zero-
mean data symbols equals the baseband transmit power PS as LTE-A has standardized
semi-unitary precoders F, so that the overall transmitter (spreading, precoding and
OFDM modulation) is unitary.

8.1.2 Post-equalization SINR in OFDM Transmissions

In contrast to SC-FDM, no spreading takes place for OFDM. The dashed boxes in
Fig. 8.1 are replaced by identity matrices; they are thus simply omitted. Different
subcarriers k are orthogonal/independent and the equalizer treats the corresponding
subcarrier channel Hk only. Subscript k denotes the relevant part of the effective
channel matrix H(eff)

k for the kth subcarrier. The corresponding indexes within diag-
onal matrix H(diag) are 1NR×NT ⊗ Diag (ek), with the canonical base vectors ek . With
this notation, the effective subcarrier channel H(eff)

k ∈ C
NR×NL is

H(eff)
k = [

H(diag)
]
1NR×NT ⊗Diag(ek )

F, (8.7)

and Gk reduces to its linear one tap equalizer. Precoding matrix F remains constant
for all subcarriers. The SINR formula is quite similar to the SC-FDM case, except that
the SINR shows subcarrier dependency now. The SINR takes on a vector dimension
now and reads at layer l and subcarrier k

[
SINROFDM, (l)

]
k = PS

∣∣s(l) diag (GkHk)
∣∣2

PS‖s(l)GkHk‖2
2 − PS

∣∣s(l) diag (GkHk)
∣∣2 + PV‖s(l)Gk‖2

2

,

with the selection vector
s(l) = (

0 . . . 0, 1, 0 . . . 0
)
, (8.8)

that contains an appropriate number of zeros and a single one at the lth entry.
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8.2 SC-FDM Features

In this section, the specific impacts of the single carrier such as the modulation
scheme in the LTE-A uplink will be analyzed. First, the main reason for SC-FDM
employment, namely the PAPR reduction, is discussed. The transmit signal’s PAPR
is simulated for different bandwidths and compared to OFDM. Second, the SINR
expressions are specialized to specific receiver types both, with DFT spreading and
without DFT spreading. The impacts on the system performance in terms of BER
are discussed.

8.2.1 Peak to Average Power Ratio

SC-FDM is employed as the physical layer modulation scheme for LTE uplink trans-
mission, due to its lower PAPR compared to OFDM [6]. Lower PAPR, or similarly
lower crest factor, leads to reduced linearity requirements for the power amplifiers
and to relaxed resolution specifications for the digital-to-analog converters at the
user equipments, entailing higher power efficiency.

The Vienna LTE-A uplink simulator calculates the discrete-time baseband PAPR
with the default oversampling factor No = 4 [7]. The discrete time signal on each of
the NT transmit antennas is therefore calculated as

[
s(tx)

]
m = 1√

NFFT

NFFT−1∑

k=0

[
x(pre)

]
k e j 2πmk

No NFFT , 0 ≤ m ≤ No NFFT − 1,

where x(pre) is the transmit vector right after precoding and before the IFFT at each
transmit antenna. The PAPR of the stacked vector s(tx) containing all NT transmit
vectors is calculated as

PAPR{stx} = ‖diag
(
s(tx)s(tx)H

) ‖∞
E
{∣∣[s(tx)

]
m

∣∣2}
≈ ‖s(tx)‖2∞

1
NT NFFT

‖s(tx)‖2
2

,

where the Euclidean norm in the denominator serves as an estimate for the ensemble
average.

Figure 8.2 depicts the PAPR of OFDM and SC-FDM obtained for different system
bandwidths. Already for a small bandwidth (1.4 MHz), there is a significant reduction
for SC-FDM over OFDM transmissions. With increasing bandwidth OFDM’s PAPR
grows and the gains obtained by SC-FDM become more and more pronounced. The
PAPR also depends on the modulation alphabet; the smaller the alphabet, the smaller
the PAPR. This effect is illustrated in dotted lines in Fig. 8.2, where we depict the
PAPR of 4-Quadrature Amplitude Modulation (QAM) as an example.
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Fig. 8.2 PAPR for SC-FDM
and OFDM for different
bandwidths (1.4 and
10 MHz) and modulation
alphabets (4/64 QAM)
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8.2.2 BER Comparison Over Frequency Selective Channels

The additional spreading of SC-FDM leads to an SINR expression that is constant
over all subcarriers, legitimating its name. The aim of this subsection is to analyze
the SINR expression more in detail for the Single-Input Single-Output (SISO) case
and draw conclusions on BER performance.

We focus on the two most prominent equalizer concepts and start with the ZF
equalizer, for whom the SC-FDM Signal to Noise Ratio (SNR) expression (8.6)
reduces to the harmonic mean

SNRSC−FDM
ZF = PS

PV

1

1
Nc

Nc∑
k=1

1
|hk |2

, (8.9)

whereas the OFDM expression (8.8) is sub-carrier dependent and becomes propor-
tional to the channel transfer function

[
SNROFDM

ZF

]
k = PS

PV
|hk |2. (8.10)

The average OFDM SNR

SNROFDM
ZF = PS

PV

1

Nc

Nc∑

k=1

|hk |2 (8.11)

yields an upper bound on the Single-Carrier Frequency Division Multiple Access
(SC-FDMA) SNR due to the harmonic mean—arithmetic mean inequality [8]
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Fig. 8.3 BER comparison
between OFDM and
SC-FDM for a SISO PedB
channel with 5 MHz
bandwidth and fixed
CQI = 4 transmission. a ZF
receiver. b MMSE receiver
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SNRSC−FDM
ZF ≤ SNROFDM

ZF . (8.12)

The equality in Eq. (8.12) holds if and only if the channel is frequency flat. The
difference between the harmonic mean and the arithmetic mean becomes increas-
ingly pronounced, the more selective the channel becomes. We, therefore, expect
the (uncoded) BER of SC-FDM and ZF equalization to perform worse than OFDM,
which is well reflected by simulation results. The BER simulations were carried
out with CQI = 4 on a PedB channel [9]. This MCS employs 4-QAM and has an
effective code-rate of 0.3008. As expected, the BER performance of SC-FDM is
worse than in OFDM transmissions, both shown in Fig. 8.3a in solid lines. Due
to the spreading SC-FDM already expends all channel diversity and coding does
not increase the SNR slope of the BER curve. This manifests in an almost par-
allel shift of the BER curve for SC-FDM, as visual in Fig. 8.3a in dashed lines.
While the SC-FDM in the uplink utilizes channel diversity by spreading, in OFDM
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transmissions of the downlink diversity supports coding across subcarriers which
increases the BER slope considerably, cf. Fig. 8.3a dashed line. Closed form solu-
tions for the BER achieved with ZF receivers in SC-FDM transmission are presented
in [10].

To obtain the MMSE SINR expression a couple of mathematical transformations,
as provided in the appendix of [5], are required to arrive at

SINRSC−FDM
MMSE = PS

PV

1 − PV
PS

1
Nc

Nc∑
k=1

1
PV
PS

+|hk |2

1
Nc

Nc∑
k=1

1
PV
PS

+|hk |2

= PS

PV

⎛

⎜⎜⎜⎝
1

1
Nc

Nc∑
k=1

1
PV
PS

+|hk |2

− PV

PS

⎞

⎟⎟⎟⎠ .

(8.13)
The denominator of Eq. (8.13) is regularized and less sensitive to spectral notches.

An upper bound on the SINR can be obtained via the maximum of the transfer
function hk

SINRSC−FDM
MMSE ≤ PS

PV

(
1

1
PV
PS

+maxk |hk |2
− PV

PS

)
= PS

PV
max

k
|hk |2. (8.14)

In the low SNR regime PV
PS

� |hk |2 this bound becomes tight. The higher the inverse

SNR PV
PS

in relation to the maximum of the transfer function, the tighter the bound
becomes. The average OFDM SNR can never be larger than its maximum entry and
is only equal for frequency flat channels. The bound (8.14) is particularly tight at
low SNR causing a lower BER when compared to OFDM transmissions. For the
SISO case, ZF and MMSE equalizers perform equivalent for OFDM and 4-QAM.
Again, this presumption is validated by our simulation, showing that the uncoded
BER is lower for SC-FDM as for OFDM, cf. Fig. 8.3b in solid lines. There are
also semi-closed form approximations for the BER of MMSE detection in SC-FDM
transmission available [11]. Although the uncoded BER shows superior performance,
the coded BER is lower for OFDM due to the coding gains stemming from channel
diversity, cf., Fig. 8.3b dashed lines.

A bound for the Maximum Likelihood (ML) detection performance was derived
in [12]. As bandwidth increases, the slope of the BER curve achieved with MMSE
receivers reaches to the slope of ML detection, demonstrating the full exploitation
of channel diversity by the MMSE equalizer, cf., Fig. 8.3b line.

8.3 Throughput Performance with Link Adaptation

In this section, we first investigate the throughput performance of LTE-A uplink
transmissions, employing optimal rate adaptation and compare SC-FDM to OFDM
transmissions with ZF and MMSE receivers. Then, we extend our single-user MIMO
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Channel State Information (CSI) feedback algorithms proposed for LTE downlink
transmissions in [13] to LTE uplink and evaluate their performance comparing to
the throughput bounds developed in [14]. We also highlight some important basic
differences between link adaptation in LTE up- and downlink transmissions.

8.3.1 Optimal Rate Adaptation

As demonstrated in the previous section, SC-FDM provides a significant advantage
in terms of PAPR over OFDM, thus relaxing linearity requirements of radio fre-
quency power amplifiers for user equipments. Yet, this comes at the cost of coded
BER degradation since channel diversity is not taken advantage of and the perfor-
mance is mostly dominated by the weakest subcarrier of a user, especially with ZF
receivers; cf., (8.9). Such diversity loss cannot be recovered from by forward-error-
correction channel coding since the DFT-spreading applied with SC-FDM effectively
causes an averaging over SINR observed on all scheduled subcarriers according
to (8.6). As a consequence, SC-FDM over frequency selective channels achieves
worse throughput than OFDM transmissions. This is demonstrated in Fig. 8.4, where
we cross-compare the achievable rate, as defined in Eqs. (8.15) and (8.16), and the
actual throughput of SC-FDM and OFDM transmission as obtained by the Vienna
LTE-A uplink simulator. We consider single-user transmission over 5 MHz band-
width assuming NT = NR = 2 antennas at the user and the base station and NL = 2
spatial layers. The precoder is selected as a scaled identity matrix: F = 1/

√
NL INL .

We consider transmission over independent and identically distributed frequency-
selective Rayleigh fading channels, emphasizing the difference between OFDM and
SC-FDM. The achievable rate in bits per OFDM/SC-FDM symbol with Gaussian
signalling and equal power allocation over subcarriers and spatial layers is calculated
as

ROFDM =
Nc∑

k=1

NL∑

l=1

log2

(
1 + [

SINROFDM, (l)
]

k

)
, (8.15)

RSC−FDM = Nc

NL∑

l=1

log2

(
1 + SINRSC−FDM, (l)

)
, (8.16)

with the receiver-specific post-de-spreading (post-equalization) SINRs from (8.6)
and (8.8), respectively.

We observe a significant loss of achievable rate of SC-FDM transmission com-
pared to OFDM in Fig. 8.4, which is especially pronounced with ZF receivers due
to noise enhancement. In Fig. 8.4, we also show the actual rate achieved by LTE
uplink SC-FDM transmission with optimal rate adaptation and compare to the per-
formance obtained by OFDM transmission; the corresponding curves are denoted
by LTE rate. We determine the performance of optimal rate adaptation by simulating
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Fig. 8.4 Throughput
comparison of OFDM and
SC-FDM with rate
adaptation and 2 × 2
Rayleigh fading channels of
5 MHz bandwidth. a ZF
receivers. b MMSE receivers
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all possible transmission rates, corresponding to CQI1–CQI15, and selecting at each
subframe the largest rate that achieves error free transmission. The figure also shows
the throughput of the individual CQIs. We observe a gap between the LTE through-
put with OFDM and SC-FDM that is similar to the gap in terms of achievable rate.
Notice that the performance loss with MMSE receivers is significantly smaller than
with ZF detection, since MMSE avoids excessive noise enhancement.

We also observe in Fig. 8.4a that the gain achieved by instantaneous rate adapta-
tion, as compared to rate adaptation based on the long-term average SNR, is much
larger for ZF SC-FDM than for ZF OFDM; this is evident from the distance between
the curves with rate adaptation (LTE rate) and the curves with fixed CQI. The reason
for this behaviour is that the SNR of ZF SC-FDM shows strong variability around its
means since it is dominated by the worst-case per-subcarrier SNR according to (8.9).
The average SNR over subcarriers of ZF OFDM, however, approximately coincides
with its mean value. This implies that the optimal CQI of ZF SC-FDM can vary
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significantly in-between subframes, as reflected by the large average SNR variation
required to increase the rate with fixed CQI from zero to its respective maximum. Yet,
for ZF OFDM the throughput of the individual CQIs follows almost a step function;
hence, rate adaptation can be based on the long-term average SNR without substan-
tial performance degradation. Notice, however, that instantaneous rate adaptation for
ZF OFDM can be advantageous in case of frequency-correlated channels [15].

In case NR > NL, we can easily estimate the achievable rate of SC-FDM trans-
mission: The per-layer SNR with ZF receivers is governed by the harmonic mean of
the channel responses on the individual subcarriers, similar to (8.9)

SNRSC−FDM, (l)
ZF = PS/PV

1
Nc

∑Nc
k=1

[(
(HkF)H (HkF)

)−1
]

l,l

, (8.17)

where Hk ∈ C
NR×NT denotes the OFDM channel matrix at subcarrier k. Assuming

constant precoding and semi-correlated Rayleigh fading

Hk = H̃kC
1
2
T ,

[
H̃k

]

i, j
∼ NC (0, 1) , (8.18)

with CT ∈ C
NT×NT determining the spatial correlation at the user equipment side, the

matrix in the denominator of (8.17) follows a complex-valued inverse Wishart distri-
bution W C

L (NR, C) with NR degrees of freedom and scale matrix C = (
FHCT F

)−1

H = (
(HkF)H (HkF)

)−1 ∼ W C

L (NR, C) . (8.19)

Letting Nc → ∞, we can replace the term in the denominator of (8.17) with its
expected value

1

Nc

Nc∑

k=1

[
H
]

l,l

Nc→∞−→ E

([
H
]

l,l

)
. (8.20)

This expected value only exists in case NR > NL [16]. For NR = NL, the diagonal
elements of H follow a heavy-tailed inverted Gamma distribution [17, 18] with a
non-finite first moment. Yet, for NR > NL, which is a common situation in cellular
networks since the base station is mostly equipped with far more antennas than the
users, the expected value is finite and given by

E

([
H
]

l,l

)
= 1

NR − NL
[C]l,l . (8.21)

Hence, we can estimate the achievable rate of SC-FDMA transmission over semi-
correlated Rayleigh fading channels
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RSC−FDM ≈ Nc

NL∑

l=1

log2

(
1 + PS/PV

[C]l,l
(NR − NL)

)
(8.22)

≈Nc NL

⎡

⎢⎣log2

⎛

⎜⎝
PS/PV

(∏NL
l=1 [C]l,l

)1/NL

⎞

⎟⎠+ log2 (NR − NL)

⎤

⎥⎦ . (8.23)

Here (8.23) resembles the high SNR approximation of the achievable rate of OFDM
transmission with ZF detection as proposed in [19, Eq. (14)]; even more, for fixed NL

and letting NR grow to infinity, (8.23) and [19, Eq. (14)] tend to the same limit, due
to channel hardening on each subcarrier with a growing number of receive antennas.

In Fig. 8.5, we investigate the performance of the rate estimate (8.22) for NT =
NL = 4 and varying number of receive antennas. We assume F = 1/

√
NL INL and a

correlation

CT =

⎡

⎢⎢⎢⎢⎣

1 0.9 . . . 0.9

0.9
. . .

...
... 0.9

0.9 . . . 0.9 1

⎤

⎥⎥⎥⎥⎦
,

and consider the smallest LTE bandwidth of Nc = 72 subcarriers. We observe that the
proposed estimate performs very well even at this small bandwidth; notice, though,
that a more realistic channel model with correlation over subcarriers may require
larger bandwidth to validate the proposed estimate. Figure 8.5 also confirms the
observation that single-user MIMO OFDM and SC-FDM with ZF detectors tend to
the same limiting performance with increasing number of receive antennas.

This statement, however, will not hold true if the total number of layers grows
proportionally with the number of receive antennas. For example, multi-user MIMO
transmission with ZF equalization and single antenna users achieves only a diversity
order of NR − NL + 1 [20], with NL denoting the total number of layers being equal
to the number of spatially multiplexed users. Hence, if NL scales proportionally with
NR, channel hardening on each subcarrier will not occur and thus the performance
of OFDM and SC-FDM will not coincide.

8.3.2 Realistic Link Adaptation

Instantaneous rate adaptation is an important tool for exploiting diversity of the
wireless channel in LTE, by adjusting the transmission rate according to the current
channel quality experienced by a user. LTE specifies a set of fifteen different MCSs;
the selected MCS is signaled by the CQI.

LTE additionally supports spatial link adaptation by means of codebook based
precoding with variable transmission rank. With this method, the precoding matrix
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Fig. 8.5 Achievable rate of
OFDM and SC-FDM with
ZF equalizers and growing
number of receive antennas
at fixed number of streams
NL = 4. a Comparison of
achievable rate and the rate
estimate of Eq. (8.22). b
Relative achievable rate of
SC-FDM with respect to
OFDM
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F ∈ C
NT×NL satisfying FHF = 1/NL INL is selected from a standard defined code-

book QNL of scaled semi-unitary matrices; furthermore, the number of spatial layers
NL can be adjusted to achieve a favorable trade-off between beamforming and spatial
multiplexing. The selected precoder and transmission rank are signaled, employing
the PMI and the RI. In single-user MIMO LTE uplink transmission, the same precoder
is applied on all RBs that are assigned to a specific user, whereas frequency-selective
precoding is supported in LTE downlink.

There is a basic difference between the utilization of CQI, PMI and RI in up- and
downlink directions of Frequency Division Duplex (FDD) systems. In downlink, the
base station is reliant on CSI feedback from the users for link adaptation and multi-
user scheduling [21], since channel reciprocity cannot be exploited in FDD. CQI,
PMI and RI can be employed to convey such CSI from the users to the base station via
dedicated feedback channels [15]. In the uplink, on the other hand, the base station
can by itself determine the CSI, exploiting the Sounding Reference Signalss (SRSs)
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Fig. 8.6 Absolute and
relative throughput of LTE
uplink transmission over
4 × 4 VehA channels of
1.4 MHz bandwidth
employing rate adaptation.
We compare the
performance of fixed rank,
rank adaptive and PMI +
rank adaptive transmission to
the performance bounds
proposed in [14]. a Absolute
throughput. b Relative
throughput
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transmitted by the users. In this case, CQI, PMI and RI are employed by the base
station to convey to the users its decision on link adaptation that has to be applied by
the users during uplink transmission.

In Fig. 8.6, we evaluate the performance of single-user MIMO LTE uplink trans-
missions over NT = NR = 4 antennas with link adaptation, 1.4 MHz system band-
width and ZF receiver. We do not consider signaling delays between the base station
and the user. We employ the VehA channel model [9] and compare the absolute and
relative (to channel capacity) throughput to the performance bounds proposed in [14].
Notice that the simulation setup is the same as employed in [14] for the investigation
of LTE downlink transmission, thus, facilitating the comparison of up- and downlink
performance. Channel capacity is obtained by applying Singular Value Decompo-
sition (SVD)-based transceivers and water-filling power allocation over subcarriers
and spatial streams. Notice that we do not account for guard band and CP overheads
when calculating the channel capacity; that is, we only consider subcarriers that are
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available for data transmission. The achievable channel capacity takes overhead for
pilot symbols (DMRS and SRS) into account, corresponding to a loss of 16.7 % in
our simulation. The achievable Bit Interleaved Coded Modulation (BICM) bound
additionally accounts for equal power allocation, codebook-based precoding, ZF
detection as well as the applied BICM architecture as detailed in [14].

The performance of LTE uplink transmissions with full link adaptation (PMI and
rank adaptive) is similar to the achievable BICM bound but shifted by approximately
3 dB. Notice that the saturation value is not the same because the highest CQI of LTE
achieves 5.55 bit/channel use, whereas the BICM bound saturates at 6 bit/channel
use. We also show the performance of LTE uplink when restricted to fixed precoding
(rank adaptive) and fixed rank transmission (rank 1, 2, 3, 4). We observe that rank
adaptive transmission even outperforms the envelope of the fixed rank transmission
curves, since instantaneous rank adaptation selects the optimal rank in each subframe
independently. In terms of relative throughput, we observe that LTE uplink with ZF
receivers achieves around 40–50 % of channel capacity. Remember, though, that this
does not include CP and guard band overheads.

8.4 Reference Symbols

In LTE uplink two types of reference signals are standardized. For CE and coher-
ent detection, DMRS are exploited, while SRS are employed for channel sounding
to enable frequency selective scheduling. For the purpose of CE we will consider
DMRS only. The reference symbols are defined in [1] and are explained in more
detail in [22, 23]. As shown in Fig. 8.7, DMRSs are multiplexed in the resource grid
at OFDM symbol time n = 3 in every slot. In a Physical Uplink Shared Channel
(PUSCH) transmission of the LTE-A uplink, an DMRS occupies all scheduled sub-
carriers. We assume that the user is assigned all Nc subcarriers starting at 0, i.e.,
k ∈ {0, 1, . . . , Nc − 1}. We denote the Zadoff-Chu Zadoff-Chu (ZC) base sequence
on Nc subcarriers for one slot by xZ ∈ C

Nc×1. The base sequences xZ are complex-
valued exponential sequences lying on the unit circle fulfilling

Fig. 8.7 The LTE-A uplink
reference symbol allocation
in two slots (one subframe)
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|[xZ ]k | = 1. (8.24)

In LTE-A the DMRS of different transmission layers in the same slot are orthogonal
in terms of FD-CDM [22]. This is obtained by cyclically shifting the base sequence.
Similar to [24], DMRS on layer l for one slot is given by

X(l)
P = Diag

(
x(l)
P

)
= T(l)Diag (xZ ) , (8.25)

with the cyclic shift operator

T(l) = Diag
(
e j0, . . . , e jαl k, . . . , e jαl (Nc−1)

)
, (8.26)

and the layer dependent cyclic shift αl . We further conclude from (8.24)–(8.26) that
(X(l)

P)H = (X(l)
P)−1 which implies

(
X(l)

P

)H
X(l)

P = INc . Exploiting (8.24), the product
of two DMRSs from layers l and u with l, u ∈ {1, . . . , NL}, becomes

(
X(l)

P

)H
X(u)

P = (
T(l)

)H
T(u) Diag (xZ )H Diag (xZ )

= Diag
(
e j0 . . . e jΔαu,l k . . . e jΔαu,l (Nc−1)

)
, (8.27)

with Δαu,l = αu − αl being the cyclic phase shift between DMRS of two different
spatial layers. The FD-CDM orthogonality can therefore be exploited as

tr
((

X(u)

P

)H
X(l)

P

)
= (

x(u)

P

)H
x(l)
P =

{
Nc for u = l

0 for u = l.
(8.28)

After the transmission over a frequency selective channel, this orthogonality has to
be exploited to separate all effective MIMO channels at the receiver.

8.5 Channel Estimation

For channel estimation we exploit the system model only at symbol times, where
reference signals are allocated. For normal CP length this is the 4th symbol in each
slot, i.e., n = 3 as shown in Fig. 8.7. Since we estimate the channel only at this single
symbol time per slot, interpolation in time has to be carried out to obtain channel
estimates for the whole resource grid. As illustrated in Fig. 8.1, the DMRS are added
after DFT spreading, right before precoding. As the channel estimation takes place
after the receiver’s DFT, just before equalization, the system model for CE amounts
to an OFDM system. The system model (8.2) therefore reads as
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y = H(eff)xP + v′, (8.29)

with (pre-equalization) noise

v′ = (
INR ⊗ MH WNFFT PremCP

)
v, (8.30)

and the stacked vector xP consisting of DMRS x(l)
P ∈ C

Nc×1 from all active spatial

layers l ∈ {1, . . . , NL}, i.e., xP = ((
x(1)

P

)T
, . . . ,

(
x(NL)

P

)T )T
. To consider the received

signal separately for each receive antenna i , we can select the according part from
y by left multiplying with the selector matrix S(i) from (8.6). The received signal
y(i) = S(i)y on antenna i is given by

y(i) =
(

H(eff)
i,1 , . . . , H(eff)

i,NL

)
xP + v′(i)

=
NL∑

l=1

H(eff)
i,l x(l)

P + v′(i), (8.31)

with the pre-equalization noise v′(i) = S(i)v′ on receive antenna i and H(eff)
i,l =

S(i)H(eff)
(
S(l)
)T

being the (i, l)th block of H(eff). Since H(eff)
i,l is diagonal, we exploit

the relations X(l)
P = Diag

(
x(l)
P

)
and H(eff)

i,l = diag
(

H(eff)
i,l

)
to estimate a channel vec-

tor rather than a matrix and rearrange terms in (8.31) leading to

y(i) =
NL∑

l=1

X(l)
PH(eff)

i,l + v′(i)

=
(

X(1)

P , . . . , X(NL)

P

)

︸ ︷︷ ︸
XP

H(eff)
i + v′(i), (8.32)

with the stacked vector H(eff)
i = ((

H(eff)
i,1

)T
, . . . ,

(
H(eff)

i,NL

)T )T
of all effective channels

from NL active layers to receive antenna i for which we will drop the subscript in
the following.

8.5.1 Minimum Mean Square Error Estimation

First we present a MMSE estimator where we exploit (8.32) and estimate the stacked
vector h(i) consisting of effective channels from all NL active layers to receive antenna
i . The MMSE CE for receive antenna i is given by

ĥ(i)
MMSE = argmin

ĥ(i)

E

{∥∥ĥ(i) − h(i)
∥∥2

2

}
, (8.33)
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which leads to the well-known solution [25]

ĥ(i)
MMSE = (

σ 2
v(i)C−1

h(i) + XH
PXP

)−1
XH

Py(i), (8.34)

with Ch(i) = E{h(i)h(i)H }.

8.5.2 Correlation Based Estimation

As a low complexity approach, we correlate (matched filter) the received signal with
the reference symbol of layer l to obtain a channel estimate for the effective channel
h(i,l) from layer l to receive antenna i

h̃(i,l) = (
X(l)

P

)H
y(i). (8.35)

Inserting our system model (8.32) and exploiting (8.27), we obtain

h̃(i,l) = (
X(l)

P

)H ∑NL
u=1 X(u)

P h(i,u) + (
X(l)

P

)H
v′(i) (8.36)

= h(i,l) +
NL∑

u=1
u =l

(
T(l)

)H
T(u)h(i,u)

︸ ︷︷ ︸
inter-layer interference

+ ṽ(i).

Here ṽ(i) has the same distribution as v′(i) since (X(l)
P)H is unitary and introduces

phase changes only, cf. (8.25). Due to the allocation of DMRS on the same time
and frequency resources on different spatial layers, the initial estimate h̃(i,l) of one
effective MIMO channel actually consists of a superposition of all NL effective
MIMO channels to receive antenna i . The unintentional contributions in (8.36),
from layers u = l are inter-layer interference, making it unsuited as initial estimate
for coherent detection. Different methods to separate the different effective MIMO
channels in (8.36) will be presented in the following.

8.5.2.1 DFT Based Channel Estimation

A well known approach for CE in LTE-A uplink is DFT based estimation [23], which
aims to separate the MIMO channels contributing to (8.36) in time domain. For this
the individual cyclic shift of each DMRS is exploited. Applying a DFT on the receive
signal, the individual phase shifts will translate into a shifts in time domain. This
makes a separation of Carrier to Interference Ratio (CIR)s from different MIMO
channels possible by windowing. Applying an Inverse Discrete Fourier Transform
(IDFT) on the initial estimate yields



196 S. Pratschner and E. Zöchmann

h̃(i,l)
t = WH

Nc
h̃(i,l)

= WH
Nc

NL∑

u=1

(
T(l)

)H
T(u)WNc h

(i,u)
t + WH

Nc
ṽ(i)

=
NL∑

u=1

ΠΔN h(i,u)
t + WH

Nc
ṽ(i), (8.37)

with permutation matrix Π which is obtained by cyclically left shifting the identity
matrix as in [24]. The power of the permutation matrix is ΔN = Δαu,l Nc/2π and
depends on the difference in phase shift between layer u and l from Sect. 8.4. The
time domain estimate h̃(i,l)

t consists of NL CIRs, from all NL active layers to receive
antenna i . An example of h̃(i,l)

t for two active spatial layers is shown in Fig. 8.8a with
the two contributing CIRs, h(i,1)

t from layer one and h(i,2)
t from layer two. Due to the

cyclic shift of DMRS, these NL contributions are shifted relative to each other such
that the distance in time between them is maximized. The intended CIR, from layer
one, is centered around the origin and can be separated by windowing. In case of
a narrow transmission bandwidth or a long CIR, the time domain MIMO channels
overlap, cf. Fig. 8.8b, which is referred to as CIR leakage. DFT based CE there-
fore leads to inferior performance for small scheduled user bandwidths or channels
with high delay spread. To separate the different MIMO channels, windowing with
window size 2β is carried out

[
ȟ(i,l)

t

]

m
=
{[

h̃(i,l)
t

]

m
for m < β or m > Nc − β

0 otherwise,
(8.38)

where β is chosen to be the CP length Ncp. To yield a frequency domain CE, a DFT
is applied on the separated CIR

ĥ(i,l)
DFT = WNc ȟ

(i,l)
t . (8.39)

8.5.2.2 Averaging

In the initial estimate (8.36) obtained by correlation, we observe that the interference
term is characterized by (8.27), which is a rotation on the unit circle in the complex
plane. The phase shift between two adjacent points in frequency is determined by
Δαu,l and the number of distinct points on the unit circle is given by γ = 2π/Δαu,l .
As the points are equally spaced on the unit circle, summing (8.27) over a com-
plete turn will cancel the interference. For this we have to sum, or average, over γ

consecutive elements of h̃(i,l).
The phase shift Δαu,l = αu − αl and therefore the periodicity γ of the interference

is dependent on the two layers u and l. When estimating all MIMO channels, all
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(a) (b)

Fig. 8.8 Time domain separation of CIRs for DFT based CE with NL = 2. a Nc large compared
to CIR length. b Nc small compared to CIR length

possible combinations of u, l ∈ {1, . . . , NL} appear in the interference term of (8.36).
Therefore different values of Δαu,l ∈ {0,±π/2,±π} will occur. According to [1], a
relation between the possible occurring phase shifts and the number of active spatial
layers can be established. In order to cancel all interference terms at once we have
to sum over the largest possible number of points on the unit circle, i.e., the largest
possibly occurring periodicity which we denote by γ̄ . For a given number of active
streams NL = 1, 2, 3, 4 this largest periodicity equals to γ̄ = 1, 2, 4, 4, respectively.

From this we conclude that the sum of γ̄ consecutive elements in (8.27) will
evaluate to zero, independent on the actual layers u and l. As a consequence for CE,
when we sum (average) the initial estimate (8.36) over γ̄ adjacent subcarriers k, all
products of different (u = l) DMRS will vanish and the FD-CDM orthogonality will
be preserved [26]. For this method however, we have to assume the channel to be
piecewise flat in frequency domain, since only the average channel gain is estimated
for γ̄ consecutive subcarriers.

Within this context, the meaning of FD-CDM orthogonality can be further
explained. DMRS are orthogonal in frequency domain, such that the inner prod-
uct of two reference symbols from different layers is zero, as shown in (8.28). In
terms of correlation based estimation, evaluating this inner product would also can-
cel all the inter-layer interference. However, with this method there would be only
a single estimate of channel gain for all OFDM subcarriers. This estimate is only
a useful one, if the channel is frequency flat. On a frequency selective channel, the
inner product is split up into pieces of length of γ̄ . In this way, still the inter-layer
interference is cancelled and a channel estimate for each part is obtained, representing
the frequency selectivity of the channel.

Further, it suffices to sum over all points of interference on the unit circle while
it actually does not matter where the summation starts and stops. Therefore we can
augment this method to a sliding average. Here, the averaging window of size γ̄ is
shifted subcarrier by subcarrier over the scheduled bandwidth. As explained in [27],
assuming the channel to be frequency flat on these γ̄ consecutive subcarriers, the
sliding average is given by
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[
ĥ(i,l)

SAV

]

k
= 1

γ̄ 2

k∑

t=k−γ̄+1

t+γ̄−1∑

j=t

[
h̃(i,l)

]

j
, (8.40)

for γ̄ ≤ k ≤ Nc − γ̄ + 1. The second sum describes the averaging of γ̄ elements
while the first sum describes the shift of this averaging window.

8.5.2.3 Quadratic Smoothing

The initial correlator estimate solves the decoupled least squares estimation problem
for the channel h(i,l) from layer l to receive antenna i , ignoring the other channels

h̃(i,l) = argmin
h(i,l)

∥∥y(i) − X(l)
Ph(i,l)

∥∥2
2. (8.41)

The unitary structure of the DMRS yields

h̃(i,l) =
((

X(l)
P

)H
X(l)

P

)−1 (
X(l)

P

)H
y(i)

= (
X(l)

P

)H
y(i), (8.42)

which is identical to (8.35). This observation together with the previous assump-
tion of correlated subcarriers leads to the idea of augmenting (8.41) by a frequency
smoothness constraint. Quadratic smoothing [28] with a matrix Q ∈ R

(Nc−1)×Nc

Q =

⎛

⎜⎜⎜⎝

−1 1
−1 1

. . .
. . .

−1 1

⎞

⎟⎟⎟⎠ (8.43)

can be formulated as a convex minimization problem

ĥ(i,l)
QS = argmin

h(i,l)

∥∥y(i) − X(l)
Ph(i,l)

∥∥2
2 + λ

∥∥Qh(i,l)
∥∥2

2, (8.44)

with the known result

ĥ(i,l)
QS = (

IB + λQH Q
)−1 (

X(l)
P

)H
y(i)

︸ ︷︷ ︸
h̃(i,l)

. (8.45)

Similar to (8.40) this can be interpreted as another way to cope with the inter-layer
interference in (8.36) by post processing. This method does not use the DMRS
structure explicitly but suppresses the interference by smoothing. It is therefore not
able to cancel the complete inter-layer interference.
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The value of λ can be interpreted as the prior about the channel [29] as it reflects
its frequency selectivity. The choice of λ poses another optimization problem where
the optimal value depends on the number of used layers NL. The minimum w.r.t. λ

is rather broad and minima obtained for different channel models lie close to each
other. This allows λ to be fixed for practical realizations such that the matrix inverse
in (8.45) can be precomputed.

8.5.3 MSE and BER Comparison

We assume a single user 2 × 2 MIMO transmission with Nc = 72 subarriers, a fixed
number of layers NL = 2 and a TU channel model [9] at zero speed. We show the
MSE curves of the proposed estimators in Fig. 8.9a. The DFT based CE (D-bCE)

Fig. 8.9 Channel estimation
performance comparison for
block fading. a MSE curves
of the proposed CE methods
for a 2 × 2 transmission with
NL = 2 on a TU channel. b
Resulting uncoded BER
curves for the proposed CE
schemes for 4-QAM and ZF
equalization

(a)

(b)
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shows the highest error flow of all estimators at high SNR while the MMSE estimator,
of course shows best performance over the whole SNR range. Compared to these two
methods, the Sliding-Averaging estimator (8.40), denoted by SAV, encounters an 8 dB
SNR penalty when compared to MMSE, but comes closest to MMSE performance
at high SNR. The quadratic smoothing estimation is denoted by QS and shows a
significant improvement for low SNRs because it smooths over several observed
channel coefficients. Quadratic smoothing performs uniformly better than D-bCE
over the whole SNR range and comes close to 4 dB to MMSE at low SNR. The high
error floor shows that QS is not able to cancel all the inter-layer interference.

In terms of BER performance, at high SNR, naturally the estimation method with
lowest MSE leads to the smallest BER. At low SNR, the difference in CE MSE
translates into very small differences in BER, meaning we cannot gain too much
from a good low SNR MSE performance of QS or MMSE estimation. Considering
estimation complexity and that MMSE as well as QS require prior channel knowledge,
SAV estimation provides a good complexity performance trade-off.
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Chapter 9
Link Level Measurements

Martin Lerch

Simulators are a powerful tool to evaluate current mobile communications standards
and to investigate new transmission and receiver techniques. The next step should
then be to perform measurements in a real-world environment. Therefore, a very
flexible wireless testbed, the Vienna MIMO Testbed was developed at TU Wien
which allows for Long Term Evolution (LTE) measurements including the Vienna
LTE-A Link Level Simulators as signal source and receiver. In Sect. 9.2 we provide
an overview of the Vienna MIMO Testbed and the methodologies to perform LTE
measurements. A measurement campaign that evaluated the impact of the transmit
antenna configuration on the performance of the LTE Downlink (DL) is presented
in Sect. 9.3. In order to perform reproducible and fully controllable measurements at
velocities of up to 400 km/h our testbed was extended by an antenna on a rotary unit.
In Sect. 9.4, this unit and the corresponding measurement methodology is described
followed by a measurement campaign comparing different channel interpolation
techniques for LTE Uplink (UL) transmissions.

9.1 Introduction

The decades after Marconi’s invention were filled with wireless experiments.
Although we understand many physical phenomena of wireless propagations today
much better than in the past, our channel models still capture only a part of the
complex physical propagation process. Nevertheless, in the last two decades, it has
become a common method to entirely skip experimental validation and trust existing
channel models when designing mobile communication systems. As the complexity
of mobile communication standards also increases, simulation methods appear to
be the Holy Grail to address open design questions. While these methods deliver
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quantitative results in acceptable time, many important issues are simplified or not
modeled at all, trading off timely results against accuracy. Converting new algorith-
mic ideas into hardware on the other hand is quite time consuming and often lacks
flexibility so that experimental evaluation remains no longer an attractive choice.
With our testbed approach [1], we essentially combine the advantages of bothworlds:
design flexibility and timeliness under true physical conditions.

Although LTE cellular systems are already being rolled out and operated in many
countries around the world, there are still unresolved issues in transmission tech-
nology. Focusing on point-to-point single-user LTE transmissions, there exist many
open questions that can be best tackled by LTE measurements:

• Performance comparison of different kinds of receivers (receiver algorithms),
• Performance of novel and modified transmission schemes following the LTE stan-
dard,

• Performance measurements at extreme channels (for example, very high speed)
for which channel models are very crude or even nonexistent,

• Comparison of different penetration scenarios or different antenna configurations.

9.2 The Vienna MIMO Testbed

Figure9.1 exhibits the main hardware components of the Vienna MIMO Testbed
required to convert a priori generated data into electromagnetic waves, transmit them
over the air and finally to capture them before storing them in digital form for further
evaluation. The major hardware components are:

• Three rooftop transmitters supporting four antennas each. The digital signal sam-
ples are converted with a precision of 16 bits and are transmitted with adjustable
power within a continuous range of about −35–35dBm per antenna.

• One indoor receiver with four channels that converts the received signals with a
precision of 16bits before the raw signal samples are saved to hard disk. The receive

consumer PC consumer PC

control network
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clock,
trigger

DAC

RF

software

amplifier

GPS

transmitter

rubidium,
clock,
trigger

ADC

RF

software GPS

receiver

mobile channel

trigger network

Fig. 9.1 Major components of the Vienna MIMO testbed



9 Link Level Measurements 205

antennas are mounted on a positioning table, which allows for measurements at
different positions within an area of about 1m × 1m, correspondingly 8λ × 8λ.

• The carrier frequency, the sample clock, and the trigger signals are generated
separately at each station utilizing Global Positioning System (GPS) synchronized
rubidium frequency standards. The synchronization of the triggers is based on
exchanging timestamps in the formofUserDatagramProtocol (UDP) packets over
a trigger network [2]. The precision of this trigger mechanism does not require any
further post-synchronization at the receiver. It is sufficient to measure the delay
once and time-shift all signals according to the measured delay.

• Adedicated fiber-optic network is utilized to exchange synchronization commands
as well as feedback information and general control commands.

The current setup supports a transmission bandwidth of up to 20MHz at a center
frequency of 2.503GHz.

In typical measurements, the transmission of signals generated according to para-
meters of interest, is repeated with different values of transmit power in order to
obtain results for a certain range of Signal to Noise Ratio (SNR). Furthermore, the
transmission of such signals at all values of transmit power is repeated at different
receive antenna positions in order to average over small-scale fading scenarios. As
a rule of thumb, in a typical scenario approximately 30 measurements of different
receive antenna positions are necessary to obtain sound results for an LTE signal with
a 10MHz bandwidth. In order to check whether we havemeasured sufficient channel
realizations, we always include BCa bootstrap confidence intervals in our results [3].
While this process is usually the same for different kinds of measurements, they may
differ in the way transmit signals are generated.

As illustrated in Fig. 9.2, we distinguish between two different methodologies as
detailed in the following:

testbed
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transmit
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results

measurement
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processing
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Fig. 9.2 Methodologies used in LTEmeasurements: a Brute-force approach. bMeasurements with
feedback



206 M. Lerch

• Brute force measurements: All signals of interest are pre-generated, transmitted
over the physical channel, and saved as raw signal samples to hard disk. The
received signals are then evaluated offline. This approach is only feasible as long
as the time duration of all the different transmit signals is small compared to the
channel variations so that successively transmitted data sets appear to be transmit-
ted over the same channel.

• Measurements with feedback: The transmit signals are generated on the fly uti-
lizing channel state information obtained via a preceding transmission of training
symbols. While the processing and evaluation of the actual data symbols can be
computed offline, the demodulation of the training symbols, evaluation, and deci-
sion about the generation of the next transmit signal has to be performed in (quasi-)
real time.

While brute force measurements typically take longer than the feedback approach
and the number of different signals that need to be evaluated is much higher, results
obtained by brute force measurements are typically more detailed and are certainly
not contaminated by the quality of the feedback function. If the number of different
transmit signals is not too large, a combination of bothmethodologies is possible. All
signals of interest are pre-generated, but only those a feedback functiondecides for are
transmitted. This approach reduces the number of signals that have to be evaluated
and signals do not have to be generated during the measurement. Nevertheless, it
should be noted that if the number of possible transmit signals is very large (for
example, zero-forcing Multi-User MIMO or Interference Alignment (IA) [4]), only
a feedback approach is feasible.

9.3 Evaluation of LTE MIMO Downlink Transmissions

In different measurement campaigns using Worldwide Inter-Operability for Micro-
wave Access (WiMAX) [5], High-Speed Downlink Packet Access (HSDPA) [6] and
LTE [7, 8] the impact of the transmit antenna configuration on the performance
of Multiple-Input Multiple-Output (MIMO) transmission modes was investigated.
Besides the transmit antenna configuration, the scenario the measurement was per-
formed in has an impact on the performance. Furthermore, the impact of the antenna
configuration depends on the receive SNR. In typical field tests, measurements are
performed in different scenarios where the SNR is set by the actual scenario. Our
approach [9] is different. We fix the scenario and measure over a wide range of
transmit power allowing for deeper insights in the impact of the transmit antenna
configuration on MIMO transmissions. Thereby, we evaluate the performance of the
LTE DL in terms of physical layer throughput on the one hand, and on the other
hand, we evaluate the channel capacity as theoretical performance metric.

Measurement Setup

The measurements were performed in an urban scenario at TU Wien in the city of
Vienna, Austria using the MIMO testbed described in Sect. 9.2. The measurement
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d

≈11λ

(a)

antennas
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Fig. 9.3 Measurement setup in downtown Vienna, Austria: a Transmitter: Two separately shiftable
pairs of vertically stacked antennas allow for measurements at vertical and horizontal transmit
antenna configurations. b Receiver: A laptop carrying the receive antennas can be moved along the
X, Y and Φ axis in order to measure different channel realizations

setup is shown in Fig. 9.3 where the transmitter is located outdoors on a rooftop and
serves a single user located indoors in the opposite building. In order to implement
the desired transmit antenna configurations, we use two pairs of vertically mounted
commercial cross polarized antennas that can be moved separately along a linear
guide. The four output channels of the transmitter are mapped to four out of the
eight antenna elements to transmit with four channels over both, vertically stacked
and horizontally spaced antennas. The receive antennas are two horizontally and two
vertically polarized custom build patch-antennas mounted around the display of a
laptop. This laptop is mounted on a XYΦ positioning table and can so be moved
within an area of about 3 λ × 3 λ as well as rotated within a range of about 210◦.

Measurement Methodology

Measuring at just a single implementation of a transmit antenna configuration neither
allows for a fair comparison of different antenna configurations nor does it lead to
reproducible results. With our setup, different antenna elements are employed for
different antenna configurations. For that reason, we repeat transmissions using all
possible implementations of the antenna configurations under investigation. Then,
as illustrated in Fig. 9.4, when averaging the results over all possible implementa-
tions, the same antenna elements are selected for every antenna configuration. Single
antenna results are obtained in a similar way by averaging over the results for all
single transmit antenna elements. Furthermore, the transmit antennas are at differ-
ent positions for different antenna spacings. We, therefore, do not just measure at
a single position of the transmit antennas. For every antenna spacing, we repeat
the measurement at different random positions along the linear guide and average
over the results. At the receiver site, results for different numbers of receive anten-
nas are averaged in a similar way as it is done for the transmit antennas. For 2 × 2
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Fig. 9.4 Averaging over all possible implementations of an antenna configuration allows for a
fair comparison with other antenna configurations. Every antenna element is used once for every
configuration: a 2 × 2 cross polarized, b 2 × 2 horizontally spaced, c 2 × 2 vertically spaced and
d 4 × 4 horizontally and vertically spaced

transmissions we average over the results obtained by the first two antennas and the
results obtained by the second two antennas. Results for 1 × 1 are averaged over all
four available receive antennas. Furthermore, measurements are repeated at different
XYΦ positions of the receive antennas. Finally, the whole measurement procedure
is repeated for different transmit powers. For the generation of the transmit signals
and the evaluation after the transmission we modified the Vienna LTE-A Downlink
Link Level Simulator [10] to work with the testbed. Thereby, to keep the number of
different transmit signals low to use the brute-force approach described in Sect. 9.2,
we use the open-loop transmit modes of LTE rather than the closed-loop modes. A
summary of all measurement parameters is listed in Table9.1.

Table 9.1 Measurement parameters

System bandwidth 10MHz, scheduled for a single user

Transmission modes Single antenna, Transmit Diversity (TxD),

Open Loop Spatial Multiplexing (OLSM)

Center frequency 2.503GHz (λ ≈ 12cm)

Transmit power −13 . . . 35dBm

Transmit antennas 4 × Kathrein 80010541 cross polarized

Transmit antenna spacings 1.5λ, 5.75λ, 10λ (horizontal)

≈11 λ (vertical)

Transmit antenna polarizations 2 × 2: cross polarized (X-pol), equally
polarized

4 × 4: double cross polarized
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Evaluation

9.3.1 Physical Layer Throughput

By applying the brute-force approach, all possible combinations of Modulation and
CodingSchemes (MCSs) and transmission rank NL = {1, 2, 3, 4} are transmitted and
evaluated independently. Thereby, we obtain for every channel realization r , transmit
power PS and all combinations of the signal parameters MCSs and NL a result in
terms of physical layer throughput Dr (PS,MCS, NL). The average throughput for
a certain antenna configuration is then calculated as the average over all channel
realizations r of the throughput of the respectively best performing combination of
MCS and NL to

D (PS) = 1

R

R∑

r=1

max
MCS,NL

Dr (PS,MCS, NL) . (9.1)

In order to compare the impact of different antenna configurations in more detail,
we furthermore evaluate the throughput for a fixed number of spatial streams NL:

DNL (PS) = 1

R

R∑

r=1

max
MCS

Dr (PS,MCS, NL) . (9.2)

Figure9.5 shows the measurement results for 2 × 2 transmissions when using
equally polarized transmit antennas. If the transmission rank is fixed to NL = 1,
we do not observe a difference between different antenna spacings. That is differ-
ent when transmitting two spatial streams (NL = 2). The higher the spacing, the
higher the measured throughput D2. Furthermore, the average SNR, at which the
two-stream transmission outperforms the single-stream transmission is shifted to

Fig. 9.5 Results for 2 × 2
LTE transmissions: While
the performance of single
stream transmissions is
independent of the antenna
spacing, the throughput
when transmitting two
streams increases with
antenna spacing
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Fig. 9.6 Average
contribution of rank NL
transmissions to the average
throughput when using rank
adaption: a 2 × 2 using
equally polarized antennas
with horizontal spacing of
d = 10 λ. b 4 × 4 double
cross polarized antennas
with horizontal spacing of
d = 10 λ
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lower SNRs. The evaluation of D reflects the technique of rank adaption. In the
lower SNR regime, the measured throughput is very close to the throughput for
the single-stream transmission. With increasing SNR, the throughput gets close to
the throughput of the two-stream transmission. In the region of moderate SNR, D is
higher than the respective throughputs D1 and D2, aswe evaluate average throughputs
and the break-even point in terms of average SNR differs from channel realization
to channel realization. This smooth transition is also shown in Fig. 9.6, where the
average contribution of transmissions using NL spatial streams to the average total
throughput is illustrated. The results for all 2 × 2 antenna configurations when using
rank adaption are given by Fig. 9.7. Large differences are only observed at moder-
ate to high SNRs where transmissions with NL = 2 outperform the single-stream
transmissions. Thereby, the throughput increases with antenna spacing d when using
equally polarized transmit antennas. The vertically stacked antennas perform about
as good as the horizontally spaced antennas with spacing d = 10 λ. Cross polarized
transmit antennas outperform all other antenna configurations. Figure9.8 shows the
results of the 4 × 4 measurements using double cross polarized antennas. As for the
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Fig. 9.7 Results for 2 × 2
LTE transmissions: The best
performance for two antenna
transmissions is observed
when cross polarized
antennas are employed

-10 -5 0 5 10 15 20 25 30 35 40
0

10

20

30

40

50

60

70

80

90

SNR (dB)

th
ro

ug
hp

ut
D

(M
bi

t/s
)

10MHz LTE downlink, fc=2.5GHz

d=1.5λ
d=5.75λ

d=10λ

vertical

X pol

95% confidence interval
estimated scenario mean

Fig. 9.8 Results for 4 × 4
LTE transmissions: The
performance increases with
antenna spacing
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2 × 2 case, the performance increases with antenna spacing. The throughput with
vertically stacked antennas is close to the throughput for horizontally spaced antennas
with d = 10 λ.

9.3.2 Channel Capacity

Besides results in terms of throughput, the receiver of the LTE simulator provides
channel estimates for every subframe transmitted. We evaluate the channel capac-
ity [11] as an upper bound for the data rate by these channel estimates Hk measured
at the highest transmit power. For an Orthogonal Frequency Division Multiplexing
(OFDM) transmissionwith Nc subcarriers, a total channel bandwidth B and NT trans-
mit antennas, the channel capacity C (PS) as a function of the measured channels
Hk , the measured noise power PV and the transmit power PS is given by
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C (PS) = B

Nc

Nc∑

k=1

log2 det

(
I + 1

NT

PS

PV
HkFkFH

k HH
k

)
. (9.3)

Due to the guard band of 1MHz specified in the 10MHz LTE DL, Hk is esti-
mated over a bandwidth of 9MHz only. Therefore, we extrapolate the results to
the full bandwidth of B = 10MHz. Thereby, we assume full Channel State Infor-
mation (CSI) at the transmitter and use the waterfilling algorithm to calculate the
optimal precoder Fk for every channel realization. The waterfilling algorithm dis-
tributes a fixed value of total transmit power to the available layers according to the
eigenvalues λl of HkHH

k . At low SNRs the maximum is achieved by assigning all
power to the strongest eigenvalue. With increasing SNR the number of eigenvalues
increases before the available transmit power is assigned equally to all eigenvalues.
The eigenvalues obtained by the measurement are listed in Table9.2 for 2 × 2 and in
Table9.3 for the 4 × 4 channels. A comparison of channel capacity and LTE phys-
ical layer throughput for three different transmit antenna configurations for 2 × 2
transmissions is depicted in Fig. 9.9. At low SNRs, both, the capacity and the LTE
throughput is independent of the antenna configuration. With increasing SNR, the
differences observed for the LTE throughput become visible for the channel capacity
in a similar way. The same effects are observed when evaluating the eigenvalues in
Table9.2 where the measured eigenvalues are normalized to the strongest eigenvalue
at d = 1.5 λ. Thereby, the strongest eigenvalue λ1 is independent of the transmit
antenna configuration while the second eigenvalue λ2 depends on the antenna con-
figuration. The measured eigenvalues for 4 × 4 are listed in Table9.3 where the two
strongest eigenvalues are quite independent of the antenna configuration. The impact
of the antenna configuration is visible for the two weakest eigenvalues only.

Finally, we were interested in how much of the channel capacity the LTE phys-
ical layer throughput could reach in our measurement. Therefore, we define the

Table 9.2 Normalized eigenvalues of measured 2 × 2 channels

d=1.5λ (dB) d=5.75 λ

(dB)
d=10 λ (dB) Vertical (dB) X polarized

(dB)

λ1 0.0 0.1 0.0 0.0 −0.27

λ2 −20.2 −16.5 −14.4 −14.7 −10.9

Table 9.3 Normalized eigenvalues of measured 4 × 4 channels

d=1.5 λ (dB) d=5.75 λ (dB) d=10 λ (dB) Vertical (dB)

λ1 0.0 0.2 0.1 −0.1

λ2 −7.6 −7.7 −7.5 −7.5

λ3 −21.0 −17.1 −15.0 −15.4

λ4 −31.0 −26.1 −23.9 −25.6
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Fig. 9.9 Comparison of
channel capacity and LTE
physical layer throughput of
2 × 2 setups for three
different transmit antenna
configurations
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Fig. 9.10 Comparison of
1 × 1, 2 × 2 (cross
polarized) and 4 × 4
(d = 10 λ) in terms of
relative throughput. The LTE
throughput reaches nearly
half of the channel capacity
for 1 × 1 transmissions and
decreases with increasing
number of transmit antennas
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relative throughput as the ratio of throughput and capacity: D% (PS) = 100 · D(PS)

C(PS)
.

In Fig. 9.10 we show a comparison of the respectively best performing antenna con-
figurations in terms of relative throughput. For all different numbers of transmit
antennas the relative throughput increases with SNR and reaches a maximum as
the maximum data rates defined in the LTE standard are reached. This maximum
decreases with increasing number of transmit antennas as the overhead increases.

9.4 Measurements at High Velocities

LTE is designed to support user velocities of up to 500 km/h whereas mobile com-
munications experiments in high mobility environments such as high speed trains,
motorways or airplanes are expensive and time-consuming. Although such experi-
ments are feasible, they are not well suited to, for example, directly compare dif-
ferent transmission techniques or to measure at different velocities or SNRs. Such
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experiments require a fully controllable setup that allows for repeated transmissions
under identical environmental conditions where all parameters are fixed except the
one whose effect is being tested. In order to perform such experiments, the Vienna
MIMO testbedwas extended by antennas on the tip of a rotary unit [12, 13] that allows
for fully controllable and repeatable measurements at velocities of up to 400 km/h.
In this section, we give an overview of this measurement setup before the results of
a measurement campaign comparing different channel interpolation methods for the
LTE UL are presented.

9.4.1 Measurement Setup and Methodology

In our setup, as it is shown in Fig. 9.11, repeatable time-variant channels are generated
by rotating the receive antennas around a central pivot. The received signals are then
fed through the rod to rotary joints mounted inside the axis and are connected to
the static receiver hardware of our testbed. A light barrier mounted on the axis
captures the start of each turn of the rotating rod. This signal is connected to the
trigger network of the testbed and triggers the signal transmission. Thereby, signal
transmissions can be triggered at any desired angle of the rotating rod. The light
barrier together with the trigger network allows for repeated transmissions over the
same time-varying channel. Examples when multiple transmissions over the same
channel are needed are:

Δx=3λΔy=2.2λ

Δz

receive antennas

light barrier

motor

rail to move the
whole setup

Fig. 9.11 Measurement setup to generate repeatable time-variant channels
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• Measurements at different SNRs. The same signals need to be transmitted with
different transmit powers over the same channel.

• When comparing different transmit signals or transmit modes.
• Brute-force LTEmeasurements where different signals need to be transmitted over
the same channel.

• Measurements with feedback, if feedback information should be applied to trans-
missions over the same channels to obtain the CSI. For measurements with feed-
back delay the trigger can be delayed according to the desired delay.

• Measurements at different velocities. As the spatial length Δz = T · v of a signal
with a certain temporal length T depends on the velocity v, it is not possible to
transmit the same signal over the same channel at different velocities.Our approach
for a fair comparison at different velocities is illustrated in Fig. 9.12. We transmit
n realizations of the transmit signal of interest at the highest velocity. At half the
maximum velocity, we transmit 2n realizations and so forth.

In order to measure different channel realizations within the same scenario, the
whole setup can be moved along the x and y-axis. The area where typical mea-
surements are performed is illustrated by the box in Fig. 9.11. While Δx and Δy
are given by mechanical constraints of the setup, Δz = T · v depends on the length
T of the transmit signals and the actual velocity v. Considering measurements at
a velocity of v = 400 km/h and the transmission of single LTE subframes having
a length of T = 1ms, the length of the path the receive antennas move during the
transmission calculates toΔz ≈ 11cm. For the rod having a length of 1m, the length
of the path corresponds to an angle of about 6◦. Figure9.12 illustrates the path of the
receive antennas and the corresponding bending of the path over 1ms when moving
at 400 km/h.

9.4.2 LTE Uplink Fast Fading Channel Interpolation

In the measurement campaign reported in [14] wewere interested in the performance
of different channel interpolation techniques for the LTE UL. Compared to the LTE

400km/h

LTE subframe (1 ms, Δz≈11 cm)trigger point

1 ms

200km/h

1 ms

100km/h

Fig. 9.12 Trajectories of the receive antennas when transmitting LTE subframes. Multiple trans-
missions of the transmit signals at lower velocities allows for transmissions over the same spatial
channels at different velocities



216 M. Lerch

DL, the temporal spacing of the Demodulation Reference Signals (DMRS) in the
UL is about twice the spacing as in the DL. Furthermore, if frequency-hopping is
performed the number of adjacent pilots transmitted in a certain subband is two for
inter-subframe frequency hopping and one for intra-subframe frequency hopping
where frequency hopping is performed on a per-slot basis. Due to this special struc-
ture of pilot symbols, channel estimation in the LTE UL is a challenging problem.
The authors of [15] proposed an interpolation algorithm based on adaptive order
polynomial fitting to mitigate Inter-Carrier Interference (ICI), in [16] the polynomial
basis expansion model is employed and the estimation accuracy is improved by an
autoregressive model. Our idea is to include channel estimates from the previous and
from the subsequent subframe into the process of channel interpolation. The addi-
tional delay that is introduced by applying channel estimates from the subsequent
subframe is not considered.

System Model

We consider continuous single antenna LTE UL transmissions with frequency hop-
ping being disabled. Sounding Reference Signals (SRS) and the Physical Uplink
Control Channel (PUCCH) are both not considered. Figure9.13 illustrates the result-
ing time/frequency resource grid for three consecutive resource blocks that consist
only of data symbols and pilot symbols. At the receiver sidewe perform a symbol-by-
symbol Least Squares (LS) channel estimation in the frequency domain and calculate
the Zero Forcing (ZF) equalizer by the different interpolation methods under investi-
gation. Althoughwe do not perform frequency hopping, we emulate it by considering
the cases where only one or two pilot symbols are used.

• Average: Averaging the channel estimates from pilot positions p0 and p1. In the
static case this method improves the channel estimation by 3 dB in terms of signal-
to-noise ratio (SNR) but averages over temporal variations in the fast fading case.

p-2 p-1 p0 p1 p2 p3

time

fr
eq

ue
nc

y

subframe n

1. slot 2. slot

data symbol

pilot symbol

Fig. 9.13 Resource grid of the LTE uplink. Due to SC-FDMA modulation, symbols marked as
data symbols are the DFT-precoded data symbols rather than the actual data symbols
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• 1 point: Data symbols of slot n are equalized by the channel estimates from pilot
at position pn . This method is applicable in the case of intra-subframe frequency
hopping.

• 2 point linear: Linear interpolation and extrapolation based on the estimates at pilot
position p0 and p1. This method is applicable in the case inter-subframe frequency
hopping is performed but intra-subframe frequency hopping is not activated.

• 4 point linear: Linear interpolation based on the estimates at pilot position p-1, p0,
p1 and p2.

• 4 point spline: Spline interpolation based on the estimates at pilot position p-1, p0,
p1 and p2.

• 6 point spline: Spline interpolation using the estimates from pilot positions p-2 to
p3.

The resulting equalizers are then applied in the frequency domain on the DFT-
precoded data symbols transmitted during subframe n in Fig. 9.13. The previous sub-
frame and the subsequent subframe are only considered to obtain additional channel
estimates.

Measurement

Both, the generation of transmit signals and the processing of the received signals is
based on the Vienna LTE-A Uplink Link Level Simulator [17]. In order to measure
the physical layer throughput by the brute-force approach described in Sect. 9.2, one
subframe for each of the 15 different MCSs is pre-generated. Every subframe is
repeated three times for transmissions at the maximum velocity of v = 400 km/h
whereas the central subframe n is the subframe to be decoded and the neighboring
subframes n − 1 and n + 1 are used to obtain the additional channel estimates. At
half of the maximum velocity (200 km/h) two subframes of interest (n) are trans-
mitted over the desired channel (Δz) and so forth. Figure9.14 illustrates this idea of
transmitting over the same spatial channel at different velocities whereas the number
of subframes considered in the evaluation is given by R (v) = 400

v (Table9.4).

Table 9.4 Measurement parameters.

Center frequency 2.506GHz (λ ≈ 12cm)

Velocities 50, 100, 200 and 400 km/h

Channel realizations 49 (within an area of about 3 λ × 2.2λ)

Transmission mode 10MHz LTE UL, single antenna transmission,
normal cyclic prefix, all resources scheduled
for a single user, no SRS, no PUCCH

Modulation and coding 15 different MCSs according to the 15 different
Channel Quality Indicators (CQIs) defined in
the standard

Receiver Single antenna, LS channel estimation, ZF
equalization



218 M. Lerch

Δz
trigger point z

subframe n−1 subframe n subframe n+1

r=1 v= 400km/h

n−1 n

n−1

n+1

n n+1

r=1

r=2

v= 200km/h

Fig. 9.14 Transmitting over the same spatial channels allows for a fair comparison at different
velocities

Evaluation

As figure of merit for the comparison of different channel interpolation methods the
physical layer throughput is considered. Furthermore, the SNR as well as the Signal-
to-Interference Ratio (SIR) and the Signal to Interference and Noise Ratio (SINR)
as measures for the amount of ICI are evaluated.

Physical Layer Throughput

By using the brute-force approach perfect knowledge of the best performing MCS is
emulated for every channel realization and every value of transmit power by trans-
mitting all different MCSs over the same channel. The independent evaluation of
all received signals then yields a value of throughput Dm for every combination of
measurement parameters whereas k denotes the channel realization, r being the tem-
poral repetition, v the velocity, PS the transmit power and I the channel interpolation
method. The throughput Dm is maximized over the different MCSs by

D̂m (k, r, v, I, PS) = max
MCS

Dm (k, r, v, I, PS,MCS) (9.4)

before the average throughput

D (v, I, PS) = 1

K

1

R (v)

K∑

k=1

R(v)∑

r=1

D̂m (k, r, v, I, PS) (9.5)

is obtained by averaging over all K different channel realizations and R (v) temporal
repetitions.

SIR, SINR and SNR

The power of each subcarrier is estimated in the frequency domainwhereaswe obtain
the signal-plus-interference-plus-noise power PSIN at data subcarrier positions, the
interference-plus-noise power PIN at the DC subcarrier where no data is transmitted
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and the noise power PV by measuring at the same subcarrier positions during a
noise gap when no signal is transmitted. These thereby obtained power estimates are
averaged similar to Eq. (9.5) separately over all channel realizations and temporal
repetitions. PSIN and PIN are furthermore averaged over all different MCSs. The
estimated SIR then calculates to

SIR (v, PS) = PSIN (v, PS) − P IN (v, PS)

P IN (v, PS) − PV (v, PS)
, (9.6)

the SINR to

SINR (v, PS) = PSIN (v, PS) − P IN (v, PS)

P IN (v, PS)
, (9.7)

and the SNR to

SNR (v, PS) = PSIN (v, PS) − P IN (v, PS)

PV (v, PS)
. (9.8)

Results

The conditions in terms of SIR, SINR and SNR under which the measurement was
performed are shown in Fig. 9.15. Due to the aforementioned methodology, the SNR
is constant over the whole range of velocities. Comparing the SIR to analytical
results [18], derived for two popularmodels, shows a higher SIR in our scenario. Both
models, Jakes’ spectrum and the uniform model are based on uniformly distributed
scattering objects which is not the case in our scenario. The SINR is upper bounded
by noise at low velocities and upper bounded by the ICI power at high velocities.
While we observe a large decrease of SINR for increasing velocity at high SNR, the
SINR curve flattens for lower SNRs. The impact of ICI on the throughput becomes
nearly independent of the velocity and the performance is rather determined by noise
and the quality of the channel interpolation method than by ICI.

Fig. 9.15 Channel
conditions under which the
measurement was performed
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Fig. 9.16 Measurement
results comparing different
channel interpolation
methods in terms of
throughput for two different
values of transmit power
resulting in an average SNR
of a ≈38 dB and b ≈21 dB
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Figure9.16 compares the considered channel interpolation methods in terms of
physical layer throughput for two different values of SNR. As expected, the worst
performance is observed when channel estimates from two pilots are averaged. The
performance increases with the number of pilots in the channel interpolation. The
highest gains at high SNR are observed between 1 point, where no interpolation is
performed and 2 point interpolation and moreover when channel extrapolation in the
2 point case is replaced by interpolationwhenperforming4 point linear interpolation.
Additional gains are observed when using spline interpolation, especially at high
SNR and high velocities. At lower SNR, spline interpolation outperforms 4 point
linear interpolation only at moderate to high velocities. At low velocities, the gain of
channel estimation SNR becomes visible for the averaging method as it performs as
good as the 2 point method. Furthermore, the throughput flattens at lower SNRs as
the SINR flattens. At low velocities, the throughput is then determined by the SNR.
The impact of the channel interpolation method is still visible at high velocities.
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Part II
System Level Simulations

In the second part of the book, the focus is on system level, where performance
evaluation requires to encompass a large number of network elements and upscales
the number of interconnecting links. These have become an indispensable tool for
predicting the behavior of wireless cellular systems [1−3]. The main interest lies in
network-related issues such as resource allocation, mobility management, and
network planning [4−8]. Hence, computational complexity needs to be decreased
substantially in order to make the problem feasible. A widely accepted solution is
the application of link abstraction models that specify the interaction between link-
and system level simulators [2]. This approach is expected to persist in simulation
tools for the fifth generation of wireless cellular networks (5G) [9].

Exhaustive simulations enable to study any scenario at any desired depth of
detail. On the other hand, this requires to run a separate simulation for every setup
and each choice of parameters. As an example, in a heterogeneous cellular network,
the amount of combinations of deployment parameters rises exponentially with the
number of network tiers. Hence, it is expedient to use insights from analytical
models to shrink the search space, and to run targeted simulations. Results from
theory provide overall insights without misinterpreting or being biased by any
specific scenario.

Current analytical models for system level evaluation of mobile cellular net-
works focus on an accurate statistical description of the aggregate interference, i.e.,
the cumulative impact from all co-channel interferers, as it is one of the main
performance limiting factors [10]. The two key interference-shaping factors are the
spatial distribution of concurrently transmitting BS and the path losses, which
encompass signal attenuation by distance and fading [10−15].

Tractable interference statistics have mainly been reported in the field of
stochastic geometry. This powerful mathematical framework recently gained
momentum as the only available tool that provides a rigorous approach to mod-
eling, analysis, and design of networks with a substantial amount of nodes per unit
area [10−12, 15−26]. When closed-form expressions are desired, it imposes its own
particular limitations, typically including spatial stationarity and isotropy of the



scenario [10, 15, 27]. Hence, the potential to consider an asymmetric interference
impact is very limited and notions such as cell-center and cell-edge are, in general,
not accessible.

The second part of this book places particular emphasis on system models of low
complexity that enable to analytically evaluate interference statistics of arbitrary
interferer topologies at any desired user location. The second major focus is on a
systematic and reproducible simulation methodology.

This part is organized as follows. First, basic concepts of system level simula-
tions are explained in Chap. 10. Moreover, advanced features such as
runtime-precoding and 3D channel modeling are introduced. In Chaps. 11−13, two
circular as well as a stochastic interference model are presented that enable to
analytically predict system level performance. Their applicability against LTEA
system level simulations is validated. Chapter 14 provides a systematic and
reproducible simulation methodology for evaluating two-tier heterogeneous cellular
networks. Advanced system level applications are presented in Chap. 15.
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Notation and Common Simulation Parameters

The subsequent table summarizes commonly employed parameters.

Common simulation parameters for Chaps. 11−14 are summarized in Table 2.

Table 1 Frequently used parameters

Symbol Annotation

ðr;/Þ User location in polar coordinates

ðR;WÞ Transmitter-site location in polar coordinates

PM Macro base station transmit power in [W]

lM Macro base station density in [m-2]

PM Small cell transmit power in [W]

lS Small cell density in [m-2]

g Small cell occupation probability/-ratio, 0� g� 1

‘ð�Þ Distance-dependent path loss law, 0� ‘ð�Þ� 1

RI Radius of indoor area or building

LW Wall penetration loss, 0� LW � 1

S; I Aggregate signal and interference powers in [W]

c Signal-to-Interference Ratio c ¼ S=I

s Normalized rate (spectral efficiency) in [bit/s/HZ]

Table 2 Common simulation parameters

Parameter Value

Carrier frequency fc ¼ 2:14 GHz

LTEA bandwidth 20 MHz

Macro site deployment Hexagonal grid, one ring

Inter-macro site distance 500 m

eNodeB transmit power PM ¼ 46 dBm

eNodeB minimum coupling loss cB ¼ �70 dB

Shadow fading Spatially correlated log-normal

Fast fading Time-correlated Rayleigh

Receiver type Zero forcing

Noise power density �174 dBm/Hz

Traffic model Full buffer

Channel knowledge Perfect

Simulation length 100 Transmission Time Interval (TTI)

Number of simulation runs 100
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Chapter 10
Basic System Level Simulations
and Advanced Features

Markus Rupp, Stefan Schwarz and Martin Taranetz

10.1 Survey on Existing Simulation Tools

This chapter gives an overview on existing simulation tools, outlines basic concepts of
system level simulations and introduces the advanced features of runtime-precoding
and 3D channel modeling. There are several ways to categorize existing system-level
simulation tools. First, we may distinguish between simulators, which are imple-
mented as ‘modules’ of a larger suite, and those, which are specifically designed
for LTE-A [1]. Examples for the former include the Riverbed SteelCentral NetMod-
eler (formerly OPNET Modeler Suite) [2], OMNeT++ [3], IT++ [4], ns-2 [5, 6],
GNS3 [7], openWNS [8] and Hurricane II [9]. The main drawback of these solu-
tions is their low level of detail, hence leaving most implementation work to the
user. Consequently, results often lack accuracy and verification. On the other hand,
technology-specific simulators are mainly developed by network operators and ven-
dors, and are typically not intended for commercial distribution [1, 10–12]. Such
tools yield a broad range of possibilities for parameter calibration and statistical
evaluation. Thus, they are key instruments for the standardization process and the
development of new technologies.

While these two classes of simulators largely vary in complexity, scalability and
usability, probably the most relevant difference for scientific research is their acces-
sibility. The authors strongly believe that open access is a key prerequisite for repro-
ducible simulation studies. The short list of openly available, technology-specific
approaches includes LTE-Sim [13], the tool presented in [12] and the Vienna LTE-A
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downlink system level simulator. While the first lacks of detailed Multiple-Input
Multiple-Output (MIMO) modeling, the second provides a rather limited set of fea-
tures. In this book, we present the Vienna LTE-A downlink system level simulator [14].

10.2 The Vienna LTE-A Downlink System
Level Simulator

The Vienna LTE-A system level simulator is implemented in object-oriented
MATLAB. For further information, see, e.g., [15]. It is made openly available for
download under an academic, non-commercial use license. Its rich set of features
and easy adaptability has led to numerous publications from researchers all over the
globe, including studies on energy-efficient cell-coordination schemes [16], handover
algorithms in self-optimizing networks [17], and resource allocation techniques for
femtocell networks [18] as well as for machine-to-machine communication [19].
On top of that, the open accessibility warrants the reproducibility of these contribu-
tions. Today (December 2015), the simulator counts more than 30,000 downloads
and undergoes permanent peer-review from a substantially large online community.
With some 100,000 lines of code, employing a large forum with active users is the
only method to guarantee its quality.

10.3 Physical Layer Modeling

This section provides a brief introduction to modeling concepts of the physical layer
of LTE-A on system level. The LTE-A PHY procedures can conceptually be described
as a Bit Interleaved Coded Modulation (BICM)-system [20], as shown in Fig. 10.1. It
comprises a transmitter including channel coder, bit interleaver and modulator (M ).
In LTE-A, coding and interleaving is achieved by a turbo-coder in combination with
rate matching. The symbol mapping employs 4-, 16- and 64-QAM with Gray map-
ping, respectively. Signal propagation over an NR × NT MIMO channel is commonly
modeled by slowly-varying, position-dependent macro-scale fading L0, small-scale

Fig. 10.1 Separation of an LTE link into link quality- and link performance model. The link can
equivalently be described as an LTE BICM transmitter–receiver chain [20]
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fading H0 and Additive White Gaussian Noise (AWGN). The matrix representation
follows from the assumption that the cyclic prefix exceeds the channel length, hence
omitting inter-symbol interference. The channel coefficients are typically calculated
from a power-delay profile or a ray-based spatial channel model, such as the Wireless
World Initiative New Radio (WINNER) model [21] or 3GPP’s 3D model [22]. The
receiver encompasses an equalizer filter and a demodulator (M−1) as well as a
turbo decoder, which provides de-interleaving and channel decoding. In the current
version (v1.8r1375) of the Vienna LTE-A system level simulator, low complexity
models for Zero Forcing (ZF)- and Minimum Mean Square Error (MMSE) receivers
are available. The former approaches the average performance of an optimal receiver
by exploiting Multi-User (MU) diversity, which is typically present in system level
scenarios [23].

10.4 Link-to-System Mapping

The objective of the link abstraction model or link-to-system mapping is to predict the
performance of the presented LTE-A link, given a parameterization of the inputs. For
simplification, the model can be divided into a link quality- and a link performance
model, as indicated in Fig. 10.1. The link quality model measures the quality of the
received signal after equalization. Since the metric has to represent the quality of
the input to the turbo decoder, the post-equalization Signal to Interference and Noise
Ratio (SINR) is a straightforward choice [20]. The link performance model translates
this measure into Block Error Ratio (BLER) and further into (area) spectral efficiency
and effective throughput, based on the employed Modulation and Coding Scheme
(MCS). The translation is carried out by means of an AWGN BLER curve of the
corresponding MCS. The curves are obtained from LTE link level simulations, thus
forming the only computationally costly physical layer evaluation, which is required
for the link abstraction model.

In order to accurately map the system level SINR to the link level curves, an
effective SINR is calculated. This mapping is commonly denoted as Effective Signal
to Interference and Noise Ratio Mapping (ESM) in literature [24]. It compresses
the vector of post-equalization SINR values of the allocated Orthogonal Frequency
Division Multiplexing (OFDM) subcarriers to a single effective SINR value that can
be further mapped to a BLER value. The general process is illustrated in Fig. 10.2.
Several approaches of an ESM have been reported in literature, including Exponen-
tial Effective Signal to Interference and Noise Ratio Mapping (EESM) and Mutual
Information Effective Signal to Interference and Noise Ratio Mapping (MIESM) [25,
26], respectively. The Vienna LTE-A simulator employs a MIESM, which already
proved beneficial in Release 5 of UMTS [27], and was shown to outperform all other
approaches (e.g., EESM [28]) in both complexity and performance. In comparison
to other methods, it does not require an empirical calibration step as long as the
employed codes perform close to capacity [20].
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Fig. 10.2 PHY link-to-system mapping procedure [29]

The MIESM method compresses the SINR values of the assigned Resource Blocks
(RBs) for each User Equipment (UE) and TTI into an effective SINR, yielding an
AWGN-equivalent representation in terms of mutual information. The non-linear
ESM mapping is expressed as

γeff = I−1
k

(
1

N

N∑

n=1

Ik(γn)

)
, (10.1)

where N is the length of the SINR vector and Ik denotes the BICM capacity for the
chosen modulation at the given SINR value γn. Thus, MIESM effectively averages
the subcarriers in the Mutual Information (MI) domain and then remaps the average
MI value to Signal to Noise Ratio (SNR) [20]. For a modulation encoding k bits per
symbol, the BICM capacity is expressed as [30]:
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⎫
⎬

⎭ ,

(10.2)

where X is the set of 2k constellation symbols, X i
b denotes the set of symbols for

which bit i equals b and Y is complex normal Random Variable (RV) with zero mean
and unit variance.

The model in Fig. 10.1 is a simplification of the actual link abstraction model,
as it does not account for interference from other base stations. Its expansion to the
whole network is illustrated in Fig. 10.3. The figure identifies the main components
of the model as network layout, time-variant fading and scheduling. It also illustrates
the corresponding input–output relations to the link quality- and link performance
model, respectively.
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Fig. 10.3 LTE link abstraction model as employed in the Vienna LTE-A downlink system level
simulator

10.5 Advanced Features: Runtime Precoding

10.5.1 Relevance

In existing open-source system level simulation tools, UE association is limited to a
single eNodeB with all antennas being mounted at the same site. In such scenarios,
the fading as experienced over a MIMO link can be decomposed into a slowly
varying, position-dependent macro-scale component and a faster changing small-
scale component, as shown in Fig. 10.3. Macro-scale fading is determined by the
network layout and comprises antenna directivity, path loss and shadowing. Small-
scale fading represents fast, frequency-selective channel variations over time. As
explained in Sect. 10.3, it is commonly modeled by a normalized NR × NT channel
matrix H0, where NT and NR denote the number of transmit- and receive antennas,
respectively. All entries of Hi have unit mean power in ensemble average.

In the single-eNodeB-single-site case, the macro-scale parameter L0 is a scalar,
which is applied on all entries of H0. Thus, both L0 and H0 can be computed off-line
and independently from each other. Such separation further enables to determine the
optimal precoder for each transmission rank a-priori with minimum loss of accuracy
[20]. The effective channel H = GH0F, which encompasses precoder F and receive
filter G, can be stored in channel traces and may be reused in all simulations with
the same MIMO setting.
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If the desired signal is received from multiple eNodeBs (e.g., in certain Coordi-
nated Multi-Point (CoMP) schemes, as indicated in Sect. 10.5.2a) or from a single
eNodeB with geographically separated antennas (e.g., in Distributed Antennas Sys-
tem (DAS)- and Remote Radio Head (RRH) deployments, as shown in Sect. 10.5.2b),
a-priori computation of the optimal precoders and the corresponding receive filters
is no longer possible. In this case, only the normalized small-scale fading matrices
Hi for each transmitter site can be pre-generated. The composite channel of the
desired signal does not become available until runtime. It is obtained by stacking the
matrices Hi from each transmitter-site and weighting them with the corresponding
macro-scale losses, Li, i.e.,

H′
0 = [L1H1 L2H2 L3H3 . . .] . (10.3)

Then, the effective channel is calculated as H = GH′
0F. In this case, the optimal

precoder, F, and the corresponding receive filter G are determined at runtime. The
challenge is to enable coherent signal reception from spatially distributed trans-
mission points while keeping additional computational complexity at a minimum.
Subsequently, we introduce the so called runtime-precoding method.

10.5.2 Implementation

The functionality of runtime-precoding is implemented in the UE’s link quality
model, as indicated in Fig. 10.3. Its major building blocks are outlined in Algorithm 1.
The model enables coherent signal reception from spatially distributed sources, which
can be selected at runtime. At first, it collects the normalized small-scale fading
channels and macro-scale losses for both desired and interfering signals. Then, the
channels are stacked according to Eq. 10.3.

In the next step, the corresponding precoders are determined. By default, they
may be chosen from a 3GPP standard-compliant codebook [31]. Note there is no

(a) (b)

Fig. 10.4 Spatially distributed transmission points. a CoMP scenario. b eNodeB with RRHs
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Algorithm 1: Proposed UE link quality model with runtime-precoding func-
tionality.

Result: post equalization SINR
collect macroscopic path losses and normalized channel matrices from all transmitting sites;
calculate composite desired channel by stacking channel matrices of desired signal;
determine precoder or beamformer;
if there are interferers then

calculate composite interfering channels by stacking channel matrices of interferers;
determine precoders or beamformers for interfering channels;

else
noise power only;

end
calculate receive filters and effective channel matrices;
determine post equalization SINR and store for link performance model;
calculate feedback based on actual channel;

standardized method to determine the Precoding Matrix Indicator (PMI). The Vienna
LTE-A downlink system level simulator employs a scheme that maximizes the mutual
information between transmitted and received symbols [32]. Nonetheless, the avail-
ability of the full channel at runtime allows researchers to apply arbitrary precoders
and beamformers, yielding a profound novelty in open-source LTE-A system level
simulation tools. Note that in general, beamforming strategies are found by solving
multi-objective optimization problems [33]. The implementation of 3GPP’s 3D chan-
nel model enables the investigation of elevation beamforming and full-dimension
MIMO [22].

10.5.3 Performance Evaluation

In this section, we evaluate the price to pay for enabling coherent multi-point trans-
mission in system level simulations. For this purpose, we extend the UE link quality
model of the Vienna LTE-A simulator by the runtime-precoding functionality accord-
ing to Algorithm 1. Then we measure simulation run times with the new- and the
legacy model. The results are compared with run times as obtained with the Vienna
LTE-A Downlink Link Level simulator [34]. For a meaningful comparison, all simu-
lations were carried out on the same hardware, an Intel(R) Core(TM) i7-3930K CPU
@ 3.20 GHz, equipped with 32 GB of DDR3 1333 quad-channel RAM.

The common setup, which is employed in both link- and system level simulations,
is summarized in Table 10.1. We carry out simulations with the LTE bandwidths
B = {1.4, 3, 5, 10, 20}MHz and the NT × NR antenna configurations {2 × 2, 4 ×
2, 4 × 1} for various simulation lengths (measured in multiples of 1 TTI), in particular
NTTI = {100, 500, 1000} on system level and NTTI = {10, 100, 500} on link level,
respectively. Moreover, we perform system level simulations with K = {1, 10, 100}
UEs at a simulation length of 100 TTI. A round robin scheduler is employed. Note that
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Table 10.1 Simulation parameters as employed for the simulation run time evaluation

Parameter Value

Frequency 2.14 GHz

Number of eNodeBs 1

Transmit power 5 W

eNodeB antenna gain pattern Omni-directional

LTE transmission mode CLSM

Path loss in dB max

(
10 log10

(
4πd f

c0

)2
, 0

)

Shadow fading None

Channel model ITU-R Ped-A, block fading

Receiver type Zero forcing

Noise power spectral density −160 dBm/Hz

UE position Random in circle with R = 250 m

UE antenna gain pattern Omni-directional

Traffic model Full buffer

Channel knowledge Perfect

Feeback AMC: CQI, MIMO: PMI and RI

Feedback delay 3 TTI

the round robin scheduler does not increase in complexity with the number of physical
RBs (i.e., increasing B). Other scheduling algorithms may have a considerable impact
on the simulation run time in multi-user scenarios [20].

Figure 10.5 shows the obtained simulation run times. Each point was computed
by averaging over ten simulation runs. It is observed that on system level the results
scale approximately linearly with the simulation length NTTI, the bandwidth B and
the number of UEs K . Compared to this, the link level results exhibit a slightly
non-linear scaling with B (note that on link level, only a single link is evaluated,
i.e., K = 1). Both link- and system level run times show a non-linear dependence on
the number of transmit- and receive antennas, NT and NR, respectively. From these
observations, we can derive the following generic run time estimator (for a better
understanding of the scaling with NT and NR, additional simulations with the MIMO
configurations {2 × 1, 4 × 1} were carried out).

T[s](NTTI, B, NT, NR, K)

= (c0 + NTTI · K · B[MHz] · (c1 NT + c2 NR + c3 NTNR)

+ · · · + NTTI · K · B2
[MHz] · (c4 NT + c5 NR + c6 NTNR))

× · · · × 1 s, (10.4)
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Fig. 10.5 Simulation run times (s) for various LTE bandwidths (MHz), antenna configurations
{NT × NR} and number of UEs, a system level, old model, 1 UE, b system level, new model, 1 UE,
c system level, old model, 100 TTIs, d system level, new model, 100 TTIs, e link level, 1 UE

where B[MHz] = B/106 Hz. Next, we compute the coefficients c0, . . . , c6 by linear
least squares. The results are summarized in Table 10.2. Compared to the legacy link
quality model, simulations with the new model require 1.25× longer for initializa-
tion (represented by the coefficient c0), which is still 52.5× faster than link level
simulations. It slightly decreases the scaling with B[MHz] · NR (referring to c2) by
1.4× while increasing c3 (according to the scaling with B[MHz] · NT · NR) by 2.7×.
The latter term is of particular relevance for investigating massive MIMO scenarios
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Table 10.2 Coefficients for the runtime estimator in Eq. 10.4 as obtained by linear least squares

Simulation type c0 c1 c2 c3 c4 c5 c6

Legacy link
quality model

0.8 0 8.2 × 10−4 2.7 × 10−4 0 0 0

New link
quality model

1.0 0 5.7 × 10−4 7.4 × 10−4 0 0 0

Link level
simulations

52.5 0 235.0 × 10−4 0 2.3 × 10−4 11.0 × 10−4 0

Values are provided for system level simulations with the legacy- and the new link quality model
as well as for link level simulations

with a large number of transmit antennas. On link level, c2 (referring to a scaling
proportional to B[MHz] · NR) is 41.2× larger than on system level, while c3 = 0 (corre-
sponding to the scaling proportional to B[MHz] · NR · NT). On the other hand, the link
level simulation run times scale with NT · B2

[MHz] and NR · B2
[MHz] (referring to c4 and

c5), while system level simulations with both legacy- and new link quality model
exhibit no dependency on B2

[MHz], i.e., c4 = 0, c5 = 0 and c6 = 0, respectively. A
more detailed analysis of the link level simulation times shows that the non-linearity
mainly arises from the symbol demapping and decoding, as described in Sect. 10.3.

10.6 Advanced Features: 3D Channel Modeling

Fjolla Ademaj

10.6.1 Introduction

Developing realistic channel models is one of the greatest challenges in describ-
ing wireless communications. Their quality is crucial for accurately predicting the
performance of a wireless cellular system. Broadly speaking, channel models can
be divided into two categories, deterministic and stochastic. Deterministic models
describe the channel for a specific propagation environment between transmitter and
receiver. This method can be tedious to evaluate and does not allow for general
statements in an ensemble of environments. In stochastic models, the channel char-
acteristics are often condensed to a statistical description, e.g., the typical Power
Delay Profile (PDP).

In order to close the gap between the two approaches, 3rd Generation Partnership
Project (3GPP) has introduced the Spatial Channel Model (SCM) [35]. Unlike tra-
ditional channel models, it incorporates not only a random PDP but also a random
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angular profile Access Point (AP). The model represents scatterers through statistical
parameters without being physically positioned. The SCM belongs to the class of geo-
metric stochastic model and separately defines large scale parameters (e.g., shadow
fading, delay spread and angular spreads) as well as small scale parameters (e.g.,
delays, cluster powers, and arrival- and departure angles). Both parameter sets are
randomly drawn from tabulated distributions. The large scale parameters encompass
the geometric positions of the BSs and the UEs, respectively. Moreover, they are
used to parameterize the statistics of the small scale parameters.

The SCM model in [35] includes six different scenarios, each of them representing
a unique environment. Initially it was targeted for a bandwidth of only 5 MHz, and
a carrier frequency of 2 GHz. Later, it was extended to the Spatial Channel Model
Extension (SCME). The SCME follows the same procedure as the SCM, but supports
bandwidths of up to 100 MHz and a frequency range of 2–6 GHz. In the course of
the WINNER projects, the model was extended for 15 different scenarios, including
urban-, rural- and moving environments [21, 36]. The WINNER model is recom-
mended as a baseline for evaluating radio interface technologies in the International
Telecommunication Union-Radiocommunication Sector (ITU-R) [37].

Recently there has been a significant interest in enhancing system performance
through the use of antenna systems having a two-dimensional array structure that
provides adaptive control over both the elevation- and the azimuth dimension. The
additional control over the elevation dimension enables a variety of strategies such
as sector-specific elevation beamforming (e.g., adaptive control over the vertical
pattern beamwidth and/or downtilt), advanced sectorization in the vertical domain,
and UE-specific elevation beamforming. Vertical sectorization can improve average
system performance through the higher gain of the vertical sector patterns, but vertical
sectorization generally does not need additional standardization support. UE-specific
elevation beamforming promises to increase the SINR statistics seen by the UEs
by pointing the vertical antenna pattern in the direction of the UE while spraying
less interference to adjacent sectors by virtue of being able to steer the transmitted
energy in elevation. In order to enable evaluation of the possible specification method
to enhance the performance with 3D beamforming or with Full Dimensional (FD)-
MIMO, a new channel model is needed which enables modelling in both vertical-
and horizontal dimension of the environment. Recently, 3GPP introduced a new 3D
SCM for LTE-A [22].

As of this writing, only few simulation studies, including reports from the 3GPP
TSG RAN WG1 meetings, have been published that claim the practical implemen-
tation of the model [38, 39]. However, the employed tools are mainly developed by
network operators and vendors, and thus typically intended for commercial use. We
provides a guideline for the practical implementation of the model. The MATLAB
source code is openly available for download on our webpage www.nt.tuwien.ac.at/
vienna-lte-a-simulators under an academic, non-commerical use license. It is pro-
vided as a stand-alone package that is directly applicable for system level simulation
tools and can straightforwardly be ported to link level.

www.nt.tuwien.ac.at/vienna-lte-a-simulators
www.nt.tuwien.ac.at/vienna-lte-a-simulators
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Based on [40], the contribution of this section outlines as follows. The guideline
for a computationally efficient implementation of the 3GPP 3D channel model is
presented in Sect. 10.6.3. In Sect. 10.6.4, the implementation is validated against
results from the 3GPP standard with the Vienna LTE-A Downlink System Level
Simulator. An outline of new opportunities and challenges is given in Sect. 10.6.5.

10.6.2 3GPP 3D Channel Model

The 3GPP 3D channel model characterizes wireless communication channels of typ-
ical European cities. It is a 3D geometric stochastic model, describing the scattering
environment between BS and UE in both azimuth and elevation dimensions. The
scatterers are represented by statistical parameters without having a real physical
location. In 3GPP TR 36.873 [22], three scenarios, Urban Macro cell (UMa), Urban
Micro cell (UMi) and UMa-high rise (UMa-H) are specified. They represent typical
urban macro-cell and micro-cell environments. Both UMa and UMa-H scenarios,
consider a BS height of 25 m, thus surpassing the surrounding buildings. UMa-H
also specifies such environments with one high-rise building per Evolved Base Sta-
tion (eNodeB) sector. UMi, considers a BS height of 10 m, lying below the rooftop
level. All three environments are assumed to be densely populated with buildings
and take into account both indoor- and outdoor UEs.

The 3GPP 3D channel model specifies three propagation conditions, Line-Of-
Sight (LOS), Non Line of Sight (NLOS) and Outdoor-to-Indoor (O-to-I). For each
of these conditions it defines different parameters for mean propagation path loss,
macroscopic fading and microscopic fading. All three scenarios in [22], UMa, UMi
and UMa-H, consider 80 % of the UEs to be located indoors. The probability of
being in LOS is determined separately for indoor and outdoor UEs and depends on
the height of the UE as well as the break point distance. The break point distance
characterizes the gap between transmitter and receiver at which the Fresnel zone is
barely broken for the first time [41]. For an indoor UE, LOS refers to the signal
propagation outside the building in which the UE is located. For each UE location,
large scale parameters are generated according to its geographic position as well as
the propagation conditions at this location. The large scale parameters incorporate
shadow fading, the Ricean K-factor (only in the LOS case), delay spread, azimuth
angle spread of departure- and arrival, as well as zenith angle spread of departure-
and arrival.

The small scale parameters incorporate delays, cluster powers as well as angles
of departure and -arrival in azimuth and elevation direction, respectively. The model
considers N clusters of scatterers, where each cluster is resolvable to M paths. A
simplified sketch of the model is given in Fig. 10.6. The channel coefficients are
defined per cluster n, BS antenna element s and UE antenna element u as
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Fig. 10.6 Scattering concept in the 3D model. Figure demonstrates a link that is resolvable to M
paths. Elevation- and azimuth angles at BS and UE are denoted as θ and φ, respectively
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√
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where Pn is the power of path n, Frx,u,θ and Frx,u,φ are field patterns of the receive
antenna element u in the direction of the spherical basis vectors, θ̂ in the zenith
direction, φ̂ in the azimuth direction. The expressions Ftx,s,θ and Ftx,s,φ are field
patterns of the transmit antenna element s in the direction of θ̂ and φ̂, respectively.
The departure- and arrival angels in zenith and azimuth direction are denoted with θ

and φ, respectively. The term Kn,m represents cross polarization power ratios for each
path m and cluster n, and Ψ AB

n,m are random initial phases for four different polarization
combinations AB = {θθ, θφ, φθ, φφ}. The terms r̂rx,n,m and r̂tx,n,m are the receiver
and transmitter spherical unit vectors expressed in Cartesian coordinates. They are
defined as

r̂n,m =
⎛

⎝
sin θ cos φ

sin θ sin φ

cos θ

⎞

⎠ . (10.6)

The parameters d̄rx,u and d̄tx,s are the location vectors of receive and transmit antenna
elements, respectively. Considering a BS with coordinates

(
sx, sy, sz

)
, and a planar

antenna array, the location vector per antenna element is
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sx

sy

sz

⎞

⎠ +
⎛

⎝
0

(p − 1)dH

(q − 1)dV

⎞

⎠ (10.7)

where p ∈ P and q ∈ Q. The terms P and dH denote the number of antenna elements
and the element spacing in the horizontal direction, while Q and dV are the number of
antenna elements and the element spacing in the vertical direction, respectively. The
last component of (10.5), vn,m, represents the Doppler frequency component of the
UE moving at velocity v̄. Further details on the calculation of the variables in (10.5)
can be referred from [22].

Antenna Modeling

The 3GPP 3D channel model enables to scrutinize 2-dimensional (2D) planar antenna
arrays, also known as rectangular arrays. The antenna elements can either be lin-
early polarized (co-pol) or cross prolarized (cross-pol), as shown in Fig. 10.7. In this
regard, the model represents a compromise between practicality and precision as it
does not include the mutual coupling effect as well as different propagation effects
of horizontally and vertically polarized waves. Our well-structured implementation
will substantially facilitate the implementation of further techniques for modeling
different polarization modes such as the one proposed in [42].

The antenna elements are equidistantly spaced in the y- and the z-direction. For
static electrical beam steering, also known as electrical tilting, a complex weight is
applied to each antenna element in the vertical direction. For an antenna element in
the qth row, it is given as

wq = 1√
Q

exp

(
−j

2π

λ
(q − 1)dV cos θetilt

)
, (10.8)

where Q represents the total number of antenna elements in the vertical direction
and θetilt is the steering angle in the vertical plane. Unlike the conventional approach
of applying an array factor to the field pattern of a single element of a uniform

Fig. 10.7 Geometry and
polarization modes of a
planar antenna array. The
antenna elements in
horizontal and vertical
direction are indexed by p
and q, respectively
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antenna array, in the 3D model the beamforming weights are applied to the channel
coefficients for each antenna element

[Hc
i,n(t)]a,b =

∑

uεPa

wu

∑

sεPb

wsHi,u,s,n (t) , (10.9)

where [Hc
n(t)]a,b represents the weighted and combined channel coefficients. The

terms Pa and Pb denote the sets of antenna elements that belong to receive antenna
port a with a ∈ {1, . . . , NRx} and transmit antenna port b with b ∈ {1, . . . , NTx},
respectively. The terms ωu and ωs are complex weights that account for phase shifts as
applied for static beamforming (e.g., electrical downtilting), respectively. The relative
position of each element in the array is incorporated in the channel coefficients
Hu,s,n (t), where n denotes the cluster index, s and u are the BS and UE antenna
elements, respectively.

In the following, a detailed procedure on the implementation of the model for
simulations is provided.

10.6.3 Implementation on System-Level

In this section, we describe the necessary steps to integrate the 3D channel model into
an existing simulation tool. The target is to compute a NRx × NTx MIMO-channel
matrix H(t, f ) for each sampling point on the time-frequency grid, where NTx and
NRx refer to the number of transmit- and receive antenna ports, respectively. On link
level, channel realizations are typically calculated per OFDM symbol and LTE-A
subcarrier [34]. On system level, they are commonly generated per physical RB and
TTI [11] (Fig. 10.8).

In the 3GPP 3D channel model, the channel coefficients depend on the UE location
in the 3D space and, thus, have to be calculated at runtime. Hence, in order to reduce
complexity, the challenge is to perform computationally intensive tasks off-line or
on demand, whenever possible. We will follow the stepwise procedure as specified
in [22, Sect. 7.3] and illustrated in Fig. 10.9, and explain its expedient partition for
implementation. The steps are denoted as ‘Step N’ with N∈ {1, . . . , 12}.

Fig. 10.8 Hexagonal-grid
macro-cell scenario with
seven BSs and 21 sectors.
This scenario is used in
simulations throughout the
paper
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Fig. 10.9 Procedure for generating channel coefficients in 3GPP 3D channel model

[GP] The first step is to generate the general parameters. It starts with specifying
the network layout, the scenario environment and the antenna array parameters
(Step 1). Currently, the standard specifies three scenarios, 3D-UMa, 3D-UMi and
3D-UMa-H, and various planar antenna array structures, defining the location and
polarization of each antenna element, as well as the element-to-port mapping. Step
2 is to assign the propagation condition, i.e., either LOS or NLOS, separately for
indoor and outdoor UEs. The decision is based on the LOS probability as specified
in [22, Table 7.2-2], which is dependent on the UE’s height and its distance to the
macro-site. Different path loss models are applied for LOS, NLOS and O-to-I, as
defined in [22, Table 7.2-1]. The experienced path loss is calculated in Step 3. In
Step 4, the large scale parameters are generated. The detailed procedure is described
in [21, Sect. 3.3.1]. For each UE, a vector of large scale parameters is generated as

LSP = (
δSK δK δDS δASD δASA δZSD · · · δZSA

)
. (10.10)

In case the UE is not in LOS of BS, δK = 0. These tasks can be performed off-
line, i.e., before entering the actual simulation loop. Similar to the generation of the
shadow fading, they have to be performed only once per site.

[SSP] The next step is to generate small scale parameters. In the 3GPP 3D channel
model, channel coefficients Hu,s,n(t) are determined individually for each cluster n
and each receiver- and transmitter antenna element pair {u, s}, respectively. The
calculation of Hu,s,n(t) requires to generate delays (Step 5), cluster powers (Step 6)
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as well as arrival- and departure angles for both azimuth and elevation (Step 7). After
coupling the rays within a cluster (Step 8), Cross Polarization Power Ratios (XPRs)
and random initial phases are drawn (Step 9 and 10). Together with the calculation
of the spherical unit vectors and the Doppler frequency component (both Step 11),
all parameters mentioned above are commonly applied to each antenna element pair
{u, s} and thus have to be determined only once per antenna array and eNodeB. The
Doppler component accounts for the time variance of the channel. The frequency
selectivity is determined by the channel impulse response Hi,u,s,n(t) and the sampling
frequency, which is directly related to the system bandwidth.

[CG] After generating the channel coefficients for each antenna element pair
{u, s}, the channel coefficients for an antenna array are combined according to the
antenna element-to-port mapping given in Sect. 10.6.2. Then, the combined channel
Hc

n(t), for each cluster n is sampled based on the delay taps m defined as

m =
⌊

τn

Ts

⌋
, (10.11)

where m ∈ {1, . . . , N}, Ts is the sample interval in the time domain and τn denotes
the actual delay of the nth cluster. The sampled NRx × NTx channel matrix is denoted
as Ĥm(t), with an element [Ĥm(t)]a,b, referring to the sampled channel coefficient
for receive antenna port a and transmit antenna port b, respectively. It is important
to note that the model is designed such that the channel impulse response before
sampling has unit sum power on average over t, i.e., Et

[∑
n |[Hc

n(t)]a,b|2
] = 1,

when assuming antenna elements with omni-directional gain pattern and 0 dB
gain, as well as an XPR of one. In order not to change the sum power after the
sampling, we multiply the sampled channel coefficients [Ĥm(t)]a,b by a factor of√∑

n |[Hc
n(t)]a,b|2/∑m |[Ĥm(t)]a,b|2. The final channel impulse response in the fre-

quency domain is obtained by performing a Fast Fourier Transform (FFT) over the
sampled and normalized channel impulse response

H̃[k, t] =
N−1∑

m=0

Ĥm(t)e−j2πk m
N , (10.12)

where, k = 0, 1, . . . , N − 1. The term N represents the number of FFT samples which
is the maximum number of delay taps m. For example, assuming a transmission
bandwidth of 10 MHz, according to [43], the sampling interval is Ts = 65 ns and the
number of FFT samples is N = 1024.

Considering a UE with a fixed location in the 3D space, [SSP] and [CG] have to
be carried out only in the first time instant of the simulation. Afterwards, the channel
will remain static over time (no Doppler effect). If the UE moves at a certain speed,
represented by the vector v ∈ R

3, in principle, [SSP] would have to be performed
at runtime in each time instant of the simulation. This also implies the generation
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Fig. 10.10 UE travels
through cube with an edge
length of 1 m

of new clusters and random initial phases, i.e., a complete change of the multi-path
propagation environment. Thus, it is considered reasonable from a physical perspec-
tive (see, e.g., [21]) as well as in view of computational complexity to partition the
scenario into equally sized cubes. As long as the UE resides within the same cube, it
is assumed to experience the same path loss, shadow fading, propagation conditions
(LOS/NLOS/O-to-I) and large scale parameters, as generated in [GP]. Then, [SSP]
has to be carried out only once at the beginning of the simulation and each time the
UE transfers to another cube. Assuming a spatial resolution of 1 m and a temporal
resolution of 1 ms, referring to the length of one LTE sub-frame, also denoted as TTI,
a UE moving at v = [27.78, 0, 0] m/s requires 36 ms to travel from one face of the
cube to the other, as indicated in Fig. 10.10. In this case, [SSP] is performed every
36 sub-frames. Within a cube, channel variations are caused by the slightly changing
angles of arrival and departure (and thus the antenna element field patterns) as well
as the phase shift due to the Doppler effect. They can be incorporated into [CG]
thus yielding the only variable components that have to be recalculated in each time
instant of the simulation. If the UE trace is known, e.g., in train and car scenarios, the
simulation complexity can be reduced even further. In such scenarios, the Doppler
frequency component in (10.5) has to be calculated only in the first time instant of
the simulation, and can be reused in subsequent time instances as long as the user
stays within the same cube.

10.6.4 Calibration

Following the steps in Sect. 10.6.3, we incorporated the 3D channel model in the
Vienna LTE-A Downlink System Level Simulator (current version v1.8r1375) [11].
The simulator is implemented in object-oriented MATLAB and is made openly
available for download under an academic, non-commercial use license. It is built
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Fig. 10.11 Enhanced link abstraction model for enabling 3D channel modeling

according to the commonly employed structure for system level simulation tools (see,
e.g., in [24, 44]), as illustrated in Fig. 10.11, thus serving as a representative example.
Its centerpiece is the link abstraction model that specifies the interaction between
link- and system level simulations [11, 24]. This structure is expected to persist in
simulation tools for the fifth generation of mobile cellular networks (5G) [44]. The
enhancements that were necessary to enable the 3D channel model are depicted by
the boxes shaded in gray at the top of the figure.

For calibration purposes, we carry out simulations with the setup as specified
in [22, Table 8.2-2] and summarized in Table 10.3. Two scenarios, 3D-UMa and 3D-
UMi are investigated. We provide the calibration results for large scale parameter
statistics, using the circular angle spread method, as recommended in [45]. This
method is used to generate the angular statistics a posteriori from the angular para-
meters generated in Step 11. We thus consider this procedure to provide a more
reliable verification of our implementation than the previously used method in [40].
Figure 10.12 depicts the obtained statistics for zenith spread of departure- and arrival.
In accordance with the results in [46], the distributions show similar characteristics
for 3D-UMa and 3D-UMi scenarios. Furthermore, they exhibit a good agreement
with results from [22] (dash-dotted curves), which were obtained by averaging over
21 sources as reported in [47]. In Fig. 10.13 we provide the calibration results for
largest and smallest singular values as referred from [22, Table 8.2-2]. The singular
values are generated on a RB basis at t = 0 by considering channel matrices where
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Table 10.3 Simulation parameters for calibration as referred from [22]

Parameter Value

Carrier frequency 2 GHz

LTE bandwidth 10 MHz

Macro-site deployment Hexagonal grid

Scenarios 3D-UMa, 3D-UMi

BS antenna height (UMa) 25 m

BS antenna height (UMi) 10 m

BS antenna configuration NTx = 4

UE antenna configuration NRx = 2

Polarized antenna modeling Model 2 [22]

BS antenna polarization X-pol (±45◦)
UE antenna polarization X-pol (0/ + 90◦)
Antenna elements per port M = 10

Vertical antenna element spacing 0.5λ

Horizontal antenna element spacing 0.5λ

Maximum antenna element gain 8 dBi

UE antenna pattern Isotropic antenna gain

Electrical downtilt 12◦

UE distribution Uniform in cell [22, Table 6-1]

path loss and shadowing are not yet applied to the channel coefficients. The results
show a good agreement with the results from [22] (dash-dotted curves), which were
obtained by averaging over 21 sources as reported in [47].

10.6.5 Opportunities

The integration of the 3D channel model into existing link- and system level simula-
tion tools paves the way for more advanced studies on the performance of a mobile
cellular system in realistic environments. Existing channel models only support lin-
ear antenna arrays in the azimuth. With the introduction of the third dimension, not
only higher-order MIMO schemes but also a higher number of antenna elements
per antenna array can be investigated. Currently, the 3GPP LTE-A standard supports
up to eight antenna ports. However, recent trends aim at 100 and more antenna ports
per eNodeB [48]. A main enabler for this so called massive MIMO approach will
be the adoption of higher carrier frequencies, also termed millimeter-wave commu-
nication, as it enables to considerably decrease the size of the antenna arrays. On
the one hand, this may lead to higher complexity of the hardware, larger energy
consumption and a greater demand for signal processing capabilities. On the other
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Fig. 10.12 Large scale parameter statistics. Gray lines refer to results reported by 21 sources
from [47]. Dashed curves denote the 3GPP reference results from [22, Figs. 8.2-11, 8.2-13]. a UMa-
Zenith spread of departure. b UMi-Zenith spread of departure. c UMa-Zenith spread of arrival. d
UMi-Zenith spread of arrival

hand, it will enable a much more accurate bundling of energy towards the intended
receiver, which is a key prerequisite for aggressive frequency reuse. In dense urban
environments, where UEs move in three dimension (consider, e.g., shopping malls,
skyscrapers, and more) it is conceivable that the spectral efficiency per unit sphere
might replace the area spectral efficiency as a figure of merit. Other important use
cases are scenarios with high user mobility, as the number of commuters is expected
to increase substantially. People have become used to services following them wher-
ever they travel. Mobile cellular access has even become a key argument to choose
the means of transportation. Sharp, steerable beams might be an expedient solution
to this issue, as they could follow a vehicle along its path.

Improvements targeting planar antenna arrays are to be further investigated.
New virtualization models of antenna arrays, considering a full-connection between
antenna elements, weighted in both horizontal-and vertical direction will lead to a
better understanding of the 3D beamforming. Moreover, new two-dimensional code-
book designs are necessary for the evaluation of FD-MIMO.
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Fig. 10.13 Largest and smallest singular value ECDF in logarithmic scale. Gray lines refer to results
reported by 21 sources from [47]. Dashed curves denote the 3GPP reference results from [22,
Figs. 8.2-17, 8.2-19]. a UMa-Largest (1st) singular value. b UMi-Largest (1st) singular value. c
UMa-Smallest (2nd) singular value. d UMi-Smallest (2nd) singular value
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Chapter 11
Modeling Regular Aggregate Interference
by Symmetric Structures

Markus Rupp, Stefan Schwarz and Martin Taranetz

In this chapter, downlink co-channel interference statistics in wireless cellular
networks with hexagonal grid layout are investigated. The main target is to facil-
itate the analysis at user locations outside the center of the cell of interest.

The proposal of a cellular structure for mobile networks dates back to 1947. Two
Bell Labs engineers, Douglas H. Ring and W. Rae Young were the first to mention
the idea in an internal memorandum [1]. Almost two decades later, in 1966, Richard
H. Frenkiel and Philip T. Porter, shaped a hexagonal cellular array of areas to pro-
pose the first mobile phone system. Although never proposed as innovative research
solution, the hexagon model gained high popularity within the research community
and is still extensively utilized nowadays [2–7]. It serves either as the system model
itself, or as a reference system for more involved simulation scenarios. On the other
hand, its geometric structure renders closed-form analysis of aggregate interference
statistics difficult [8]. Hence, simulation results often lack a mathematical back up.

Recently, closed-form results have been reported with system models based on
stochastic geometry [9–11]. The stochastic approach is based on an ensemble of
network realizations and is therefore not applicable when a fixed structure of the
network is given. Since the well-planned deployment of macro-sites is not expected
to vanish in the medium term, it is thus considered imperative to make interference
analysis in the hexagonal grid model more convenient.

Current work on regular grid models has mainly focused on link-distance statistics
[12, 13]. The authors also account for fading and provide closed-form approximations
for the co-channel interference of a single link. However, convenient expressions
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for the moments and the distribution of aggregate co-channel interference are not
available yet.

Based on the work in [14, 15], the contributions of this chapter are:

• A circular interference model to facilitate interference analysis in cellular networks
with regular grid layout is introduced. Particular focus is placed on the hexagonal
grid due to its ubiquity in wireless communication engineering [2–7]. The key idea
is to consider the power of the interfering BSs as being uniformly spread along
the perimeter of the hexagon.

• It is proposed to model interference statistics in a hexagonal scenario by a single
Gamma Random Variable RV. Its shape- and scale parameters are determined in
closed form by employing the circular model. The analysis yields key insights
on the formative components of the interference distribution. A scenario with
regularly arranged macro-sites and randomly distributed small cells demonstrates
the model’s expedient application in heterogeneous cellular networks.

The chapter forgoes hexagonal grid setups with more than one ring of interferers as
well as further performance analysis, which is enabled by the Gamma approximation.
Both are considered straightforward and of no particular relevance for this thesis.

The remainder of this chapter is structured as follows: Sect. 11.1 provides prelim-
inaries on the Gamma distribution. Section 11.2 specifies the hexagonal reference-
system model. In Sect. 11.3 the circular interference model and its dual pendant are
introduced. Section 11.4 investigates Gamma-distributed interference and its para-
metrization by the proposed circular interference model. In Sect. 11.5, the accuracy
of the Gamma approximation is verified. In Sect. 11.6, the circular model is applied
for modeling the interference from the macro BSs in a two-tier heterogeneous cellu-
lar network. Section 11.7 provides a comparison of the circular model against Long
Term Evolution-Advanced LTE-A system level simulations. Section 11.8 concludes
the chapter.

11.1 Preliminaries on the Gamma Distribution

In the current- as well as the subsequent chapter, particular focus is placed upon the
Gamma distribution due to its wide range of useful properties for wireless commu-
nication engineering, some of which are outlined in this section.

The Probability Density Function (PDF) of a Gamma distributed RV X with shape
parameter k and scale parameter θ , i.e., G ∼ Γ [k, θ ], is defined as

fG(x) = 1

θ kΓ (k)
xk−1e−x/θ . (11.1)

Its mean and variance are given by E[G] = kθ and Var[G] = kθ2.
The Gamma distribution exhibits the scaling property, i.e., if G ∼ Γ [k, θ ], then

a G ∼ [k, a θ ], ∀a > 0, and the summation property, i.e., if Gi ∼ Γ [ki , θ ] with i =
1, 2, . . . , N , then

∑N
i=1 Gi ∼ Γ [∑N

i=1 ki , θ ].
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Consider an arbitrary distribution with mean ν and variance σ 2. Then, the distri-
bution Γ [k, θ ] with the same first- and second order moments has the parameters

k = ν2

σ 2
, θ = σ 2

ν
. (11.2)

These simple moment-matching identities can be exploited for accurately approx-
imating fading distributions [16], such as generalized-K [17, 18] and log-normal
[16–19], as well as aggregate interference statistics [11, 20, 21].

Additionally, the Gamma distribution covers the power fading distribution of
various single- and multi-antenna schemes under the Rayleigh fading assumption.
Conventional Single-Input Single-Output (SISO) yields an exponential distribution
Exp[1/θ ], which is equivalent to Γ [1, θ ]. The power fading of Maximum Ratio
Transmission (MRT) with NTx transmit antennas and one receive antenna can be mod-
eled by Γ [NTx, θ ], Maximum Ratio Combining (MRC) with one transmit antenna
and NRx receive antennas is characterized by Γ [NRx, θ ]. Furthermore, MRC is
often studied in the presence of Nakagami-m fading. Let Y ∼ Nakagami[m,Ω] and
G = Y 2. Then, G ∼ Γ [m,Ω/m].

According to [22], the quotient γ = S/I of two RVs S ∼ Γ [kS, θS] and I ∼
Γ [kI , θI ] is distributed as

fγ (x) = (θI /θS)
kS

B(kS, kI )

(
1 + θI

θS
x

)−kS−kI

xkS−1, x > 0 (11.3)

with B(·, ·) denoting the Beta function. Interpreting γ as a Signal-to-Interference
Ratio (SIR) allows to determine the success probability P[γ > δ] for a given thresh-
old δ as

P[γ > δ] = Γ (kS + kI )

Γ (kS)

(
θS

δ θI

)kI

2 F̄1

(
kI , kS + kI , 1 + kI ,− θS

δ θI

)
, (11.4)

where 2 F̄1(·, ·, ·, ·) is a regularized hypergeometric function [11].
These observations motivate the application of the Gamma RV as a sensible com-

promise between accuracy and tractability. Further properties of Gamma RVs will
be discussed as needed.

11.2 Hexagonal Reference Model

The reference hexagonal setup is composed of a central cell and six interfering BSs,
as shown in Fig. 11.1. The interferers are equipped with omnidirectional antennas and
are located at the edges of a hexagon with radius R (marked as ‘+’ in Fig. 11.1). All
BSs are assumed to transmit with the same power. The signal from the i th interfering
BS with polar coordinates (R, Ψi ) to a user with polar coordinates (r, φ) experiences
macroscopic path loss and fading. It is assumed that 0 < r ≤ R/2, so as to assure
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Fig. 11.1 System model.
Center cell with user at
(r, φ). Interfering BSs are
located at (R, Ψi ), where
Ψi = 2π i/M, i = 1, . . . , M

that the user is associated with the central BS. The path loss is modeled by the
exponential law

�
(

d(M)
r,Δi

)
= min

(
bP,

1

cP

(
d(M)

r,Δi

)−α
)

, (11.5)

where bP denotes the intercept, cP is a constant, α refers to the path loss exponent
and

d(M)
r,Δi

=
√

R2 + r2 − 2Rr cos (Δi ), (11.6)

with Δi = φ − Ψi and Ψi = 2π i/M, i = 1, . . . , M . In the remainder of this chapter,
it is assumed that d(M)

r,Δi
> (bPcP)

−1/α . Exemplifying from [23], a minimum coupling
loss of 70 dB and free space propagation at an LTE-A frequency of fc = 2.14 GHz
yield bP = 10−7, cP = 8.05 × 10−3 and (bPcP)

−1/α = 0.028 m, hence justifying this
assumption.

In the hexagonal scenario, M = 6. The terms r and Δi denote the user’s distance
to the center and its angle-difference to the i th interfering BS, respectively. Motivated
by Sect. 11.1, fading is modeled by an independent and Identically Distributed (I.I.D.)
Gamma RV Gi ∼ Γ [k0, θ0], where k0 and θ0 refer to shape- and scale parameter,
respectively.

11.3 Circular Interference Model

In a one-tier hexagonal grid scenario, as presented in Sect. 11.2, the experienced
aggregate interference power at position (r, φ) can be expressed as

I6(r, φ) =
6∑

i=1

PM Gi �
(

d(6)
r,Δi

)
, (11.7)
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where PM denotes the transmit power, Gi is the fading and �(d(6)
r,Δi

) refers to the path

loss at distance d(6)
r,Δi

, as specified in Eqs. (11.5) and (11.6), respectively. Each sum

term can be regarded as a RV Gi , which is weighted by the factor PM �(d(6)
r,Δi

). Hence,
the statistics of I6(r, φ) outside the cell-center, i.e., r > 0, are accessible via a sum of
differently weighted RVs. Since, in general, this does not lead to closed-form results,
as detailed in Chap. 12, in this chapter a circular interference model is proposed in
order to facilitate the statistical analysis.

11.3.1 Proposed Model

In the proposed circular interference model, the power of the six reference BSs is
spread uniformly along a circle of radius R. This is achieved by evenly distributing
the total transmit power 6 PM among M equally spaced BSs and considering the
limiting case M → ∞. By generalizing Eq. (11.7), this is expressed as

IC(r) = lim
M→∞

6 PM

M

M∑

i=1

Gi �
(

d(M)
r,Δi

)
= 6 PM

2π
E [Gi ]

π∫

−π

�
(
dr,Δ

)
dΔ, (11.8)

with �(·) from Eq. (11.5) and d(M)
r,Δi

from Eq. (11.6). The terms dr,Δ and Δ denote dis-
tance and angle-difference between the user and an infinitesimal interfering circular
segment, as illustrated in Fig. 11.1.

Assuming a path loss exponent α = 2, i.e., free space propagation, Eq. (11.8) can
explicitly be evaluated as

IC(r) = 6 PM E [Gi ]
1

cP

1

R2 − r2
. (11.9)

An intuitive interpretation of this result is provided in the next section by the
model’s pendant.

In the remainder of this chapter, α = 2 is employed. It represents the worst case
of low interference attenuation. However, previously- as well as all subsequently
presented analysis can be carried out in closed-form for α = 2n with n ∈ N. Values
α other than these require the evaluation of elliptic integrals (see, e.g., [24]). Thus,
a practical first order estimate for arbitrary values of α is achieved by evaluating the
performance with 2n and 2(n + 1), where 2n < α < 2(n + 1).

11.3.2 The Dual Model

Consider a user in a hexagonal scenario, which is moved along a circle of radius r
from −π to π , as indicated in Fig. 11.1. The average expected interference along the
circle can be calulated as

http://dx.doi.org/10.1007/978-981-10-0617-3_12
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I ′
C(r) = 1

2π

π∫

−π

E
[
I6(r, φ

′)
]

dφ′ (11.10)

=
6∑

i=1

PM E [Gi ]
1

2π

π∫

−π

�(dr,Δ)dφ′. (11.11)

The result is obtained by plugging Eq. (11.7) into Eq. (11.10), exchanging sum and
integral, and exploiting the linearity of the expectation. It is equivalent to IC(r) in
Eq. (11.8) and, consequently, also yields Eq. (11.9). Thus, the result is independent
of the user’s angle-position. It can be interpreted as the average expected interfer-
ence, i.e., the interference experienced by a typical user in a hexagonal scenario at
distance r .

From Eq. (11.9) it is observed that the average expected interference increases by
either increasing the transmit power PM, decreasing the distance of the interferers R,
or moving the user further away from the origin, which is reflected by the parame-
ter r . The fading enters the equation only via the expectation, i.e., Eqs. (11.8) and
(11.11) hold for arbitrary fading distributions with finite mean. Finally, note that the
circular interference model is not restricted to hexagons. By replacing ‘6’ by ‘N ’ in
Eqs. (11.7)–(11.11), it can generally be applied for substituting any convex regular
N -polygonal model, as validated in Sect. 11.5.1.

11.4 Statistics of Aggregate Interference

In this section, aggregate interference in a hexagonal scenario with I.I.D. Gamma
fading is investigated. Motivated by the findings in Sect. 11.1, it is proposed to
approximate its statistics by a single Gamma RV. The corresponding shape- and
scale parameters are dependent on the distance and can be determined by applying
the previously presented circular model.

11.4.1 Interference Statistics at the Center

Assume I.I.D. Gamma fading with Gi ∼ Γ [k0, θ0]. Then, according to Sect. 11.3,
interference can be considered as a sum of Gamma RVs, which are weighted by the
factors PM �(d(6)

r,Δi
), i.e., the received power without fading.

At the center of a hexagonal scenario (i.e., at r = 0), all weighting factors are
equal, i.e., PM �(d(6)

r,Δi
) = PM �(R). By virtue of the scaling- and summation property

of a Gamma RV (cf. Sect. 11.1), the resulting interference is distributed as

I6(0, φ) ∼ Γ [6 k0, θ0 PM�(R)] . (11.12)
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11.4.2 Interference Statistics Outside the Center

Outside the center (i.e., at r > 0), the distances d(6)
r,Δi

and, thus, also the weighting

factors PM �(d(6)
r,Δi

) generally differ from each other. Hence, a non-uniform impact
of the interferers is observed. Then, the interference statistics are only accessible via
evaluating the distribution of a sum of Gamma RVs with varying scale parameter.
This method is particularized in Chap. 12.

The current chapter resorts to the following first order estimate. It is proposed
to approximate the typically experienced interference distribution at distance r , 0 <

r ≤ R/2, by
Î (r) ∼ Γ [k̂(r), θ̂ (r)]. (11.13)

The rationale for this model are findings in prior work, where out-of-cell inter-
ference in stochastic networks is appropriately assessed by a Gamma distribution
[11]. If it can be proven as accurate, it considerably facilitates further performance
analysis by applying the methods in Sect. 11.1.

The distribution in Eq. (11.13) is fully determined by the distance-dependent
shape- and scale parameters k̂(r) and θ̂ (r), respectively. In order to evaluate the two
parameters, firstly the proposed circular interference model is employed to determine
expectation and variance of Î (r). Then, it is exploited that E[ Î (r)] = k̂(r) θ̂(r) and
Var[ Î (r)] = k̂(r) θ̂2(r).

As discussed in Sect. 11.3.1, the distinct received powers from the interfering BSs
can be averaged along a circle of radius r . Thus, the typical impact of one interferer
is calculated as

PM
1

2π

π∫

−π

�
(
dr,Δ

)
dΔ = PM

cP

1

R2 − r2
, (11.14)

and yields the average expected interference at distance r as

E

[
Î (r)

]
= 6 k0θ0

PM

cP

1

R2 − r2
. (11.15)

The variance of the aggregate interference comprises two components:

1. The variance of the fading, which calculates as

Var f

[
Î (r)

]
= 6 k0

(
θ0

PM

cP

1

R2 − r2

)2

. (11.16)

2. The variance of the received power without fading, which is caused by the unequal
distances dr,Δi . With

http://dx.doi.org/10.1007/978-981-10-0617-3_12
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1

2π

π∫

−π

(
PM�

(
dr,Δ

) − PM�(R)
)2

dΔ =
(

PM

cP R2

)2 2r2 R4 + r4 R2 − r6

(
R2 − r2

)3 ,

(11.17)

the second variance component is obtained as

Vard

[
Î (r)

]
= 6k0

(
θ0

PM

cP R2

)2 2r2 R4 + r4 R2 − r6

(
R2 − r2

)3 . (11.18)

Since the two components are statistically independent, the overall variance is cal-
culated as

Var
[

Î (r)
]

= Var f

[
Î (r)

]
+ Vard

[
Î (r)

]

= 6 k0

(
θ0

PM

cP

1

R2 − r2

)2 (
1 + 2r2 R4 + r4 R2 − r6

R6 − r2 R4

)
(11.19)

where Var f [ Î (r)] and Vard [ Î (r)] refer to Eqs. (11.16) and (11.18), respectively.
Finally, the distance-dependent shape- and scale parameter are derived from

Eqs. (11.15) and (11.19) as

k̂(r) = 6 k0
R4(R2 − r2)

R6 + r2 R4 + r4 R2 − r6
, (11.20)

θ̂ (r) = θ0
PM

cP

1

R2 − r2

(
1 + 2r2 R4 + r4 R2 − r6

R6 − r2 R4

)
. (11.21)

11.5 Numerical Results and Discussion

In this section, the accuracy of the circular model and the proposed Gamma approx-
imation are verified by numerical evaluation.

11.5.1 Validation of Expected Aggregate Interference

First, the expected interference powers in the hexagonal reference scenario and the
proposed circular interference setup are compared to each other. The transmit power
and inter-site distance are specified as PM = 40 W and R = 500 m, based on the
standard 3rd Generation Partnership Project (3GPP) macro cell scenario from [23].
Intercept and constant of the path loss �(·) are set bP = 1 and cP = 1 for simplicity.
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Table 11.1 System
parameters for validation.
Transmit power and circle
radius are referred from [23]

Parameter Value

Transmit power PM = 40 W

Circle radius R = 500 m

Path loss intercept bP = 1

Path loss constant cP = 1

Path loss exponent α = 2

Fading distribution Gi ∼ Γ [1, 1]

Fading is assumed to be distributed as Gi ∼ Γ [1, 1]. The parameters are summarized
in Table 11.1.

Consider a user which is moved along a semi circle { (r, φ)| φ ∈ [0, π ]}, as indi-
cated in Fig. 11.1. The expected interference in the hexagonal scenario is calculated
as

E [I6(r, φ)] =
6∑

i=1

PM E[Gi ] �
(

d(6)
r,Δi

)
, (11.22)

with I6(r, φ) from Eq. (11.7) and E[Gi ] = 1. For the circular model, E [IC(r)] =
IC(r), with IC(r) from Eq. (11.9).

Figure 11.2 depicts the evaluated results of Eqs. (11.9) and (11.22) for various
distances r . It is observed that

• At cell-center, i.e., at r = 0 m, the expected interference powers in the hexagonal-
and circular scenario (E[I6(0, φ)] and IC(0)) are equal.

• Outside the center, i.e., at r > 0 m, E[I6(r, φ)] fluctuates around IC(r). The devi-
ation is weak in the middle of the cell (r = 125 m), and strong at cell-edge

Fig. 11.2 Expected
aggregate interference
experienced at position (r, φ)

in circular- (IC (r)) and
hexagonal model
(E[I6(r, φ)]), respectively.
Receiver distances
r = {0, 125, 250} m refer to
cell-center, middle of cell
and cell-edge, respectively
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(r = 250 m). Note that E[I6(r, φ)] is not symmetric about IC(r) due to the con-
cavity of the path loss model.

The relative error of the circular interference model is calculated as

ε (r, φ) =
∣∣∣∣
E [I6(r, φ)] − IC(r)

E [I6(r, φ)]

∣∣∣∣ , (11.23)

with IC(0) andE[I6(0, φ)] from Eqs. (11.9) to (11.22), respectively. The largest error
occurs at cell-edge, i.e.,

max
r,φ

ε (r, φ) = max
φ

ε (250, φ). (11.24)

In the specified scenario, maxφ ε (250, φ) = 3.2 %, as shown in Fig. 11.3.

11.5.2 Validation of Gamma Approximation

In this section, the accuracy of the Gamma approximation in Eq. (11.13) and its para-
meterization by Eqs. (11.20) and (11.21) are verified. The exact position-dependent
distributions of I6(r, φ) are obtained by evaluating Theorem 12.1.

In order to capture a representative profile of distributions, three user distances
r = {0, 125, 250} m and three angle-positions φ = {0, π

12 , π
6 } are considered, as

illustrated by bold dots in Fig. 11.4. The distances correspond to cell-center, middle
of cell and cell-edge, respectively. The angle φ = 0 represents a user, which is moved

Fig. 11.3 Maximum
deviation of circular
interference model from
expected interference in
convex regular N-polygonal
models. The labeled
cell-shapes can be arranged
in a grid without overlapping
areas

http://dx.doi.org/10.1007/978-981-10-0617-3_12
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Fig. 11.4 Setup for
evaluation. Cutout of
Fig. 11.1 (upper right
quadrant)

directly towards its strongest interferer, φ = π
6 refers to the path with two equidistant

dominant interferers, and φ = π
12 is a variation thereof.

Fading is specified as Gi ∼ Γ [2, 1]. This corresponds to a 1 × 2 Single-Input
Multiple-Output SIMO system with Rayleigh-fading and Multiple-Input Single-
Output (MISO) at the user, or, equivalently, a 2 × 1 MISO system with MRT at
the BS.

The Cumulative Distribution Function (CDF) of the Gamma approximation,
FÎ (x; k̂(r), θ̂ (r)) and the CDF F6(x; r, φ) of I6(r, θ) are evaluated at each distance
r and angle φ, respectively. The accuracy of the Gamma approximation is quantified
by Kolmogorov–Smirnov KS statistics, which formulate as

DKS(r, φm) = sup
x

∣∣∣FÎ

(
x; k̂(r), θ̂ (r)

)
− F6 (x; r, φ)

∣∣∣ . (11.25)

Results are depicted in Fig. 11.5. The Gamma approximation most closely resem-
bles the experienced interference distributions at φ = π

12 . In this case, the difference
between exact- and approximated CDFs is less than 1 % for r < 159 m and 2.75 %
at cell-edge (r = 250 m). The largest deviation occurs at φ = π

6 , where the user is
moved centrally in between its two dominant interferers (upper curve). Then, the
distributions differ by less than 1 % for r < 155 m and by 3.7 % at cell-edge.

For qualitative evaluation, Fig. 11.6 depicts the exact CDFs and the corresponding
Gamma approximations at the specified representative user positions, which are
denoted by bold dots in Figs. 11.4 and 11.5, respectively.

The Gamma CDFs perfectly fit at cell center (r = 0 m) and in the middle of the cell
(r = 125 m). At cell-edge (r = 250 m), the Gamma approximation closely resem-
bles the experienced interference of a user at φ = π

12 . The probability of high inter-
ference values at φ = π

6 is slightly underestimated by at most 3.7 % (cf. Fig. 11.5).
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Fig. 11.5 KS statistics at
position (r, φm), comparing
Gamma approximation and
exact distribution. Receiver
distancesr = {0, 125, 250}m
refer to cell-center, middle of
cell and cell-edge,
respectively

Fig. 11.6 Aggregate
interference at particular user
positions (see bold dots in
Fig. 11.4): Exact CDFs, as
obtained by numerically
evaluating [25] for a hexagon
scenario dashed lines and
corresponding Gamma
approximations solid lines

11.6 Application in Heterogeneous Networks

In this section, aggregate interference statistics in a two-tier heterogeneous cellular
network with regularly placed macro-BSs and randomly distributed small cell BSs
are investigated. The interference contribution from each tier is approximated by a
single Gamma RV and the total interference is calculated as the sum of the two. The
accuracy of the approximations is verified by extensive Monte Carlo simulations.

The macro-tier comprises six hexagonally arranged BSs at distance R = 500 m,
each transmitting with PM = 40 W. Small cell BSs are distributed according to a
Poisson Point Process PPP of density μS = 10−4 m−2 and transmit with a power
of PS = 0.4 W. As indicated in Fig. 11.7, they are excluded from a ball (in fact,
it is a disc, but ball is the more common term in literature, e.g., in [11]) of radius
REx = (PM/PS)

−1/α R/2 around the user so as to ensure user association to the central
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Fig. 11.7 Snapshot of a
heterogeneous network
deployment. Macro-BSs are
arranged on a hexagon.
Small cell BSs are randomly
distributed around a user at
(r, φ) and excluded from a
ball of radius REx

Table 11.2 Parameters for
numerical evaluation of
heterogeneous scenario

Parameter Value

Macro-BS transmit power PM = 40 W

Inter macro-site distance R = 500 m

Small cell BS transmit power PS = 0.4 W

Small cell density μS = 10−4m−2

Path loss intercept bP = 1

Path loss constant cP = 1

Path loss exponent α = 4

Fading distribution Gi ∼ Γ [1, 1]

macro-BS at cell-edge. In both tiers, the path loss �(·) is modeled according to
Eq. (11.5), with intercept bP = 1, constant cP = 1 and exponent α = 4. Fading is
assumed to be distributed as Gi ∼ Γ [1, 1]. The parameters are summarized in
Table 11.2.

In the first step, the interference contribution from the macro-tier is approximated
by a Gamma RV ÎM(r) ∼ Γ [k̂M(r), θ̂M(r)]. According to Sect. 11.4, it can be para-
meterized by the circular interference model. Recalculating Eqs. (11.15), (11.16),
(11.18) and (11.19) for α = 4 yields

k̂M(r) = 6 k0 R8
(
r2 − R2

) (
r2 + R2

)2

r14 − 7r12 R2 + 23r10 R4 − 41r8 R6 + 39r6 R8 − 25r4 R10 − 9r2 R12 − R14 ,

(11.26)

θ̂M(r) = θ0 PM
(−r14 + 7r12 R2 − 23r10 R4 + 41r8 R6 − 39r6 R8 + 25r4 R10 + 9r2 R12 + R14

)

cP
(
r2 − R2

)4 (
r2 + R2

)
R8

.

(11.27)
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Secondly, the contribution of the small cell tier is also approximated by a Gamma RV
ÎS ∼ Γ [k̂S, θ̂S]. Along the lines of [26, Eqs. (2.19) and (2.21)], mean and variance
of the actual interference IA,S from the PPP model are determined as

E[IA,S] = PS E[Gi ]2πμS

∫ ∞

REx

r �(r)dr

= PS k0 θ0
1

cP
πμS R−2

Ex , (11.28)

Var[IA,S] = E[G2
i ]2πμS

∫ ∞

REx

r �(r)2dr

= (1 + k0)k0 θ2
0 P2

S
1

c2
P

μSπ

3
R−6

Ex . (11.29)

Then, exploiting the identities E[ ÎS] = k̂S θ̂S and Var[ ÎS] = k̂S θ̂2
S yields

k̂S = 3R2
Ex k0 θ0 μS

(1 + k0)
, (11.30)

θ̂S = PS(1 + k0)

3 cP Rα
Ex

. (11.31)

Finally, the PDF of the total aggregate interference, ÎA(r) = ÎM(r) + ÎS, at user
distance r is calculated as

f ÎA
(x; r) = θ̂M (r)

−k̂M(r)
θ̂

−k̂S
S e

− x
θ̂S xk̂M(r)+k̂S−1

× 1 F̃1

(
k̂M (r); k̂M (r) + k̂S;

(
1

θ̂S

− 1

θ̂M (r)

)
x

)
, (11.32)

where 1 F̃1(·; ·; ·) denotes the regularized confluent hypergeometric function.
In order to verify the accuracy of this approximation, Monte Carlo simulations are

carried out. The results for a typical user at distance r are obtained by averaging over
106 uniformly distributed angle-positions on [0, 2π ]. For each position, 105 fading-
and 104 spatial realizations of the small cell deployment are generated. The small
cell BSs are distributed over a circular area of radius 10 R.

Figure 11.8a depicts the individual interference contributions from the macro-
and the small cell tier at various user distances r . It is observed that the CDFs for
the macro tier, which correspond to the approximation in Eqs. (11.26), and (11.27),
show an accurate fit with the Monte Carlo simulations. This corroborates the claim
in Sect. 11.3.1 that the circular model is also applicable for path loss exponents other
than α = 2. The interference CDF of the small cell tier, which refers to the approx-
imation in Eqs. (11.30) and (11.31), is independent of the user distance r due to
the fixed exclusion radius REx. It is also in close agreement with the simulations.
Figure 11.8b shows the CDFs of the aggregate interference from both macro- and
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Fig. 11.8 CDFs of
interference from macro- and
small cell tier a and
aggregate interference from
both tiers b. Solid lines
indicate results as obtained
by approximating the
contribution of each tier by a
Gamma RV. Dashed lines
show results from Monte
Carlo simulations. User
distances r = {0, 125, 250}
m refer to cell-center, middle
of cell and cell-edge,
respectively

(a)

(b)
Individual tiers

Both tiers

small cell tier. It is found that the approximation by a sum of two independently
parameterized Gamma RVs almost perfectly captures the actual interference char-
acteristics at the cell center (r = 0 m) and in the middle of the cell (r = 125 m). It
even provides an accurate fit at cell-edge (r = 250 m).

11.7 LTE-Advanced System Level Simulations

In this section, the validity of the Gamma distribution for approximating aggregate
interference in symmetric interference scenarios is evaluated. In the first part, the
corresponding system model is introduced.
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11.7.1 System Model

The system model is composed of a central macro site and six neighboring nodes,
which are arranged according to a hexagonal grid, as illustrated in Fig. 11.9. Each
site employs a single eNodeB, which is equipped with an omni-directional antenna.
For systematic investigations, the UEs are equidistantly distributed along concen-
tric circles of radius r = {50, 120, 210} m, referring to cell-center, middle of cell
and cell-edge, respectively. Each circle encompasses 24 UEs, which are uniquely
identified by the tuple (r, φ), where φ denotes the angle position. The signal expe-
riences free-space path loss, fast fading according to a time-correlated Rayleigh
channel, and spatially-correlated log-normal shadowing with 8 dB standard devia-
tion. Hereinafter, the combination of these three mechanisms is termed composite
fading. The free-space path loss law is defined as min(bP, 1/cPd−2). In this section,
bP = 10−7 and fc = 2.14 GHz, yielding cP = (4π fc/c0)

2 = 8.0465 × 103, where
c0 is the speed of light. The shadow fading maps are computed by applying the method
in [27]. The results in this section are obtained by averaging over 100 channel real-
izations and 100 TTIs. The simulation parameters are summarized in Tables 9.6 and
11.3, respectively.

Fig. 11.9 Hexagonal grid
setup with central cell and
six interfering eNodeBs.
UEs are equidistantly
distributed along circles of
radius r = {50, 120, 210} m.
Bold dots indicate represen-
tative UE positions. The
corresponding angles are
given by φ = {0, π

12 , π
6 },

respectively. In the case of
BS collaboration, eNodeB 7
does not contribute to the
aggregate interference

Table 11.3 Specific
parameters for simulations of
homogeneous macro cellular
network

Parameter Value

Antenna configuration NTx × NRx = 1 × 1

eNodeB antenna gain in dB A(θ) = 0 dB

Path loss �(d) = min(bP, 1/cP d−2)

Scheduler type Round robin

http://dx.doi.org/10.1007/978-981-10-0617-3_9
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11.7.2 Validation of Gamma Approximation

In this section, the introduced circular interference model is validated. The particular
focus lies on the accuracy of the Gamma distribution as an approximation for both
composite fading and aggregate interference. The system model is referred from
Sect. 11.7.1.

Firstly, the average aggregate interference is measured along each of the three
UE circles. The results are depicted as solid lines in Fig. 11.10. In accordance with
Sect. 11.5.1, it is observed that average aggregate interference is almost constant at the
cell-center and in the middle of the cell. At cell-edge, the curves exhibit fluctuations
due to the vicinity of the dominant interferers. Results from the circular interference
model accurately assess the average behavior, as shown by the dashed lines.

In the next step, the Empirical Cumulative Distribution Function (ECDF) of
the aggregate interference is computed at nine representative UE locations, which
are marked by bold dots in Fig. 11.9. Similar to Sect. 11.5.2, the angle positions
φ = {0, π

6 , π
12 } refer to UEs with one dominant interferer (eNodeB 7), two equidis-

tant dominant interferers (eNodeBs 6 and 7) and a variation thereof. Solid lines in
Fig. 11.11 depict the results. In accordance with Sect. 11.5.2, the interference distri-
butions are dominated by the UEs’ distances to the origin while their angle positions
have only minor impact. The latter is illustrated by the enlarged section in Fig. 11.11.

Finally, the introduced circular model is applied to approximate the aggregate
interference distribution at a certain distance r by a Gamma RV. The first step con-
sists in determining the parameters k0 and θ0 of the Gamma distribution Γ [k0, θ0]
that models the composite fading (cf. Sect. 11.4). This is achieved by applying Algo-
rithm 2. The intital values k ′

0 and θ ′
0 are obtained from Maximum Likelihood Estima-

tion (MLE). MLE maximizes the likelihood L(k ′
0, θ

′
0|x) = f (x |k ′

0, θ
′
0), where f (·)

denotes a Gamma PDF with shape k ′
0 and scale θ ′

0, and x are the given outcomes.

Fig. 11.10 Average
aggregate interference power
along the three UE circles in
Fig. 11.9. Solid curves refer
to simulation results, dashed
curves denote results from
circular interference model
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Using a step size of Δ = 0.001 and Niterations = 100 yields a KS distance of 0.0512
between simulated- and approximated composite fading distribution. For compari-
son, employing only MLE achieves a KS distance of 0.0917.

Algorithm 2: Iterative algorithm for improving KS distance between empirical
composite fading distribution and Gamma approximation. The term F(x; k, θ)

denotes the CDF of a Gamma distribution with shape k and scale θ , respectively.

Data: empirical CDF of composite fading from simulations: Ffading(x);
initial shape- and scale parameter: k′

0, θ ′
0;

stepsize: Δ;
number of iterations: Niterations;

Result: shape- and scale parameter: k0, θ0;
set k0 = k′

0 and θ0 = θ ′
0;

for i = 1 to Niterations do
compute {k∗, t∗} = arg min{k,t}supx |Ffading(x) − F(x; k, θ)|, with
k ∈ [k0 − Δ, k0, k0 + Δ] and θ ∈ [θ0 − Δ, θ0, θ0 + Δ];
if k∗ equals k0 and θ∗ equals θ0 then

break;
else

set k0 = k∗ and θ0 = θ∗;
end

end

Then, for each UE distance, the parameters of the aggregate interference distrib-
ution, k̂(r) and θ̂ (r), are calculated with Eqs. (11.20) and (11.21), respectively. The
corresponding CDF curves are depicted as dashed lines in Fig. 11.11. It is observed
that the approximated distributions slightly underestimate the occurrence of high
interference values. In order to quantify the deviation from the simulated curves,

Fig. 11.11 Aggregate
interference distributions at
representative UE locations
r = {50, 120, 210}m and
φ = {0, π

12 , π
6 }, as marked

by bold dots in Fig. 11.9.
Solid lines refer to ECDF
curves from simulations,
dashed lines denote Gamma
approximations as obtained
with circular model
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Table 11.4 KS distances between Gamma approximations and simulated ECDF curves at repre-
sentative UE locations

φ = 0 φ = π
12 φ = π

6

r = 50 m 0.0713 0.0768 0.0762

0.1391 0.1491 0.1454

0.0720 0.0797 0.0773

r = 120 m 0.0697 0.0659 0.0698

0.1347 0.1393 0.1300

0.0815 0.0708 0.0701

r = 210 m 0.0565 0.0496 0.0466

0.1183 0.1289 0.1274

0.0823 0.0828 0.0840

For each r , the first two rows correspond to the Gamma approximation as obtained with the circular
model. In the first row, composite fading is estimated with Algorithm 2, while in the second row
it is assessed with MLE, respectively. The third row refers to the direct application of MLE on the
distribution of the aggregate interference

the first row in Table 11.4 provides the KS distance for each UE location (r, φ). The
values range from 0.05 at r = 210 m to 0.08 at r = 50 m.

For comparison, each simulated curve is also approximated by two further Gamma
distributions. The first distribution adapts the circular model and estimates the com-
posite fading by MLE, i.e., it employs the parameters k0 and θ0 that were used above
to initialize Algorithm 2. The second distribution is computed by applying MLE
directly to the simulated aggregate interference. The corresponding KS distances are
likewise listed in the second- and third row of Table 11.4 for each UE location (r, φ).
The first observation is that Algorithm 2 considerably improves the performance of
the circular model, such that it even exceeds pure MLE of the aggregate interfer-
ence. Hence, the accuracy of the circular model crucially depends on the precision
of the composite fading approximation. Secondly, the results of the MLE range from
0.07 to 0.08, indicating that the assumption of Gamma-distributed interference itself
induces a systematic error.

In summary, the circular model achieves a remarkable accuracy of fit despite its
simplicity, thus corroborating its applicability.

11.8 Conclusion

In this chapter, a circular interference model for aggregate interference analysis in
regular grid deployments is introduced. Particular focus is placed on characterizing
a user at an eccentric location. The expected interference from the circular model is
identified as the interference that is experienced by a typical user in a hexagonal grid
at a certain distance from the origin. At cell-edge, it deviates by at most 3.2 % from
the actual values.
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In a second step, the corresponding interference statistics are approximated by a
single Gamma RV. By means of the circular model, the distance-dependent shape-
and scale parameters are determined in closed form and unveil the two key formative
components of the distribution as the variance of the fading and the variance of the
path loss due to the eccentric user location, respectively. Qualitative- and quantita-
tive comparisons with the exact distributions confirm the accuracy of the Gamma
approximation, yielding KS statistics no higher than 3.7 %.

The circular model’s expedient adaption for representing the well-planned part
of a two-tier heterogeneous cellular network is demonstrated. The example merges
a fully regular macro-deployment with completely randomly distributed small cells
and models the interference contribution from each tier by a single Gamma RV. The
resulting aggregate interference distribution shows a remarkably good fit with Monte
Carlo simulations. Hence, the model enables to accurately capture the impact of both
user eccentricity and heterogeneity of the network with only few key parameters.

In the last part of the chapter, it is shown that the circular model enables an accu-
rate prediction of the interference statistics in an LTE-A hexagonal grid scenario.
Deviations from the simulation results mainly stem from the inaccurate approxima-
tion of the composite fading. The remainder of the approximation error is caused by
the assumption of Gamma distributed aggregate interference itself.

The presented circular model does not allow to account for power control and
coordination among BSs. This is a major motivation for the next chapter, which
extends the model by non-uniform power profiles.
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Chapter 12
Modeling Asymmetric Aggregate
Interference by Symmetric Structures

Markus Rupp, Stefan Schwarz and Martin Taranetz

In this chapter, the circular model from Chap. 11 is extended by non-uniform power
profiles along the circles. The enhanced model enables to aggregate given interferer
deployments such that the original interference statistics are accurately preserved
while the amount of relevant interferers is reduced considerably.

Scaling up the number of base stations per unit area is one of the major trends
in mobile cellular systems of the fourth (4G)- and fifth generation (5G) [1], making
it increasingly difficult to characterize aggregate interference statistics with system
models of low complexity. Tractable interference statistics have mainly been reported
in the field of stochastic geometry. When closed-form expressions are desired, this
mathematical framework imposes its own particular limitations, typically including
spatial stationarity and isotropy of the scenario [2–4]. Hence, the potential to consider
an asymmetric interference impact is very limited and notions such as cell-center
and cell-edge are, in general, not accessible. Based on [5, 6], the contributions of
this chapter outline as follows:

• A new circular interference model is introduced. The key idea is to map arbitrary
out-of-cell interferer deployments onto circles of uniformly spaced nodes such
that the original aggregate interference statistics can accurately be reproduced.
The model greatly reduces complexity as the number of participating interferers
is significantly reduced.

• A mapping scheme that specifies a procedure for determining the power profiles
of arbitrary interferer deployments is proposed. Its performance is evaluated by
means of Kolmogorov–Smirnov (KS) statistics. The test scenarios are modeled by
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Poisson Point Processes (PPPs) so as to confront the regular circular structure with
complete spatial randomness. It is shown that the individual spatial realizations
exhibit largely diverging power profiles.

• A new finite sum representation for the Probability Density Function (PDF) of
the sum of Gamma Random Variables (RVs) with integer-valued shape para-
meter is introduced to further enhance and validate interference analysis with
the circular model. Its restriction to integer-valued shape parameters is driven by
relevant use cases for wireless communication engineering and the availability of
exact solutions. The key strength of the proposed approach lies in the ability to
decompose the interference distribution into the contributions of the individual
interferers.

• Statistics of aggregate interference with asymmetric interference impact are inves-
tigated. The asymmetry is induced by eccentrically placing a user in a generic,
isotropic scenario. This setup is achieved by applying the introduced circular model
with uniform power profiles. The model enables to employ the proposed finite sum
representation. It is shown that the partition of the interference distribution is par-
ticularly useful to identify candidate Base Stations (BSs) for user-centric BS col-
laboration schemes. Moreover, the framework allows to predict the corresponding
Signal-to-Interference Ratio (SIR)- and rate statistics.

The main focus of this chapter is on downlink transmission in cellular networks.
A comparable framework for the uplink is found in [7].

This chapter is organized as follows. Sections 12.1 and 12.2 introduce the circular
interference model and the new finite sum representation for the sum of Gamma RVs
with integer-valued shape parameter, respectively. Section 12.3 presents a mapping
scheme and validates the applicability of the circular model. Section 12.4 investigates
aggregate interference statistics and the performance of BS collaboration schemes
at eccentric user locations. In Sect. 12.5, the rate performance as predicted by the
circular model is compared against Long Term Evolution-Advanced (LTE-A) system
level simulations.

12.1 Circular Interference Model

Consider the serving BS to be located at the origin. The proposed circular interference
model is composed of C concentric circles of interferers, as shown in Fig. 12.1. On
circle c ∈ {1, . . . , C} of radius Rc, Nc interfering nodes are spread out equidistantly.
The interferer locations are expressed in terms of polar coordinates as (Rc, Ψc,n),
where Ψc,n = 2πn/Nc − φc, with n ∈ {1, . . . , Nc} and φc ∈ [0, 2π). Each node is
unambiguously assigned to a tuple (c, n) and labeled as Tc,n . The central BS is
denoted asT0,0. Some of the interferers on the circles may also become serving nodes
when BS collaboration schemes are applied, as will be shown later in Sect. 12.4.3.

The interferers on the circles do not necessarily represent real physical sources. As
illustrated in Fig. 12.2, they rather correspond to the Nc mapping points of an angle-
dependent power profile pc[n], with

∑Nc
n=1 pc[n] = 1. Exemplary profiles of a single
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Fig. 12.1 Circular interference model with C circles of radius Rc and phase φc, c ∈ {1, . . . , C},
and user at (r, 0). Tc,n denotes the nodes of the model

Fig. 12.2 Circular interference model with two circles, i.e., C = 2. Characteristics of an arbitrary
heterogeneous interferer deployment are condensed to circles of equidistantly spaced nodes Tc,n
such that the original interference statistics can accurately be reproduced. A mapping scheme is
presented in Sect. 12.3. The original BSs are distributed within an annulus of inner radius Rin and
outer radius Rout

circle are shown in Fig. 12.3. Intuitively, pc[n] condenses the interferer characteristics
of an annulus with inner radius Rc (Rin in case of c = 1) and possibly outer radius
Rc+1 (Rout in case of c = C) such that the circular model equivalently reproduces the
original BS deployment in terms of interference statistics. This technique enables to
represent substantially large networks by a finite- and well-defined constellation of
nodes. By reducing the number of relevant interferers, it greatly reduces complexity
and thus allows to apply finite sum-representations as those introduced in Sect. 12.2.
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Fig. 12.3 Power profiles of circular models with one circle, i.e., C = 1, for three stochastic inter-
ference scenarios (a–c) with N1 = 20 mapping points, and for a hexagonal grid with N1 = 12
mapping points, respectively. The stochastic BS distributions are modeled by a PPP of intensity
λ = 10−6 m−2. The expected number of interferers as denoted by the figure labels, is varied by
altering the scenario size

Table 12.1 Parameters of the circular interference model

Symbol Annotation

Rin Inner radius of mapping region, Rin ≥ 0

Rout Outer radius of mapping region, Rout > Rin

C Number of interferer circles, C ∈ N
+

Rc Radius of circle c, c ∈ {1, . . . , C}, Rc > 0

φc Phase of circle c, c ∈ {1, . . . , C} φc ∈ [− π
Nc

, π
Nc

]
Nc Number of mapping points, c ∈ {1, . . . , C}, Nc ∈ N

+

Pc Total transmit power of circle c, c ∈ {1, . . . , C}, Pc > 0

pc[n] Power profile of circle c, c ∈ {1, . . . , C}, n ∈ {1, . . . , Nc}, pc[n] ∈ [0, 1]

Table 12.1 summarizes the parameters of the model. Typically, the size of the
mapping region, as specified by Rin and Rout, is predetermined by the scenario. The
freely selectable variables are the amount of circles C and, for each circle, the phase
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φc, the radius Rc and the number of mapping points Nc, respectively. Section 12.3
presents systematic experiments to provide a reference for the parameter setting and
proposes a mapping scheme to determine power profiles pc[n] and transmit powers
Pc, respectively.

A signal from node Tc,n , located at (Rc, Ψc,n), to a user at (r, 0) experiences path
loss �(dc,n(r)), where dc,n(r) = √

R2
c + r2 − 2Rcr cos(Ψc,n) (cf. Fig. 12.1) and �(·)

is an arbitrary distance-dependent path loss law, as well as fading, which is modeled
by statistically independent RVs Gc,n . The received power from nodeTc,n at position
(r, 0) is determined as

PRx,c,n(r) = Pc pc[n] �(dc,n(r)) Gc,n, (12.1)

where Pc denotes the total transmit power of circle c. It is important to note that
the term PRx,c,n(r) can be interpreted as a RVs Gc,n , which is scaled by a factor of
Pc pc[n] �(dc,n(r)).

The nodes employ omnidirectional antennas with unit antenna gain. Characteristics
of antenna directivity are incorporated into the power profile. In general, the central
cell will have an irregular shape that can be determined by Voronoi tessellation [8].
For simplicity, the small ball approximation from [8] is applied. A user is considered
as cell-edge user, if it is located at the edge of the central Voronoi cell’s inscribing
ball. This approximation misses some poorly covered areas at the actual cell-edge
with marginal loss of accuracy [8].

Let S and I denote the sets of nodes Tc,n corresponding to desired signal and
interference, respectively. Then, the aggregate signal- and interference powers are
calculated as

S(r) =
∑

{(c,n)|Tc,n∈S }
PRx,c,n(r), (12.2)

I (r) =
∑

{(c,n)|Tc,n∈I }
PRx,c,n(r), (12.3)

with PRx,c,n(r) from Eq. 12.1. The setS may include the central node T0,0 as well as
nodes on the circles, if collaboration among the BSs is employed. The incoherence
assumption is exploited for a more realistic assessment of the co-channel interference
[9]. Following the interpretation of Eqs. 12.1, 15.6 and 15.7 can be viewed as sums
of scaled RVs, which are supported by a vast amount of literature for certain fading
distributions such as Rayleigh, log-normal and Nakagami-m [10–29].

This chapter places particular focus upon the Gamma distribution due to its wide
range of useful features for wireless communication engineering. Preliminary infor-
mation is provided in Sect. 11.1. The next section introduces a new theorem on the
sum of Gamma RVs. The theorem is presented before validating the accuracy of the
circular model as it is later exploited for this purpose.

http://dx.doi.org/10.1007/978-981-10-0617-3_15
http://dx.doi.org/10.1007/978-981-10-0617-3_15
http://dx.doi.org/10.1007/978-981-10-0617-3_11
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12.2 Distribution of the Sum of Gamma Random Variables

As explained in Sect. 11.1, the Gamma distribution exhibits the summation property,
i.e., if Gi ∼ Γ [ki , θ ] with i = 1, 2, . . . , N , then

∑N
i=1 Gi ∼ Γ [∑N

i=1 ki , θ ]. While
this feature is convenient to apply, it is the sum of Gamma RVs with distinct scale
parameters that has attracted a lot of attention in describing wireless communica-
tions though. Most commonly, it emerged in the performance analysis of diversity
combining receivers and the study of aggregate co-channel interference under
Rayleigh fading [10–20]. Therefore, communication engineers have considerably
pushed the search for closed form statistics.

Representatively, Moschopoulos’ much-cited series expansion in [21] was
extended for correlated Gamma RVs in [10]. Other approaches based on the inverse
Mellin transform (e.g., [30, 31]) paved the way for representations with a single inte-
gral as shown, e.g., in [12] or a Lauricella hypergeometric series as employed, e.g., in
[11, 16].

All the aforementioned contributions focus on the sum of Gamma RVs with real-
valued shape parameter. The resulting integrals and infinite series, despite being com-
posed of elementary functions, typically yield a slow rate of convergence. Therefore,
an accurate approximation by a truncated series requires to keep a high amount of
terms and complicates further analysis.

The sum of Gamma RVs with integer shape parameter has mainly been reported
in statistical literature. Initial approaches focused on the moment generating function
and results were obtained in the form of series expansions [22]. Based on the work
of [23, 24] was among the first to formulate a convenient closed form solution. Soon
after, the Generalized Integer Gamma (GIG) distribution was published in [25].
This approach was also adopted in wireless communication engineering [13, 15]. In
comparison to RVs with real-valued shape parameter, the PDF of the sum of RVs
with integer shape parameter allows an exact representation by a finite series.

12.2.1 Proposed Finite Sum Representation

In the analysis of aggregate interference statistics, it is particularly desirable to iden-
tify the main distribution-shaping factors, i.e., the interfering sources with the high-
est impact. However, the expressions in [13, 15] are not suitable for this task due to
multiple nested sums and recursions. The proposed finite-sum representation in this
chapter avoids recursive functions and enables to straightforwardly trace the main
determinants of the distribution characteristics.

Theorem 12.1 Let Gl ∼ Γ [kl, θl] be L independent Gamma RVs with kl ∈ N
+ and

all θl different. Then, the PDF of Y = G1 + · · · + GL can be expressed as

fY (y) =
L∑

l=1

Λl

θ
kl
l

hkl−1,l(0)e−y/θl (12.4)

http://dx.doi.org/10.1007/978-981-10-0617-3_11
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with

Λl = (−1)kl+1

(kl − 1)!
L∏

i=1,i �=l

(
1 − θi

θl

)−ki

, l = 1, . . . , L (12.5)

hδ+1,l(ζ ) = h1,l(ζ )hδ,l(ζ ) + d

dζ
hδ,l(ζ ), δ = 0, . . . , kl − 1 (12.6)

and

h1,l(0) = −y +
L∑

i=1,i �=l

ki

(
1

θi
− 1

θl

)−1

, l = 1, . . . , L (12.7)

h(m)
1,l (0) = m!

L∑

i=1,i �=l

ki

(
1

θi
− 1

θl

)−m−1

, m = 1, . . . , kl − 1 (12.8)

Proof The proof is provided in [6, Appendix C].

The uniqueness of θl can be assumed without loss of generality. In case of some θl

being equal, the corresponding RVs are added up by virtue of the summation property
of Gamma RVs (cf. Sect. 11.1).

Superscript (m) of h(m)
1,l (ζ ) denotes the mth derivative of h1,l(ζ ). The recursive

determination of hδ,l(ζ ) in Eq. 12.6 seemingly interrupts the straightforward calcu-
lation of fY (y). However, hδ,l(ζ ) is a function of only h1,l(ζ ) and its higher order
derivatives. Therefore, the function series in Eq. 12.6 can be evaluated in advance
up to the highest required degree δmax = maxl kl − 1.

Thus, the proposed approach enables the exact calculation of fY (y) in a
component-wise manner. In the next step, it is shown how to apply Theorem 12.1 in
the proposed circular model.

12.2.2 Application in Circular Interference Model

Assume that Gc,n ∼ Γ [kc,n, θc,n] in Eq. 12.1, with kc,n ∈ N
+ and θc,n > 0. Then,

Eqs. 15.6 and 15.7 represent sums of scaled Gamma RVs PRx,c,n(r) ∼ Γ [kc,n,

θ ′
c,n(r)], where θ ′

c,n(r) = Pc pc[n] · �(dc,n(r)) θc,n . Therefore, their PDFs can be
determined by applying Theorem 12.1.

The theorem requires all scale parameters to be different. Thus, let θI (r)

denote the vector of unique scale parameters θ ′
c,n(r) with (c, n) from the set

{(c, n)|Tc,n ∈ I }. A second vector kI contains the corresponding shape parame-
ters. By virtue of the summation property, if θ ′

c,n(r) occurs multiple times in the set,
the respective shape parameter in kI is calculated as the sum of shape parameters
kc,n of the according entries. The vectors θS (r) and kS are obtained equivalently.
Then, the PDFs of S(r) and I (r) are expressed as

http://dx.doi.org/10.1007/978-981-10-0617-3_11
http://dx.doi.org/10.1007/978-981-10-0617-3_15
http://dx.doi.org/10.1007/978-981-10-0617-3_15
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fS(γ ; r) =
LS∑

l=1

Λl

θl(r)kl
hkl−1,l(0)e−γ /θl (r), (12.9)

f I (γ ; r) =
LI∑

l=1

Λl

θl(r)kl
hkl−1,l(0)e−γ /θl (r), (12.10)

with Λl and hδ,l(·) as defined in Eqs. (12.5) and (12.6). Subscript l indicates the lth
components of the vectors kS (θS (r)) and kI (θI (r)) and LS and LI are their
corresponding lengths, respectively.

Hence, employing Theorem 12.1 allows to evaluate the exact distributions of the
aggregate signal- and interference from the circular model by finite sums. In the
following section, this fact is exploited to verify the accuracy of the model.

12.3 Mapping Scheme for Stochastic Network Deployments

This section presents a procedure to determine the power profiles pc[n] and the
corresponding powers Pc of the circular model for completely random interferer
distributions. Then, systematic experiments are carried out to provide a reference for
selecting the free variables C and Nc, respectively. The parameters Rc and φc are
also specified by the procedure. The accuracy of the approximation is measured by
means of the KS distance. It is defined as

DKS(r) = supx

∣∣FI,original(x; r) − FI,circular(x; r)
∣∣ , (12.11)

where r refers to the user’s eccentricity and FI,original(x; r) and FI,circular(x; r) denote
the aggregate-interference Cumulative Distribution Functions (CDFs) of the origi-
nal deployment and the circular model, respectively. The corresponding PDFs are
obtained by applying Theorem 12.1.

12.3.1 Mapping Procedure

Let N denote a (possibly heterogeneous) set of BSs that are arbitrarily distributed
within an annulus A of inner radius Rin and outer radius Rout, as shown in Fig. 12.2.
Radius Rout as well as the number of nodes in N could be substantially large. Given
a circular model with C circles and Nc nodes per circle, the parameters Pc, Rc and
φc as well as the power profile pc[n] can be determined by Algorithm 3.
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Algorithm 3: Mapping procedure for circular model.

Data: number of circles C ; nodes per circle Nc;
original base station deployment N ;
inner- and outer radius of mapping region A : Rin and Rout;

Result: Pc, pc[n], Rc and φc for all c ≤ C ;
for c = 1 to C do

determine Rc and φc based on the strongest interferer that has not yet been mapped;
end
for c = 1 to C do

specify mapping region Ac with inner radius Rc and outer radius Rc+1;
if c = 1 then set inner radius of Ac to Rin; end
if c = C then set outer radius of Ac to Rout; end
compute Pc and pc[n] for Ac;

end

The presented procedure employs the origin as a reference point and therefore
does not depend on the user location. The computation of Pc and pc[n] outlines as
follows. Let Tc,n denote node n on circle c. Assume that its associated mapping
area Ac,n is bounded by the circles of radius Rc and Rc+1 (in the case of c = 1,
the inner radius is set to Rin; for c = C the outer radius is set to Rout) as well as
the perpendicular bisectors of the two line segments Tc,nTc,n−1, and Tc,nTc,n+1, as
illustrated in Fig. 12.2. This yields an even division of circle c’s mapping area Ac,
which can be formulated as Ac = ⋃

n∈{1,...,Nc} Ac,n . The average received power at
the origin from all considered BSs in Ac is calculated as

PRx,Ac =
∑

i ∈N ∩Ac

PTx,i �(di )E[Gi ], (12.12)

where PTx,i , di and Gi correspond to transmit power, distance and experienced fading
of interferer i , respectively. Then, the total transmit power Pc is obtained by mapping
PRx,Ac back on the circle, which formulates as Pc = PRx,Ac �(Rc)

−1. Hence, in this
scheme the average received powers from the original deployment and the circular
model are equivalent at the origin. The segmentation of Ac into areas Ac,n yields the
corresponding power profile

pc[n] = 1

PRx,Ac

⎛

⎝
∑

i ∈N ∩Ac,n

PTx,i �(di )

⎞

⎠ , (12.13)

with PRx,Ac from Eq. 12.12.
In the presented procedure, the parameters Rc and φc are set such that the cth

dominant interferer coincides with a node on circle c, as illustrated in Fig. 12.2. This
ensures that R1 ≥ Rin (in a heterogeneous network, as investigated in Sect. 12.3.3,
non-dominant interferers between Rin and R1 are mapped “back” on circle 1 by the
receive-power dependent weighting in Eq. 12.13) and RC ≤ Rout, and is especially
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suitable for completely random interferer distributions, as demonstrated in the next
section. In fully regular scenarios, on the other hand, a circle comprises multiple,
equally dominant nodes, making it expedient to specify Rc and φc according to the
structure of the grid. For example, the circular model allows to perfectly represent
a hexagonal grid setup, when the number of mapping points is set as a multiple of
six. Then, the nodes on the circle coincide with the actual interferer locations. An
exemplary power profile for N1 = 12 is shown in Fig. 12.3d.

Algorithm 3 is one of many possible mapping approaches. It is a heuristic, based
on my experience and observations and is thus not claimed to be optimal. Its refine-
ment yields an interesting topic for further work. In the next two sections, systematic
experiments in completely random scenarios are performed to provide a reference for
setting C and Nc. For reasons of clarity, Sect. 12.3.2 is limited to homogeneous BS
deployments. Heterogeneous setups are then evaluated in Sect. 12.3.3. It is refrained
from stochastic scenarios with a certain degree of regularity, since measuring spatial
inhomogeneity is itself an ongoing topic of research [32]. Completely random- and
fully regular scenarios are considered as limiting cases, encompassing every con-
ceivable practical deployment in between.

12.3.2 Performance Evaluation of Homogeneous Base
Station Deployments

The original interferer deployment N is modeled by a PPP of intensity λ. Such
process is considered most challenging for the regularly structured circular model,
as it represents complete spatial randomness. Signal attenuation is modeled by a
log-distance dependent path loss law �(x) = min(bP, 1/cP x−4), and Gamma fading
with k = 2 and θ = 1, referring to a 2 × 1 Multiple-Input Single-Output (MISO)
setup and Maximum Ratio Transmission (MRT). In this chapter, bP = 1 and cP = 1
for simplicity. The BSs transmit with power PT 1 = 40 W and are distributed within

an annular regions of inner radius Rin = 500 m and Rout =
√

NI/(πλ) + R2
in. Radius

Rin ensures that the inscribing ball of the central cell has a minimum radius of 250 m,
assuming that the central BS also transmits with PT 1. The outer radii Rout are chosen
such that, on average, NI BSs locations are generated within the corresponding
annulus. Consider a PPP of intensity λ within an annulus of inner radius Rin and
outer radius Rout. The expected number of generated nodes is calculated as NI =
λ(R2

out − R2
in)π . In order to cover a wide range of scenarios, NI = {100, 1000} and

λ = {0.5 × 10−6, 10−6} m−2 are studied. The parameter settings are summarized in
Table 12.2.

For each scenario snapshot, eight circular models with C = {1, 2, 3, 4} and two
distinct values of Nc are set up according to Sect. 12.3.1. In the case of λ = 0.5 ×
10−6 m−2, Nc = {10, 20} and, for λ = 10−6 m−2, Nc = {20, 40}, respectively. Then,
the aggregate interference distributions are determined. The distributions for the
original interferer deployment are only obtained via simulations (by averaging over
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Table 12.2 System setup for evaluation

Parameter Value

Transmit power PT 1 = 40 W (PT 2 = 4 W)

Node density λ = {0.5 × 10−6, 10−6} m−2 (λ2 = 0.5 × 10−5 m−2)

Expected number of interferers NI = {100, 1000}
Path loss �(x) = min(bP, 1/cP x−4), bP = 1, cP = 1, x > 0

Fading Gc,n ∼ Γ [2, 1]

1000 spatial realizations and 10,000 fading realizations), since the vast amount of
nodes hampers the application of Theorem 12.1 due to complexity issues. On the
other hand, the circular models comprise at most 43 active nodes and therefore enable
to utilize the theorem. This number is obtained for C = 4 and Nc = 40, and stems
from the fact that in a homogeneous BSs deployment, the dominant interferers are
also the closest ones. Therefore, the presented scheme only maps a single BSs on
each circle c < C , i.e., except for c = C there is only one active node per circle.

Figure 12.4 depicts KS distances over the user eccentricity r . The first important
observation is that the accuracy considerably improves with an increasing number
of circles C . This mainly results from accurately capturing the first few dominant
BSs that have the largest impact on the aggregate interference distribution, as later
shown in Sect. 12.4. A second remarkable observation is that doubling the amount of
nodes per circle from Nc = 10 to Nc = 20 for λ = 0.5 × 10−6 m2 (cf. Fig. 12.4a, b),
and from Nc = 20 to Nc = 40 for λ = 10−6 m2 (cf. Fig. 12.4c, d) does not achieve
smaller KS distances, respectively. This result indicates that it is rather the number of
circles C than the number of nodes per circle Nc that impacts the accuracy. As shown
in the examples, good operating points for homogeneous macro-BS deployments are
Nc = 20 and C = 4, independent of the deployment parameters. Lastly, it should be
noted that the circular model allows to represent 1000 and more interferers by some
10 nodes with KS distances at the cell-edge not exceeding 0.05.

12.3.3 Performance Evaluation of Heterogeneous Base
Station Deployments

In this section, a second independent PPP of intensity λ2 = 0.5 × 10−5 m−2 is added
on top of the PPP scenarios with λ = 0.5 × 10−6 m−2 in Sect. 12.3.2. The corre-
sponding nodes transmit with normalized power PT 2 = 4 W, thus representing a
dense overlay of low power BSs. For simplicity, they are distributed within annuli of
inner radius Rin and outer radii Rout as specified above. Note that in order to ensure
that the inscribing ball of the central cell has a radius of 250 m, an inner radius of
1 + (PT 1/PT 2)

−1/α would be sufficient. This yields a total number of {1100, 11 000}
expected interferers, respectively. For each snapshot, Algorithm 3 is applied with
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Fig. 12.4 KS distance over user eccentricity r . Plot markers {“◦”, “
”} refer to various sce-
nario sizes with NI = {100, 1000} expected interferers, respectively. Different line styles denote
circular models with C = {1, 2, 3, 4}. Figure labels refer to the corresponding number of nodes
per circle, Nc, and the spatial density λ of the original interferer deployment. Black bars depict
95 % confidence intervals a Nc = 10, λ = 0.5 × 10−6 m−2, b Nc = 20, λ = 0.5 × 10−6 m−2, c
Nc = 20, λ = 0.5 × 10−6 m−2, d Nc = 40, λ = 0.5 × 10−6 m−2

C = {2, 4, 6, 8, 10, 12} and Nc = {10, 20}. The performance evaluation is carried
out along the lines of Sect. 12.3.2 and the parameters are summarized in Table 12.2.

Figure 12.5 depicts the results in terms of KS distances. It is observed that, in
accordance with Sect. 12.3.2, accuracy is rather improved by increasing the number
of circles C than by employing more nodes per circle (i.e., increasing Nc). In the
heterogeneous scenarios the number of circles has to be roughly tripled in order to
achieve a performance similar to the homogeneous cases (cf. Fig. 12.5), although
mapping 11 times as many interferers.
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Fig. 12.5 KS distance over user eccentricity r for heterogeneous PPP scenarios with λ = 0.5 ×
10−6 m−2 (PT 1 = 40 W) and λ2 = 0.5 × 10−5 m−2 (PT 2 = 4 W). Plot markers {“◦”, “
”} refer
to various scenario sizes with {1100, 11,000} expected interferers, respectively. Different line styles
denote circular models with C = {2, 4, 6, 8, 10, 12}. Figure labels refer to the corresponding number
of nodes per circle Nc. Black bars depict 95 % confidence intervals. a Nc = 10, b Nc = 20

12.4 Interference and Rate at Eccentric User Locations

In this section, user-centric BS collaboration schemes in scenarios with asymmetric
interferer impact are investigated. The asymmetry can either arise from non-uniform
power profiles or user locations outside the center of an otherwise isotropic scenario.
The particular emphasis of this section is on the latter, since it is found less fre-
quently in literature. In order to generate a generic, circularly symmetric scenario, the
introduced circular model is applied, which enables to employ Theorem 12.1 for the
analysis of the interference statistics. Note that, in fact, the circular model generates a
rotationally symmetric scenario due to the finite number of nodes. However, by setting
Nc sufficiently large, the scenario can be considered as quasi-circularly symmetric.

12.4.1 Generic Circularly Symmetric Scenario

The network is composed of a central BS and two circles of interferers with R1 =
500 m and R2 = 1000 m, as depicted in Fig. 12.6. Each circle employs 10 interferers
and a uniform power profile, i.e., pc[n] = 1/10. The respective total transmit powers
are specified as P1 = 400 W and P2 = 800 W, respectively. The interferer locations
are assumed to be rotated by φ1 = −π/10 and φ2 = 0, respectively. BS T0,0 is
located at the origin and P0 = 40 W.

The parameters of the circular model are summarized in Table 12.3 and the mod-
eling of the signal propagation is referred from Table 12.2, respectively. The first
goal is to identify the nodes, which dominate the interference statistics at eccentric
user locations. Then, these insights are applied for user-centric BS coordination
and -cooperation.
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Fig. 12.6 Circular model
with two circles of radius
R1 = 500 m and
R2 = 1000 m, respectively.
Each circle employs 10 BSs.
The BS positions are rotated
by φ1 = −π/10 and φ2 = 0.
Users at (125 m, 0) and
(250 m, 0) are denoted as
bold dots and refer to middle
of cell and cell-edge,
respectively

Table 12.3 Parameters of circular model for numerical evaluation

Circle Parameters

1 R1 = 500 m N1 = 10 P1 = 400 W φ1 = − π
10 p1[n] = 1

10 n ∈ {1, . . . , 10}
2 R2 = 1000 m N2 = 10 P2 = 800 W φ2 = 0 p2[n] = 1

10 n ∈ {1, . . . , 10}

12.4.2 Components of Asymmetric Interference

In the first step, only the inner circle of interferers is assumed to be present, i.e.,
the set I comprises the 10 nodes T1,n, n = 1, . . . , 10, of circle 1. The target is to
determine the impact of the closest nodes on the aggregate interference statistics.
For this purpose, two representative user locations at r = R1/4 and r = R1/2 are
investigated, referring to middle of cell and cell-edge, respectively.

The PDF of the aggregate interference is obtained by Theorem 12.1. Its
evaluation is simplified by the scenario’s symmetry about the x-axis: (i) equal node-
to-user distances from upper- and lower semicircle, i.e., d1,n = d1,10−n+1, (ii) uni-
form power profile p1(n) = 1/10, and (iii) equal scale parameters θ1,n = 1. Thus,
θ ′

1,n(r) = θ ′
1,10−n+1(r), with θ ′

1n(r) = P1/10 �(d1,n(r)). The vectors θI (r) and kI

are of length LI = 5, with [θI (r)]l = θ ′
1,l(r) and [kI ]l = 4, respectively. Hence,

the distribution of aggregate interference at distance r from the center formulates as

f I (x; r) =
5∑

l=1

Λl

θ ′
1,l(r)4

h3,l(0)e−x/θ ′
1,l (r), (12.14)
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where

Λl = −1

6

5∏

i=1,i �=l

(
1 − θi

θl

)−4

, l = 1, . . . , 5, (12.15)

h3,l = (
h1,l(0)

)3 + 3h1,l(0)h(1)
1,l (0) + h(2)

1,l (0), (12.16)

with

h1,l(0) = −y + 4
5∑

i=1,i �=l

(
1

θi
− 1

θl

)−1

, (12.17)

h(1)
1,l (0) = 4

5∑

i=1,i �=l

(
1

θi
− 1

θl

)−2

, (12.18)

h(2)
1,l (0) = 8

5∑

i=1,i �=l

(
1

θi
− 1

θl

)−3

. (12.19)

Figure 12.7 shows f I (x; r) for r = 125 m (narrow solid curve) and r = 250 m
(wide solid curve), referring to middle of cell and cell-edge, respectively. The dots
denote results as obtained with the approach in [12], which requires numerical
evaluation of a line-integral and confirms the accuracy of the proposed finite-sum
representation.

In Eq. 12.14, each sum term refers to a pair of transmitters {T1,l , T1,10−l+1}. The
contribution of each pair to the final PDF is rendered visible by truncating the sum
in Eq. 12.14 at L ′ with L ′ ∈ {1, . . . , 5}, i.e., only the first L ′ sum terms are taken into
account. Dashed curves in Fig. 12.7 depict results for L ′ = 1 and L ′ = 2.

It is observed that (i) in the middle of the cell, body and tail of the PDF are mainly
shaped by the four closest interferers while (ii) at cell-edge the distribution is largely
dominated by the two closest interferers, and (iii) interference at r = 250 m yields
a larger variance than at r = 125 m due to higher diversity of the transmitter-to-
user distances. The results verify link-level simulations in [33]. They emphasize the
strong impact of interference asymmetry due to an eccentric user location, which is
commonly overlooked in stochastic geometry analysis. In the next section, the above
findings are exploited for BS coordination and -cooperation and the resulting SIR-
and rate statistics are investigated.

12.4.3 Transmitter Collaboration Schemes

In this section, SIR- and rate statistics in the full two-circle scenario, as shown in
Fig. 12.6, are studied. Motivated by the observations in Sect. 12.4.2, three schemes
of BS collaboration are discussed:
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Fig. 12.7 Distribution of aggregate interference at user distances r = 125 m and r = 250 m, respec-
tively. Dots refer to results as obtained with the approach in [12]. Dashed curves show contribution
from dominant interferers

1. No collaboration among nodes: This scenario represents the baseline, whereS =
{T0,0} and I comprises all nodes on the circle, i.e., I = {Tc,n} with c ∈ {1, 2}
and n ∈ {1, . . . , 10}.

2. Interference coordination (cf., e.g., Enhanced Intercell Interference Coordination
(eICIC) in the 3GPP LTE-A standard [34]): The nodes coordinate such that co-
channel interference from the two strongest interferers of the inner circle, T1,1

and T1,10, is eliminated. This could be achieved, e.g., by joint scheduling. Then,
S = {T0,0} and I is composed of {T1,n} with n ∈ {2, . . . , 9} and {T2,n} with
n ∈ {1, . . . , 10}.

3. Transmitter cooperation (cf., e.g., Coordinated Multi-Point (CoMP) in the 3GPP
LTE-A standard [35]): The signals from the two closest nodes of the inner circle,
T1,1 and T1,10, can be exploited as useful signals and are incoherently combined
with the signal from T0,0. Then, S = {T0,0,T1,1,T1,10} and, as above, I com-
prises {T1,n} with n ∈ {2, . . . , 9} and {T2,n} with n ∈ {1, . . . , 10}.
For each collaboration scheme, the PDFs of aggregate signal and -interference,

fS(x; r) and f I (x; r), are calculated using Theorem 12.1. The SIR at user location
(r, 0) is defined as γ (r) = S(r)/I (r). According to [36], the PDFs of γ (r) is
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calculated as

fγ (γ ; r) =
∫ ∞

0
z fS(z γ ; r) f I (z; r)dz, (12.20)

where z is an auxiliary variable, fS(·; r) and f I (·; r) refer to Eqs. (12.9) and (12.10),
and the integration bounds are obtained by exploiting the fact that fS(γ ; r) = 0 and
f I (γ ; r) = 0 for x < 0, respectively.

Evaluating Eqs. (12.9) and (12.10) yields sums of elementary functions of the
form aγ be−cγ , with the auxiliary parameters a ∈ R, b ∈ N

+ and c > 0. Therefore,
fS(γ ; r) and f I (γ ; r) can generically be written as

fS(γ ; r) =
∑

s

asγ
bs e−csγ , (12.21)

f I (γ ; r) =
∑

i

aiγ
bi e−ci γ , (12.22)

and allow to straightforwardly evaluate Eq. (12.20) as

fγ (γ ; r) =
∑

s

∑

i

∫ ∞

0
z as(zγ )bs e−cs (γ z) ai z

bi e−ci zdz

=
∑

s

∑

i

asaiγ
bs (ci + csγ )−i−bs−bi Γ (i + bs + bi ). (12.23)

The normalized ergodic rate τ as a function of the SIR γ (r) is calculated by
the modified Shannon capacity formula τ(γ (r)) = αB log2 (1 + αSIRγ (r)), where
αB and αSIR are coefficients for the calibration against link level simulations with
0 < αB ≤ 1 and 0 < αSIR ≤ 1. Since τ(·) is a function of the RV γ (r), its distribution
is obtained by a transformation as

fτ (x; r) = 1

αBαSIR
2x/αB fγ

(
1

αSIR

(
2x/αB − 1

) ; r

)
loge(2), (12.24)

with fγ (·; ·) from Eq. (12.23).
The distributions fγ (γ ; r) and fτ (τ ; r) are analyzed at r = 125 m and r = 250 m

referring to middle of the cell, and cell-edge, respectively. In this chapter, αB = 1
and αSIR = 1. For reasons of clarity, CDF curves are presented. In order to verify
the analysis, Monte Carlo simulations are carried out, employing the system model
from Sect. 12.4.1 and the signal propagation model from Table 12.2. The results are
computed by averaging over 107 channel realizations for each BSs collaboration
scheme and each user location, and are denoted as bold dots in Figs. 12.8 and 12.9,
respectively.

Figure 12.8 shows the obtained SIR distributions. It is observed that

• In the case of no collaboration (solid lines in Fig. 12.8), the curves have almost
equal shape in the middle of the cell and at cell-edge. The distribution in the middle
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Fig. 12.8 SIR CDF curves for user locations in the middle of the cell (r = 125 m) and at cell-edge
(r = 250 m), respectively. Three cases are depicted: (i) no collaboration among BSs (solid), (ii)
interference coordination (dashed), (iii) cooperation among BSs (dotted)
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Fig. 12.9 Normalized-rate CDF curves for user locations in the middle of the cell (r = 125 m) and
at cell-edge (r = 250 m), respectively. Three cases are depicted: (i) no collaboration among BSs
(solid), (ii) interference coordination (dashed), (iii) cooperation among BSs (dotted)

of the cell is slightly steeper due to the lower variance of the interferer impact.
Their medians, hereafter used to represent the distributions’ position, differ by
15.5 dB.

• When the central node T0,0 coordinates its channel access with the user’s two
dominant interferers, T1,1 and T1,10, the SIR improves by 2.4 dB in the middle
of the cell and 5.9 dB at cell-edge (dashed curves in Fig. 12.8), compared to no
collaboration.
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• BS cooperation enhances the SIR by 10.2 dB at cell-edge in comparison to no
collaboration (left dotted curve in Fig. 12.8). Note that the CDF curve also has a
steeper slope than without coordination, indicating lower variance of the SIR.

• In the middle of the cell, cooperation achieves hardly any additional improvement,
as recognized from the overlapping rightmost curves in Fig. 12.8. This remarkable
result states that interference coordination already performs close to optimal at
this user location. Note that in realistic networks coordination is typically far less
complex than cooperation.

The curves reflect findings from [37], stating that even in the best case, gains of
transmitter cooperation are much smaller than largely envisioned. Figure 12.9 depicts
the corresponding rate distributions. The results show that

• Notably, the rate statistics of all three collaboration schemes indicate lower vari-
ance at cell-edge than in the middle of the cell.

• In terms of median value, BS coordination shows rate improvements by 18.7 % in
the middle of the cell and by 167 % at cell-edge.

• Cooperation between the central node T0,0 and the user’s two closest interferers,
T1,1 and T1,10, achieves a rate enhancement of 19.8 % in the middle of the cell
and 355.7 % at cell-edge. Similar to the SIR, it is observed that in the middle of
the cell, interference coordination already performs close to optimal.

In summary, collaboration among the BSs that were identified as main contrib-
utors to the shape of the interference distribution by Theorem 12.1, achieved large
performance enhancements in terms of SIR and rate. It was further shown that the
efficiency of such schemes considerably depends on the user eccentricity, or equiv-
alently, the asymmetry of the interference impact.

12.5 LTE-Advanced System Level Simulations

In this section, SINR and spectral efficiency at eccentric UE locations are evalu-
ated by LTE-A system level simulations, validating results from theory. The system
model is directly adopted from Sect. 11.7.1. The corresponding circular model from
Sect. 12.1 encompasses one circle (C = 1) with radius R1 = 500 m and six transmit-
ters. According to Sect. 12.3, such model allows to exactly reproduce a regular grid
model in terms of aggregate interference characteristics, provided that the composite
fading follows a Gamma distribution. In order to omit the error, which is induced
by the Gamma approximation as detailed in Sect. 11.7.2, composite fading is mod-
eled by free space path loss and Rayleigh fading in both simulations and analysis
(i.e., Gc,n ∼ Γ [1, 1] in Eq. (12.1)).

The particular aim of this section is to verify results from Sect. 12.4. Accordingly,
two scenarios, namely no collaboration among transmitters and interference coor-
dination are defined. In the latter case, eNodeB 7 in Fig. 11.9 does not contribute
to the co-channel interference. From the representative UE locations, as specified

http://dx.doi.org/10.1007/978-981-10-0617-3_11
http://dx.doi.org/10.1007/978-981-10-0617-3_11
http://dx.doi.org/10.1007/978-981-10-0617-3_11
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Fig. 12.10 SINR at various
UE distances
r = {50, 120, 210} m and
angle position φ = 0,
considering no
collaboration- and
interference coordination
among the eNodeBs. The
curves show results as
obtained by system level
simulations and the circular
model from Sect. 12.4
with-(b) and without
calibration (a), respectively
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in Sect. 11.7.1 and marked by bold dots in Fig. 11.9, the particular interest of this
section is on the angle position φ = 0.

Figure 12.10a depicts SINR distributions for both collaboration schemes, compar-
ing results from system level simulations and the circular model. It is observed that
the SINR consistently deteriorates for a UE moving from cell-center to cell-edge.
In accordance with Sect. 12.4, it is improved by interference coordination, with the
largest gains being achieved at cell-edge. The simulated median values increase by
1.2, 1.8 and 1.9 dB at the cell-center, middle of the cell and cell-edge, respectively.
Furthermore, it is seen that the curves from the simulations are steeper, i.e., have a
smaller variance than those obtained with the circular model. This is mainly caused
by the fact that the simulator employs a Zero Forcing (ZF) receiver and measures
the post-equalization SINR. In order to more accurately capture the receiver char-
acteristics, the first adaption of the circular model concerns the shape of the fading
distribution. It is set to k = 2, i.e., Gc,n ∼ Γ [2, 1].

In a practical system, performance is decreased by a variety of design constraints.
Hence, the circular model has to be further calibrated against simulations

http://dx.doi.org/10.1007/978-981-10-0617-3_11
http://dx.doi.org/10.1007/978-981-10-0617-3_11
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[38]. This chapter employs the modified channel capacity formula τ(γ (r)) =
αB log2 (1 + αSIRγ (r)), as introduced in Sect. 12.4.3. The term γ (r) denotes the SIR
at distance r (note that in this section the UEs of interest have angle position φ = 0),
and αB and αSIR are freely adjustable calibration parameters, with 0 < αB ≤ 1 and
0 < αSIR ≤ 1.

Figure 12.10 depicts the simulation results from both baseline- and coordination
scheme in terms of spectral efficiency versus SINR. The dots refer to the simulation
results at various user distances r = {50, 120, 210} m. For comparison, the figure
also shows the channel capacity and the performance of a SISO LTE-A system over
an Additive White Gaussian Noise (AWGN) channel. The latter is obtained from link
level simulations and can expediently be used to predict the optimal performance
of the system. Its discontinuous behavior stems from LTE-A’s Adaptive Modulation
and Coding (AMC) scheme [39]. It is observed that the results from the system
level simulations lie below this curve, since they encompass the actual channel code
performance [40]. In order to achieve reliable upper performance bounds, the link
level results are employed as a reference for the calibration of the circular model,
yielding αB = 0.85 and αSIR = 0.5, respectively. The term αB shifts the capacity
curve in Fig. 12.11, while αSIR determines its scale. The calibration is carried out such
that the curve is tangent to the link level results and achieves the maximum spectral
efficiency in the scenario without collaboration, as denoted by ‘×’ in Fig. 12.11a.
Intuitively, the first term accounts for overhead, such as pilot symbols, while the
second term represents the limits of the AMC in LTE-A [41, 42].

The dashed curves in Fig. 12.11a show the adapted SIR distributions. Except
for r = 210 m, they exhibit a better fit than the uncalibrated curves in both shape
and scale. The deviation at the cell-edge (r = 210 m) is partly compensated by
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Fig. 12.11 Spectral efficiency [bit/s/Hz] versus SINR [dB] for baseline- (a) and coordina-
tion scheme (b). Dots refer to results from system level simulations at various user distance
r = {50, 120, 210} m. The curves refer to the Shannon channel capacity, the calibrated capac-
ity (with αB = 0.85 and αSIR = 0.5) and the performance of a SISO LTE-A system over an AWGN
channel employing AMC, as obtained from link level simulations
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Fig. 12.12 Spectral
efficiency [bit/s/Hz] at
various UE distances
r = {50, 120, 210} and angle
position φ = 0, considering
no collaboration- and
interference coordination
among the eNodeBs. The
curves show results as
obtained by system level
simulations and the circular
model with αB = 0.85 and
αSIR = 0.5, respectively
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overestimating the link level performance in the low-SINR regime (cf. Figure 12.11).
The corresponding spectral efficiency distributions are obtained by applying Eq. 12.24
from Sect. 12.4.3 Note that the term spectral efficiency is employed instead of
normalized rate in this chapter. They are depicted in (Fig. 12.12) together with the
simulation results. It is observed that, despite the large number of simulated TTIs,
the curves from the simulations exhibit a discontinuous behavior due to the AMC.
As expected, the circular model provides reliable upper performance bounds that are
tightest at r = 210 m.

In conclusion, the circular model from Sect. 12.1 is well suited to make a first-order
prediction of the SINR- and spectral efficiency performance. The presented calibra-
tion against link level simulations has to be carried out only once for each MISO- or
Single-Input Multiple-Output (SIMO) transmission scheme. This method forfeits a
certain amount of accuracy while avoiding tedious ad-hoc calibration against each
system level simulation run.
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Chapter 13
Analysis of Urban Two-Tier Heterogeneous
Cellular Networks

Markus Rupp, Stefan Schwarz and Martin Taranetz

This chapter presents a system model that is based on techniques from stochastic
geometry and enables the analysis of indoor downlink performance in urban two-
tier heterogeneous cellular networks. Chapters11 and 12 mainly deal with eccentric
receiver locations,which, in general, strongly restrict stochasticmodels fromyielding
convenient expressions. In this chapter, the issue is resolved by proposing a virtual
building approximation. Moreover, two other important limitations are addressed,
namely shadowing and the separation between indoor- and outdoor environments.

In the analysis on stochastic geometry, shadowing is typically incorporated by
log-normally distributed Random Variables (RVs) [1–3] or neglected at all [4–12].
A recent study on blockage effects in urban environments indicates its dependency
on the link length [13]. It follows the intuition that a longer link increases the like-
lihood of buildings to intersect with it. Such propagation characteristics have been
discussed by the 3rdGeneration Partnership Project (3GPP) only recently in a techni-
cal report on 3-dimensional channel modeling [14]. Secondly, scenarios comprising
both indoor- and outdoor environments have not receivedmuch attention in analytical
studies due to the imposed inhomogeneities on signal propagation. The designated
area of operation for small cell Base Stations (BSs) is indoors. Existing approaches
either neglect the wall partitioning [2, 15], as indicated in Fig. 13.1a, oversimplify
the macro-tier topology [7–9] or omit cross-tier interference [1].

In this chapter, a two-tier cellular network with outdoor macro- and indoor-
deployed small cell BSs is considered. Referring to the work in [17, 18], the
contributions are:
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(a) (b)

Fig. 13.1 Model environments of two-tier heterogeneous cellular networks. a Flat plane [16].
b Urban

• A tractable model for urban environment topologies is introduced. It comprises an
outdoor environment, which is partly covered by circular building objects with a
certain density.Amethod to extract its parameters from real-world data is provided.
Based on concepts from random shape theory, the model is applied to characterize
both signal propagation and network deployment.

• Anovel virtual building approximation to simplify aggregate interference analysis
is presented. The key idea is to establish a user-centric interference environment
by shifting the centers of the typical building and its exclusion regions to the user
location.

• Assuming that a building is served by a small cell BS with a certain occupation
probability, the normalized ergodic rate of a typical indoor user is evaluated with
respect to building density and wall penetration loss. Based on these results, the
impact of distinguishing Line-Of-Sight (LOS)- and Non Line of Sight (NLOS)
macro BSs is identified.

The chapter is organized as follows. Section13.1 provides preliminaries on ran-
dom shape theory and indoor area coverage. Section13.2 presents the systemmodel.
In Sect. 13.3 analytical expressions for the coverage probability of indoor users are
derived. Section13.4 studies the accuracy of the model by numerical evaluations. In
Sect. 13.5, the model is extended by the consideration of LOS macro BSs.

13.1 Preliminaries

13.1.1 Random Shape Theory

In this section, concepts from random shape theory are reviewed (see, e.g., [19, 20]),
so as to make the model formulation in this chapter more accessible.

LetO denote a set of objects onRn, which are closed and bounded, i.e., have finite
area andperimeter. For instance,O could be a collection of circles or rectangles onR2,
or a combination of cubes in R3. For each object in O , a center point is determined,
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which has to be well-defined but does not necessarily relate to the object’s center
of gravity. Non-symmetric objects additionally require to specify the orientation in
space by a directional unit vector.

A Random Object Process (ROP) is constructed by randomly sampling objects
from O and placing their corresponding center points at the points of some Point
Process (PP). The orientation of each object is independently determined according
to some probability distribution.

In general, a ROP is difficult to analyze, particularly when there are correlations
between sampling, location and orientation of the objects. For the sake of tractability,
this chapter employs a Boolean scheme, which satisfies the following properties: (i)
the center points form a Poisson Point Process (PPP), (ii) the attributes of the objects
such as orientation, shape and size aremutually independent, and (iii) for each object,
sampling, location and orientation are also independent.

The scheme is used to model an urban environment, where the objects of the
process refer to buildings. In the next section, a method to parameterize this model
with real-world data is presented.

13.1.2 Indoor Coverage Ratio

Define the indoor coverage ratio as the fraction of the total area onR2 that is covered
by buildings. Then, consider a Booleanmodel with the center points being distributed
according to a stationary PPP on R

2 with intensity λB, i.e., Λ(dx) = λBdx. Further,
let C denote a random closed set on R2, representing a generic building. According
to [21, Definition 3.1.8], the resulting indoor coverage ratio is determined as

pI = 1 − e−λB E[|C |], (13.1)

where | · | denotes the Lebesgue measure on R2.
As an example, assume thatC is a random closed ball that is centered at the origin

and has random radius R ∈ R
+, i.e., C = B(0, R). Then,

pI = 1 − e−λB E[R2]π . (13.2)

Expediently, the indoor coverage ratio can also be extracted from real-world data.
For example, the OpenStreetMap project provides open access to shape files, as
illustrated in Fig. 13.2. In order to determine the degree of coverage by buildings,
these files can be processed by a simple MATLAB script. For the University of
Texas at Austin and Vienna’s inner district (see Fig. 13.2a, b) ratios of pI = 0.25
and pI = 0.6 were measured. Related work in [22] evaluated the indoor coverage of
various Turkish cities. The ratios ranged from 0.13 to 0.39.

In the following, the Boolean model is applied to model the deployment of a
heterogeneous cellular network in accordance with the characteristics of an urban
environment.
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Fig. 13.2 Building footprints as extracted from OpenStreetMap data. a University of Texas at
Austin. b Downtown Vienna

13.2 System Model

13.2.1 Topology Model for Urban Environments

Consider a two-tier cellular network comprising outdoor macro- and indoor small
cell BSs, as shown in Fig. 13.3. Buildings aremodeled by aBoolean scheme of circles
on the R2 plane. The centers of the circles form a PPP ΦB of intensity λB [21]. For
simplicity, it is assumed that all circles have a fixed radius RI. A point on the plane is
said to be indoors, if it is covered by a building, and outdoors otherwise. Indoor- and
outdoor environment are partitioned by a wall penetration loss, which is hereafter
assumed constant for all buildings and denoted as LW unless specified otherwise.

13.2.2 Network Deployment

Macro BSs are distributed according to a PPP ΦM of intensity μM. Note that these
BSs are required to be located outdoors. Thus, themacro BS process can equivalently
be constructed by independently thinning (see, e.g., [21]) an initial PPP of density
μ′
M = μM/pO, where pO equals the probability that a point on R

2 is not covered
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Fig. 13.3 Urban two-tier
heterogeneous cellular
network. Macro BSs are
deployed in an outdoor
environment. Buildings are
modelled as a random
process of circles and are
assumed to have a fixed
radius RI. Only a fraction of
buildings is occupied by
small cell BSs. The figure
depicts a typical indoor user
with macro BSs and
neighboring small cell BSs
(dashed lines)

RI

Macro base station

Building

Small cell base station

r User in typical building

by a building. According to Sect. 13.1.2, the thinning probability is determined as
pO = 1 − pI = exp(−λBR2

I π).
A building will deploy an indoor small cell BS with a certain occupation proba-

bility η. Assume the indoor small cell BSs to be located at the center points of the
occupied buildings. Then, their spatial distribution can be modeled by a PPP ΦS of
intensity λB η, which results from independently thinning the object center PPP ΦB.

13.2.3 User Association

The aim of this chapter is to characterize the coverage and rate performance of indoor
users. Noting that the buildings are assumed to form a Boolean scheme, the centers
of the buildings form a PPP on the plane [13]. Therefore, by Slivnyak’s theorem
[21], when fixing a typical building at the origin, the centers of the other buildings
still form a PPP. The performance of users will be investigated inside the typical
building. Separate association rules are defined, depending on whether or not this
building is occupied by a small cell BS.

Case 1 [Typical Building with Small Cell BS]: Consider a typical building at the
origin, which is equipped with an indoor small cell BS. For simplicity, it is assumed
that all users inside this building are associated with the small cell at the origin. The
cases in which indoor users at the edge of the typical building may receive stronger
signals from a close-by outdoor macro BS are omitted, thus underestimating the
coverage probability. Similar to the analysis in [23], exclusion guard regions are
imposed on both macro- and small cell tier, where no BSs from the corresponding
tier are allowed to distribute. For simplicity, it is assumed that the exclusion region
for macro BSs is a ball of radius RI centered at the origin, ensuring that no macro
BSs are located inside the typical building. The exclusion region of the small cell tier
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is defined as a ball of radius 2RI in order to prevent overlapping association regions
of two small cells.

Case 2 [Typical Building without Small Cell BS]: When the typical building is not
occupied by a small cell BS, the user is either associated to the dominant macro
BS or a small cell BS in the immediate vicinity. The former is regarded as being of
greater relevance and the latter is omitted, which leads to a lower bound on coverage
probability. In this case, the indoor user will be served by the nearest BS of themacro-
tier. The same exclusion regions as defined in Case 1 are employed for macro- and
small cell BSs.

13.2.4 Virtual Building Approximation

Without loss of generality, a typical indoor user is assumed to be located at (r, 0).
Note that the exclusion regions as defined in Sect. 13.2.3 are centered at the origin
rather than at the user. Consequently, the interference field as observed by the user
is asymmetric and renders analysis difficult in general. Thus, the following approx-
imation is proposed.

Let (R, θ) denote the position of an interference. Its distance to a user located at
(r, 0) is determined as

d(r) =
√

R2 + r2 − 2Rr cos θ. (13.3)

Since typically R � r, d(r) is approximated as

d(r) ≈ R, (13.4)

which is independent of the angle θ . As shown in Fig. 13.4, the approximation in
Eq. (13.4) is equivalent to shifting all the BSs along with the exclusion regions by a
vector (r, 0), as if the typical building was centered at the user location. Thus, this

Fig. 13.4 Target area
without small cell BS (gray
shaded) and user-centric
virtual building (dashed).
Dashed-dotted circles
denotes the shifted small cell
exclusion region. The indoor
user is assumed to be served
by the nearest macro BS at
distance R0

r

2RI R0

Serving macro-base station

Typical building

Virtual building

RI
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approach is referred to as virtual building approximation, and is applied to simplify
further analysis.

13.2.5 Signal Propagation

13.2.5.1 Macro BS to Indoor User

A signal originating from a macro BS experiences small scale fading, log-distance
dependent path loss, attenuation due to building blockage and wall penetration, LW.
Small scale fading is modeled by a Gamma RV Gi, with Gi ∼ Γ [1, 1], i.e., Rayleigh
fading. Along the lines of [13, Theorem 1], the number of obstructing blockages
along a link of length R is a Poisson RV with parameter βBR, where βB = 2λBRI

in the introduced topology model. For analytical tractability the expected blockage
attenuation as referred from [13, Theorem 6] is employed. Combining blockage- and
log-distance path loss along a link of length R yields


(R) = e−βBR(1−LB)
O(R), (13.5)

where LB refers to the attenuation of a single blockage, also denoted as building
penetration loss and 
O(R) = min(bO, 1/cO R−αO), with intercept bO, constant cO
and outdoor path loss exponent αO. In this chapter, bO = 1 and cO = 1 for simplicity.
Note that the exponential term in Eq. (13.5) incorporates the condition that the macro
BS is deployed outdoors.

Equation13.5 reveals a major strength of the model: Shadowing is entirely char-
acterized by the parameters of the underlying environment topology, which can, e.g.,
be extracted from openly-available online data, as demonstrated in Sect. 13.1.2. For
comparison, the variance of log-normally distributed shadowing is typically obtained
from measurements, which substantially exacerbates the finding of topologies with
similar characteristics.

13.2.5.2 Small Cell BS to Indoor User

When user and small cell BS are situated in the same building, the signal experiences
small scale fading and path loss 
I(r) = min(bI, 1/cI r−αI ), with intercept bI, constant
cI and indoor path loss exponent αI. For simplicity, bI = 1 and cI = 1 in this chapter.

The signals from all other small cell BSs are subject to small scale fading, log-
distance path loss 
O(·) as defined above, and attenuation by a factor L2

W, as caused
by the indoor-to-outdoor and outdoor-to-indoor wall penetration. Since the transmit
power of a small cell BS is typically low, only small cell interferers from neighboring
buildings are taken into account. Twobuildings are defined as being neighbors to each
other, if the segment connecting their centers is not intersected by any other building.
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13.3 Performance Analysis

In this section, analytical expressions for the coverage probability of an indoor user
at position (r, 0) are derived, regarding both buildings with- and without small cell
deployment. The network is assumed to be interference limited, as is typically the
case in urban areas [24]. Thus, thermal noise is neglected in the analysis.

13.3.1 Typical Building with Small Cell Base Station

Let ΦM = {Xi} and ΦS = {Xj} denote the point processes of macro- and small cell
BSs, respectively. Further, define Ri = |OXi| and Rj = |OXj| as the distances of
macro BS i and small cell BS j to the origin O. Assume the typical building to be
occupied by a small cell BS. Then, the Signal-to-Interference Ratio (SIR) at distance
r, 0 < r ≤ RI, is determined as

γS(r) = PSG0
I(r)∑
i:Ri∈ΦM\B(0,RI)

PMGiLW
(Ri) + ∑
j:Xj∈ΦS\B(0,2RI)

SjPSGjL2
W
O(Rj)

(13.6)

where the terms PM and PS denote macro- and small cell BS transmit powers, 
I(·)
and 
O(·) are indoor- and outdoor path loss laws as specified in Sect. 13.2.5, 
(·) corre-
sponds to the combined blockage- and path loss attenuation, as defined in Eq. (13.5),
and B(0, R) refers to a ball of radius R, which is centered at the origin. The RVs Sj

are Bernoulli distributed and, by [13, Theorem 1], have parameters exp(−βBRj −pB),
where pB = λBR2

I π . They indicate whether or not an interfering small cell BS is in
a neighboring building of the typical user.

Theorem 13.1 Consider a user at distance r, 0 < r ≤ RI, away from the center of
a small cell BS-occupied building. Then, its coverage probability is determined as

Pc,S(δ|r) = P
[
γS(r) > δ|r] = e−2π(μSIS+μMIM), (13.7)

where

IS =
∞∫

2RI

(
δ L2

W 
O(t)e−(βBt+pB)


I(r) + δ L2
W 
O(t)

)
t dt, (13.8)

IM =
∞∫

RI

(
1 −

PS
PM


I(r)
PS
PM


I(r) + δ LW
(t)

)
t dt. (13.9)

Proof The proof is provided in [18, Appendix E].
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Note that Eqs. (13.8) and (13.9) correspond to the two interference contributions
in Eq. (13.6).

13.3.2 Typical Building Without Small Cell Base Station

Assume a dominant macro BS to be located at distance R0, with R0 > RI, away from
the center of the typical building and consider that this building is not occupied by a
small cell BS. Then, the SIR at distance r, 0 < r ≤ RI, calculates as

γM(R0) = PMG0
(R0)∑
i:Ri∈ΦM\B(0,R0)

PMGi
(Ri) + ∑
j:Xj∈ΦS\B(0,2RI)

SjPSGjLW
O(Rj)

(13.10)

Note that (i) the expression is independent of r and (ii) the factor LW is omitted,
since attenuation due to wall penetration is experienced by all signals and therefore
cancels out in the SIR term.

Theorem 13.2 Consider a user at distance r, 0 < r ≤ RI, away from the center
of a typical building without small cell BS and assume that it is associated with its
dominant macro BS. Then, its coverage probability is determined as

Pc,M(δ) = P
[
ER0

[
γM(R0) > δ

]] =
∫ ∞

RI

Pc,M(δ|R)fR0(R)dR, (13.11)

where
Pc,M(δ|R0) = e−2π(μSIS+μMIM), (13.12)

with

IS =
∫ ∞

2RI

(
δLW

PS
PM


O(t)e−(βBt+pB)


(R0) + δLW
PS
PM


O(t)

)
t dt, (13.13)

IM =
∫ ∞

R0

(
1 − 
(R0)


(R0) + δ 
(t)

)
t dt, (13.14)

and

fR0(R) =
{
2πμMR e−πμM(R2−R2

I ), R ≥ RI

0, otherwise
. (13.15)

Proof The conditional coverage probabilityPc,M(δ|R) in Eq. (13.12) is derived along
the lines of Eq. (13.7). Averaging over the dominant macro BS distance leads to
Eq. (13.11). According to [21, Example 1.4.7], the term fRO(R) in Eq. (13.15) is
the nearest neighbor distance distribution of a homogeneous PPP outside a ball of
radius RI.
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13.3.3 Typical Indoor User

The coverage probability of a typical indoor user at distance r, 0 < r ≤ RI, is obtained
by linearly combiningPc,S(δ|r) fromEq. (13.7) andPc,M(δ) fromEq. (13.11) accord-
ing to the small cell occupation probability η. Then,

Pc(δ|r) = η Pc,S(δ|r) + (1 − η) Pc,M(δ). (13.16)

13.4 Numerical Evaluation

In this section, the performance of a typical user at the edge of a building, i.e.,
r = RI is evaluated numerically. At this location, the proposed virtual building
approximation is expected to performworst. The normalized ergodic rate is employed
as a metric. Along the lines of Sect. 12.4.3, it is defined as τ(r) = Eγ (r)[αB log2(1+
αSIR min(δmax, γ (r)))] and can be reformulated in terms of coverage probability as

τ(r) = αB

log(2)

∫ δmax

0

αSIR

1 + αSIRδ
Pc(δ|r)dδ, (13.17)

with Pc(δ|r) from Eq. (13.16) and δmax = 26 − 1, referring to 64-Quadrature Ampli-
tudeModulation (QAM), which is the highest modulation order in the current LTE-A
standard [25]. The termsαB andαSIR denote calibration parameters, with 0 < αB ≤ 1
and 0 < αSIR ≤ 1. In this chapter, αB = 1 and αSIR = 1.

Parameters for numerical evaluation are listed inTable13.1. To verify the accuracy
of the virtual building approximation, Monte Carlo simulations are carried out, using
the systemmodel as introduced in Sect. 13.2. The density of the macro BSs is chosen
such that the inscribing ball of the typical cell has RC = 250m and the BSs are
distributed over a field of 15RC × 15RC. The results are estimated from averaging
over 500 fading- and 500 spatial realizations.

Figure13.5 depicts the normalized ergodic rate τ(r) over the indoor coverage
ratio pI, as defined in Sect. 13.1.2. Note that when fixing the average building size, pI

Table 13.1 Parameters for
numerical evaluation

Parameter Value

Macro-to-small cell power
ratio

PS/PM = 10−2

Macro BS density μM = 4.61 × 10−6 m−2

Outdoor path loss exponent αO = 4

Indoor path loss exponent αI = 2

Radius of building area RI = 25m

http://dx.doi.org/10.1007/978-981-10-0617-3_12
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Fig. 13.5 Normalized rate [bit/s/Hz] over area-ratio, which is covered by buildings. Solid- and
dashed lines denote results fromanalysis and simulations, respectively.Curves are shown for varying
small cell occupation probability η and wall penetration loss LW

scaleswith the density of the buildings. Solid- and dashed lines correspond to analysis
and simulations, respectively. Results are shown for a sparse- and a dense small cell
deployment, as quantified by the occupation probability η. For both scenarios, weak-
and strong wall partitioning are investigated. The wall penetration loss is correlated
to the building penetration loss LB, as introduced in Eq. (13.5). This work employs
the conservative setting LB = LW, which can be replaced by more elaborated models
in future work. It is observed that

• The achievable normalized rate improves with increasing building density. This
result follows the intuition that obstructions due to large objects establish a safe-
guard against interference [13]. Note that for constant occupation probability, the
small cell density grows in proportion to the building density. Therefore, the results
render the existence of a hotspot limited regime in urban environments question-
able, supporting simulation results in [8, 9, 26, 27] and Chap.14.

• Low isolation by wall penetration deteriorates performance in both deployment
scenarios. Intuitively, the isolation of the interfering small cell BSs is decreased
when the wall penetrations become weaker. The impact of penetration loss on cov-
erage probability, however, becomes minor especially when the building density is
high. Intuitively, this indicates that the number of penetrations rather than the loss
per penetration dominates the effect of partitioning between indoor and outdoor
environment.

• Even though a user at the edge of a typical building is evaluated, the analyti-
cal results closely resemble the simulations. This confirms the accuracy of the
virtual building approximation as well as the inclusion of macro-interferers in the
immediate vicinity of the typical building, as claimed in Sect. 13.2.3.

http://dx.doi.org/10.1007/978-981-10-0617-3_14
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13.5 LOS- and NLOS Macro Base Stations

In this section, previous analyses are refined by taking into account whether the
path between a macro BS and the indoor user is obstructed by any other building.
The distinction between LOS- and NLOS links recently gained momentum with the
study of millimeter wave communication [28, 29]. In contrast, it has commonly been
neglected in the analysis of conventional cellularmicrowave networks. Typically, sig-
nal propagation is modeled by a single combination of shadow fading distribution,
path loss law and wall penetration. Nonetheless, numerous measurement campaigns
clearly indicate the differences between LOS- and NLOS microwave link character-
istics [30–36].

In this section, a framework is established which enables to account for both
link states. The idea is to partition the macro BSs process ΦM into two independent
non-homogeneous PPPs ΦL and ΦN, referring to LOS- and NLOS nodes such that
ΦM = ΦL ∪ ΦN. Each process employs its own model for signal propagation,
incorporating log-distance dependent path loss, blockage and wall penetration. LOS-
and NLOS model are hereinafter referred to as 
L(·) and 
N(·), respectively.

Consider a typical building at the origin and an indoor user at distance r, 0 <

r ≤ RI. Further, let a macro BS be located at distance R away from the origin.
Then, using the Boolean scheme as specified in Sect. 13.2.1 and the virtual building
approximation as introduced in Sect. 13.2.4, the probability that the link between
user and BS is obstructed by any other building is obtained as v(R) = exp(−βB(R −
RI)). This term can be interpreted as LOS probability, following the intuition that it
becomes increasingly unlikely to experience a connection with a distant BS.

According to [13], the shadowing of different links can be considered as uncorre-
lated with minor loss of accuracy. This allows to apply the thinning property of PPPs
and yields the intensities of the independent BS processes ΦL and ΦN as μM v(R)

and μM(1 − v(R)), respectively.

13.5.1 Distance Distributions of Associated Macro Base
Stations

Consider a typical building without small cell BS. The following lemmas provide
Probability Density Functions (PDFs) for the distance between an indoor user and its
associated macro BS, given that the BS is either in LOS or NLOS. The expressions
extend results in [28] by conditioning on deploying a virtual building around the
user, as illustrated in Fig. 13.6.

Lemma 13.1 Consider a typical building without a small cell BS and an indoor user
at distance r, 0 < r ≤ RI, away from its center, which is associated with the closest
LOS macro BS. Then, applying the virtual building approximation, its distance to
the serving BS is distributed as
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Fig. 13.6 Snapshot of an
urban environment as
obtained by a Boolean
scheme with circles of
random radius. The figure
depicts an indoor user in a
typical building, which is
occupied by a small cell BS.
The scenario encompasses
LOS- and NLOS macro BSs.
The dashed circle indicates
the virtual building

LOS macro-base station

NLOS macro-base station

Typical building
Virtual building

fL(x) =
{

BL f̂L(x)
AL

e−2πμM
∫ ΨL (x)

RI
(1−v(t))tdt

, x ≥ RI

0, otherwise
, (13.18)

where

BL = 1 − e−2πμM
∫ ∞

RI
v(r)rdr (13.19)

f̂L(x) =
{

1
BL
2πμMxv(x)e−2πμM

∫ x
RI

v(r)rdr
, x ≥ RI

0, otherwise
(13.20)

AL = BL

∫ ∞

RI

e−2πμM
∫ ΨL (x)

RI
(1−v(t))tdt f̂L(x)dx, (13.21)

and ΨL(x) = 
−1
L (
N(x)). The term BL denotes the probability that the user receives

at least one LOS BS and f̂L(x) is the corresponding conditional distance distribution
function of the closest node. The quantity AL captures the likelihood to be associated
with the closest LOS BS.

Proof The proof is derived along the lines of [13, Theorem 10] by excluding BS
from a ball of radius RI around the user.

Lemma 13.2 Consider an indoor user at distance r, 0 < r ≤ RI away from the
center of a typical building without a small cell BS. Let the user be attached to the
closest NLOS BS. Then, employing the virtual building approximation, the PDF of
its distance to the serving BS is expressed as
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fN(x) =
{

BN f̂N(x)
AN

e−2πμM
∫ ΨN (x)

RI
v(t)tdt

, x ≥ RI

0 , otherwise
, (13.22)

where

BN = 1 − e−2πμM
∫ ∞

RI
(1−v(r))rdr (13.23)

f̂N(x) =
{

1
BN
2πμMx(1 − v(x))e−2πμM

∫ x
RI

(1−v(r))rdr
, x ≥ RI

0 , otherwise
(13.24)

AN = 1 − AL, (13.25)

with AL from Eq. (13.21) and ΨN(x) = 
−1
N (
L(x)). The term BN refers to the proba-

bility that the user receives at least one NLOS BS and f̂N is the according conditional
pdf of the distance to the closest node.

Proof As above, the proof follows [13, Theorem 10] and is therefore omitted.

13.5.2 SINR and Coverage Analysis

Given an indoor user at distance r, 0 < r ≤ RI away from the center of a typical
building with small cell BS, its SIR is determined as

γS(r) = PSG0
I(r)∑
i:Xi∈ΦL\B(0,RI)

PMGi
L(Ri) + ∑
j:Xj∈ΦN
\B(0,RI)

PMGj
N(Rj) + ∑
k:Xk∈ΦS\B(0,2RI)

SkPSGkLW
L(Rk)
,

(13.26)

where the first- and second sum in the denominator denote the aggregate interference
from the LOS- and NLOS macro BSs, respectively. The third sum refers to the
contribution from the small cell tier.

When the building is not occupied by a small cell BS, the user associates with the
dominant macro BS at distance R0, with R0 > RI. Depending on whether the serving
BS is in LOS or NLOS, Eq. (13.10) reformulates as

γL(R0) = PMG0
L(R0)∑
i:Xi∈ΦL\B(0,R0)

PMGi
L(Ri) + ∑
j:Xj∈ΦN

\B(0,ΨL(R0))

PMGj
N(Rj) + ∑
k:Xk∈ΦS\B(0,2RI)

SkPSGkLW 
L(Rk)
,

(13.27)

or

γN(R0) = PMG0
N(R0)∑
i:Xi∈ΦL\B(0,ΨN(R0))

PMGi
L(Ri) + ∑
j:Xj∈ΦN

\B(0,R0)

PMGj
N(Rj) + ∑
k:Xk∈ΦS\B(0,2RI)

SkPSGkLW 
L(Rk)
.

(13.28)
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Note that by virtue of the virtual building approximation from Sect. 13.2.4 both γL(·)
and γN(·) are independent of the user’s location within the building. The following
theorems extend Theorems 13.1 and 13.2 with respect to NLOS- and NLOS macro
BSs.

Theorem 13.3 Consider an indoor user at distance r, 0 < r ≤ RI away from the
center of a typical building with a small cell BS. Then, its coverage probability is
calculated as

Pc,S(δ|r) = P
[
γS(r) > δ|r] = e−2π(μSIS+μM(IL+IN)), (13.29)

with γS(·) from Eq. (13.26) and

IS =
∫ ∞

2RI

δLW
L(t)e−(βBt+pB)


I(r) + δLW
L(t)
tdt, (13.30)

IL =
∫ ∞

RI

(
1 −

PS
PM


I(r)
PS
PM


I(r) + δ
L(t)

)
tv(t)dt, (13.31)

IN =
∫ ∞

RI

(
1 −

PS
PM


I(r)
PS
PM


I(r) + δ 
N(t)

)
t(1 − v(t))dt. (13.32)

Proof The proof is provided in [18, Appendix F].

Theorem 13.4 Consider a typical building without a small cell BS and an indoor
user at distance r, 0 < r ≤ RI away from its center. Given that the user is associated
with the closest LOS macro BS, its coverage probability is determined as

Pc,L(δ) = P
[
ER0 [γL(R0) > δ]] =

∫ ∞

RI

e−2π(μSIS+μM(IL+IN))fL(R)dR, (13.33)

with γL(·) from Sect.13.5.2, fL(·) from Eq. (13.18) and

IS =
∫ ∞

2RI

δPSLW
L(t)e−(βBt+pB)

PM
L(R) + δPSLW
L(t)
t dt (13.34)

IL =
∫ ∞

R

(
1 − 
L(R)


L(R) + δ
L(t)

)
t v(t)dt (13.35)

IN =
∫ ∞

ΨL(R)

(
1 − 
L(R)


L(R) + δ
N(t)

)
t (1 − v(t))dt. (13.36)

When the user is served by the closest NLOS macro BS, its coverage probability
is calculated as

Pc,N(δ) = P
[
ER0 [γN(R0) > δ]] =

∫ ∞

RI

e−2π(μSIS+μM(IL+IN))fN(R)dR (13.37)
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where γN(·) and fN(·) are obtained from Eq. (13.22) and Sect.13.5.2, and

IS =
∫ ∞

2RI

δPSLW
L(t)e−(βBt+pB)

PM
N(R) + δPSLW
L(t)
t dt (13.38)

IL =
∫ ∞

ΨN(R)

(
1 − 
N(R)


N(R) + δ
L(t)

)
t v(t)dt (13.39)

IN =
∫ ∞

R

(
1 − 
N(R)


N(R) + δ
N(t)

)
t (1 − v(t))dt. (13.40)

Proof For a given BS distance R0, the proofs for P[γN(R0) > δ] and P[γL(R0) >

δ] are carried out along the lines of [18, Appendix F]. Averaging over R0 yields
Eqs. (13.33) and (13.37), respectively.

Finally, Theorems 13.3 and 13.4 enable to extend Eq. (13.16). The coverage prob-
ability of a typical indoor user at distance r, 0 < r ≤ RI, which experiences LOS-
and NLOS macro BSs, is expressed as

Pc(δ|r) = ηPc,S(δ|r) + (1 − η)(ALPc,L(δ) + (1 − AL)Pc,N(δ)), (13.41)

where η denotes the small cell occupation probability and AL is the likelihood that
the user associates with a LOS macro BS, as derived in Eq. (13.21).

13.5.3 Numerical Evaluation

In this section, the performance of a typical user at the edge of a building, i.e., r = RI,
is numerically evaluated. The results are provided in terms of normalized ergodic
rate and are obtained by plugging Pc(δ|R) from Eq. (13.41) into Eq. (13.17).

Signal propagation along LOS- and NLOS links is modeled by


L(R) = 
O(R) LL, (13.42)


N(R) = e−βBR(1−LB) 
O(R) LN, (13.43)

where LL and LN denote the wall penetration losses, exp(−βBR(1−LB)) accounts for
the shadowing, as referred from Sect. 13.2.5, and 
O(·) refers to the log-distance path
loss, as defined in Sect. 13.2.5. Note that, in general, the intercept bO, the constant cO
and the path loss exponent αO will be different in the LOS- and NLOS case. These
models are based on the following findings from measurement campaigns.

For analytical convenience, the characteristics of an urban environment are often
condensed into different variances of a log-normally distributed RVs, which account
for the shadowing [37]. However, the authors of [30] observed considerable devia-
tions from this model in LOS scenarios, where signal characteristics are largely dom-
inated by free space propagation as long as the first Fresnel zone is not obstructed
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[30–34]. Breaking distances of 160–800m have been reported frommeasurements in
metropolitan areas [33, 38]. Using the concept of a LOS ball as defined in [28] yields
equivalent circular LOS areas of radius 49.1m for pI = 0.8, 96.2m for pI = 0.5
and 266m for pI = 0.2, respectively. Hence, it is considered reasonably accurate
to employ a single-slope free-space path loss law for LOS signal propagation, i.e.,
αO = 2 in Eq. (13.42).

In accordance with the 3GPP LTE-A standard [39] and numerous measurement
campaigns [31–34, 40, 41], NLOSpropagation alters the path loss exponent and adds
an additional shadowing component. In this section, αO = 4 and LB = 10−1, respec-
tively. Furthermore, measurement results in [30, 35, 36] indicate that signals from a
NLOS BS experience a lower wall penetration loss. Intuitively, this is caused by the
fact that multi path components approach the building more frontally after multiple
reflections. The wall penetration loss for NLOS links is set LN = 10−1 whereas
the loss for LOS links, LL, is varied as specified below. Table13.2 summarizes the
parameters for numerical evaluation.

In order to verify the accuracy of the virtual building approximation, Monte Carlo
simulations are carried out with the same system model. BS are distributed over a
field of 15RC × 15RC and their density is chosen such that the inscribing ball of the
typical cell has a radius of 250m. The results are assessed from averaging over 500
spatial- and 500 fading realizations.

Figure13.7 depicts normalized ergodic rate τ(RI) over indoor coverage ratio pI.
The curves correspond to two small cell occupation probabilities, η = 0.2 and
η = 0.8, and two wall penetration loss values for the LOS signal, LL = 10−1 and
LL = 10−3, respectively.

It is observed that

• Unlike results in Sect. 13.4, the normalized rate does not increase uniformly with
the indoor coverage ratio but rather exhibits certain minima. This is explained by
the facts that (i) a low indoor coverage ratio favors LOS connections and (ii) the
likelihood to experience a LOS link rapidly decreases with higher indoor coverage
ratio as the exponent of the LOS probability v(R) linearly scales with the building
density.

Table 13.2 Parameters for
numerical evaluation

Parameter Value

Macro-to-small cell power
ratio

PS/PM = 10−2

Macro BS density μM = 4.61 × 10−6 m−2

Radius of building area RI = 25m

Intercept of path loss law bO = 1

Constant of path loss law cO = 1

LOS path loss exponent αO = 2

NLOS path loss exponent αO = 4

Building penetration loss LB = 10−1

NLOS wall penetration loss LN = 10−1
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Fig. 13.7 Normalized rate in [bit/s/Hz] over indoor coverage ratio. Solid- and dashed lines corre-
spond to results from analysis and simulations, respectively. Curves are depicted for varying small
cell occupation probability η and wall penetration loss for LOS links, LL, respectively

• In a scenariowith lowwall penetration loss forLOS links, small cellBSs areweakly
isolated from the outdoor environment. Hence, for a high small cell occupation
probability, they considerably contribute to the aggregate interference. As a result,
the normalized rate for LL = 10−1 and η = 0.8 monotonically increases rather
than exhibiting a minimum.

• The impact of the wall penetration loss becomes inferior with higher indoor area
coverage. The result is based on the effects that (i) the likelihood of experiencing
LOS interferers reduces with decreasing LOS probability and (ii) a higher building
density establishes a safeguard against NLOS interferers. This corroborates previ-
ous findings that it is the amount of blockages rather than their exact penetration
loss which dominates the effect of indoor-outdoor partitioning.

• The curves precisely fit with results from Monte Carlo simulations. In compari-
son to Sect. 13.4, the consideration of LOS- and NLOS macro BSs improves the
accuracy of the model.

As shown in Chap.14, these effects cannot be identified with the widely used log-
normal shadowing model.

13.6 Conclusion

This chapter introduces a novel systemmodel for two-tier heterogeneous cellular net-
works in urban environments. The focus lies on indoor users. Analytical expressions
for the coverage probability in buildings with- and without small cell deployment
are derived. The proposed virtual building approximation considerably improves the

http://dx.doi.org/10.1007/978-981-10-0617-3_14
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tractability of the analysis. Its accuracy is confirmed by simulation results. Numer-
ically evaluations are carried out to investigate the performance of a typical indoor
user in terms of normalized ergodic rate. The results reveal essential effects of an
urban environment. Observations such as the blockage safeguard and the vanishing
impact of LOS BSs and wall isolation with increasing building density are missed
by overly simplistic models, as demonstrated in the next chapter.
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Chapter 14
Simulation of Two-Tier Heterogeneous
Cellular Networks

Markus Rupp, Stefan Schwarz and Martin Taranetz

In this section, two-tier heterogeneous cellular networks are investigated, encom-
passing eNodeBs on macro sites and femtocell Base Stations (BSs), respectively.

Although numerous system level simulation campaigns have been carried out,
the utilized system models such as the dual-stripe- and the 5 × 5 approach from [1]
or other customized setups such as [2–7] are mostly too specific to systematically
investigate the impact of a femtocell enhancement on the existing macro cellular
deployment. On the other is commonly evaluated in terms of capacity and cannot
directly be transfered to achievable throughput due to highly idealistic setups.

This section introduces a system model, which enables to analyze the impact
of User Equipment (UE) distribution, femtocell deployment density and femtocell
isolation on the performance of a two-tier heterogeneous cellular network in a sys-
tematic manner. Moreover, it allows to discuss results from Chap. 13. In contrast to
all previous considerations in Chaps. 11–13, the focus of this chapter is on network-
wide performance metrics, i.e., a global- rather than a user-centric point of view.

14.1 System Model

The macro cellular setup comprises a central site and one tier of hexagonally arranged
neighbors, as illustrated in Fig. 14.1. Each site employs three eNodeBs, which are
equipped with one sector antenna each. The antennas are arranged at a spacing of
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Fig. 14.1 Urban two-tier heterogeneous cellular network. UEs are located within annular regions
around the centers of the randomly distributed buildings. Buildings are served by a femtocell BS
with occupation ratio η = 0.8. Indoor- and outdoor environment are separated by wall penetration
loss LW

2π/3. Their radiation pattern is referred from [8] and is specified as

A(θ) = − min

[
12

(
θ

θ3dB

)2

, Am

]
, −π ≤ θ ≤ π, (14.1)

where θ3dB = 65
180π and Am = 20 dB. Applying maximum-Signal to Interference and

Noise Ratio (SINR)-based UE association, such setup yields hexagonally shaped
eNodeB coverage-regions, as illustrated in Fig. 14.1. Hereinafter, these regions are
referred to as macro sectors.

After establishing the macro deployment, NC circularly-shaped buildings of radius
RI = 25 m are uniformly distributed within each macro sector such that their foot-
prints do not overlap each other. Along the lines of Sect. 13.2, a point is denoted as
indoors, if it is covered by a building, and outdoors otherwise.

Each building hosts NU UEs, which are uniformly distributed within an annular
region of inner radius 5 m and outer radius 25 m around the center of the building.
This procedure is equivalent to generating UE hot-spots according to an independent
cluster process (see, e.g., [9] for nomenclature and further details on cluster

http://dx.doi.org/10.1007/978-981-10-0617-3_13
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processes). In this case, the parent process is constituted by the distribution of the
building centers. A UE-cluster is formed by the UEs of a given building. In total,
there are NS = NC NU UEs in each macro sector, hereafter denoted as sector UEs.
By keeping NS constant, the parameters NC and NU adjust the degree of clustering,
also referred to as extent of clustering or level of inhomogeneity [10].

Femtocell BSs are deployed at the centers of buildings and equipped with omni-
directional antennas. Their occupation ratio η is tuned by NF/NC, with 0 ≤ NF

≤ NC (cf. Sect. 13.2.2). The parameter NF denotes the number of randomly chosen
buildings per macro sector, which are equipped with a femtocell BS. Figure 14.1
shows a snapshot with NF = 8 and NC = 10, respectively. Distributing the UEs
within an annular region around the building centers guarantees a certain minimum
distance to the femtocell BSs.

Both Open Subscriber Group (OSG)- and Closed Subscriber Group (CSG) mode
are considered. In the OSG case, a femtocell BS serves all UEs within its coverage
area (UE association regions are calculated according to a maximum SINR criterion),
whereas in the CSG mode, only the UEs of the corresponding cluster are allowed
to attach. UEs associated with an eNodeB from a macro site are denoted as macro
UEs, UEs attached to a femtocell are referred to as femto UEs, respectively. Macro-
and femtocell tiers are assumed to be uncoordinated and employ universal frequency
reuse, i.e., reuse-1, thus representing a worst-case scenario in terms of interference.

Signal propagation in and out of a building is modeled by a constant wall pen-
etration loss LW. Depending on whether a signal originates from an eNodeB on a
macro site or a femtocell BS, one of the following two path loss models is applied:

• eNodeB on macro site: The path loss model is referred from [8, subclause 4.5.2]
and depicted as dashed line in Fig. 14.2.

• Femtocell BS: A dual-slope model is applied (solid line in Fig. 14.2). Within the
building, the propagation model as specified in [11, subclause 5.2] is employed.

Fig. 14.2 Distance
dependent channel gain from
eNodeB on macro site and
femtocell BS
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Table 14.1 Specific simulation parameters for two-tier heterogeneous cellular network

Parameter Value

eNodeB deployment Three eNodeBs per macro site, 2π/3 spacing

eNodeB antenna gain A(θ) = − min

[
12

(
θ

θ3 dB

)2
, Am

]
, −π ≤ θ ≤ π

Femtocell BS Transmit power PS = 26 dBm

Femtocell backhaul Unlimited, no delay

Femtocell access mode {OSG, CSG}

Femtocell antenna gain 0 dB omni-directional

At distance RI the signal is attenuated by the wall penetration loss LW. For dis-
tances larger than RI, again the propagation loss model from [8, subclause 4.5.2]
is utilized.

Small scale fading and shadowing are modeled by time correlated Rayleigh- and
spatially-correlated log-normal Random Variables (RVs), respectively. The simula-
tion parameters are summarized in Tables 9.6 and 14.1, respectively.

The introduced system model serves as a basis for the subsequent investigations
on altering UE distribution, building characteristics and urban environment. The pre-
sented simulation results are obtained by taking into account the three sectors of the
central macro site and averaging over 100 scenario snapshots and 100 Transmis-
sion Time Intervals (TTIs) per snapshot, respectively. Network-wide performance is
represented by sector-wise metrics.

14.2 Urban Two-Tier Heterogeneous Cellular Network

In this section, the performance of a typical indoor-UE in an urban two-tier heteroge-
neous cellular LTE network is evaluated. The target is to verify results from Chap. 13.
Simulations are carried out with the system model from Sect. 14.1, which, however,
differs from the model in Sect. 13.2 in two major aspects:

• Macro sites are arranged according to a hexagonal grid, as depicted in Fig. 14.1.
This setup guarantees a certain macro sector size that is necessary to carry out
systematic simulations, as detailed in Sect. 14.1.

• The characteristics of the urban topology, such as building density, are incorporated
into the standard deviation of the log-normal RVs which represent the shadowing.
Typical values in literature range from 6 to 10 dB [12–19]. The rationale for this
model is to emphasize the difference to the exponential law in Eq. (13.5).

In accordance with Chap. 13, performance is evaluated for two wall penetration
losses LW = {−10,−30} dB, and two femtocell occupation ratios η = {0.2, 0.8},
respectively. Figure 14.3 shows the average spectral efficiency of a typical indoor
UE plotted over the shadow fading standard deviation. It is observed that

http://dx.doi.org/10.1007/978-981-10-0617-3_9
http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_14
http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_13
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Fig. 14.3 Average spectral
efficiency [bit/s/Hz] of
typical indoor UE. Results
are provided for femtocells
operating in OSG- and CSG
mode, respectively.
Performance is evaluated for
two wall penetration losses
LW = {−10,−30} dB, and
two femtocell occupation
ratios η = {0.2, 0.8},
respectively. The shaded
regions denote 95 %
confidence intervals. a
Femotcell OSG-mode. b
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• The standard deviation of the shadow fading has almost no effect on the per-
formance. Thus, the impact of the urban environment topology is completely
overlooked with the log-normal model. Moreover, the model neglects the dif-
ferentiation between Line-Of-Sight (LOS)- and Non Line of Sight (NLOS) BSs,
as investigated in Sect. 13.5. The importance of the latter is manifested through its
inclusion into Rel. 12 of the Long Term Evolution (LTE) standard [20].

• The performance in OSG- and CSG-mode considerable deviate at high femto-
cell occupation ratio (η = 0.8) and low wall penetration (LW = −10 dB). This is
caused by the fact that, in the OSG case, UEs in a building without femtocell-BS
can associate with a femtocell in a close-by building. In contrast, CSG opera-
tion forces these UEs to associate with the eNodeB on the macro site. Moreover,
they will receive severe interference from the nearby femtocell-BS. This aspect is
further investigated in Sect. 14.4 as it is not considered in the model of Chap. 14.

http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_14
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Fig. 14.4 Spectral efficiency
[bit/s/Hz] of typical indoor
user versus area ratio that is
covered by buildings. Curves
are obtained by numerical
evaluating the theoretical
model from Chap. 13 and
applying the calibration
parameters αB = 0.85 and
αSIR = 0.5. Curves are
depicted for varying small
cell occupation probability η

and wall penetration loss LW
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For comparison, a numerical evaluation of Eq. (13.17) with Pc(δ|r) from
Eq. (13.16) is carried out, assuming that the users are uniformly distributed within
an annulus of inner radius 5 m and outer radius RI = 25 m, respectively. Since
the simulator does not distinguish LOS- and NLOS BSs, it is refrained from
employing the more elaborated model from Sect. 13.5. The curves are computed
with the settings PS/PM = 10−2 and μM = 4.61 × 10−6 m−2 (according to the BS
density in a hexagonal grid with an inter-site distance of 500 m), and the calibra-
tion parameters αB = 0.85 and αSIR = 0.5 from Sect. 12.5. According to Sect. 14.1,
outdoor- and indoor path loss are specified as �O(R) = min(10−7, 1/101.597 R−3.76)

and �I(r) = min(10−4.5, 1/103.846 r−2), respectively. Figure 14.4 shows the results.
It is observed that, in agreement with Sect. 12.5, the theoretical model tends to

overestimate the performance due to the conservative calibration against the ideal
system performance. The deviation is particularly pronounced at high indoor area
coverage, where the building blockage provides a safeguard against interference. It
is further remarkable that, in contrast to the simulation results, the analytical curves
show a similar performance improvement when altering the wall penetration from
LW = −10 dB to LW = −30 dB for both η = 0.2 and η = 0.8. This is caused by the
fact that the model only takes into account interference from neighboring femtocells.

In conclusion, the model from Chap. 13 enables more subtle insights on the effects
of building blockages than log-normally distributed shadowing, including the safe-
guard against interference as well as the decreasing impact of LOS BSs, which were
not included in the simulations due to the novelty in the 3rd Generation Partnership
Project (3GPP) standard [20]. On the other hand, it misses aspects of OSG and CSG-
operation. The subsequent sections complete the picture by systematically evaluating
network-wide performance. In the remainder of this chapter, shadowing is modeled
by spatially correlated log-normal RVs with 8 dB standard deviation.

http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_13
http://dx.doi.org/10.1007/978-981-10-0617-3_12
http://dx.doi.org/10.1007/978-981-10-0617-3_12
http://dx.doi.org/10.1007/978-981-10-0617-3_13
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14.3 User Hot Spot Scenarios

In this section, the impact of UE clustering on the global performance of femtocell-
enhanced macro cellular networks is investigated. Current research mainly focuses
on the positioning of the transmitters while users are commonly considered uniformly
distributed [21–28]. However, femtocell BSs are most effectively deployed at user
hot-spots [29, 30]. Hence, appropriate models for the user distribution are essential
to investigate the performance limits of a heterogeneous network. Based on [31], the
contributions of this section are:

• A system model is presented, which enables to explicitly identify the effects of
altering the degree of UE clustering.

• The importance of a fairness metric is stressed, as it is often disregarded in litera-
ture. By means of sum throughput, it is shown that a network-wide performance
metric provides only limited view on the UE performance, since it conceals the
distribution of the individual values.

In this section, the system model from Sect. 14.1 is exploited without separating
indoor- and outdoor environment, i.e., LW = 0 dB. For a fair comparison of different
UE distributions, the total amount of UEs per sector, NS, is kept constant over all
simulations. The degree of clustering is tuned by the parameters NC and NU, i.e.,
the number of UE clusters per sector and the number of UEs per cluster, such that
NS = NC NU.

The parameter settings for simulations are summarized in Tables 9.6 and 14.1,
respectively. Sector-wise sum throughput is employed as a global performance met-
ric. It is calculated by accumulating the throughput values of all NS sector UEs, i.e.,
including macro- and femto UEs. Such metric is of particular interest for network
providers when planning a femtocell roll-out.

The results are depicted in Fig. 14.5. Three scenarios are investigated, ranging
from a low- to a high degree of UE clustering. The corresponding {NC, NU}-tuples
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Fig. 14.5 Sector sum throughput [Mbit/s] over number of femtocell-occupied UE clusters. a Femot-
cell OSG-mode. b Femotcell CSG-mode
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are specified as {40, 2}, {20, 4} and {10, 8}, respectively. It is observed that in all three
cases the sum throughput strictly increases with additional femtocells, thus confirm-
ing the claim in [28]. The results however reveal that the efficiency of the femtocell
operation considerably depends on the degree of clustering. The sum throughput
increases steepest in a UE hot-spot scenario, and lowest in a close to uniform UE
distribution. Remarkably, the curves show a slight saturation effect when increasing
the number of femtocell BSs. This indicates that the femtocell deployment density
does not perfectly compensate for the additional interference.

Sum throughput is suitable to measure the global performance of a femtocell-
enhanced network. However, it conceals possible performance imbalances between
the individual UEs. Therefore, measures for the distribution of the throughput values
are imperative. In this section, Jain’s fairness index is employed. For a given macro
sector, it is expressed as

JFI(t) =
(∑NS

i=1 ti
)2

NS
∑NS

i=1 t2
i

, (14.2)

where ti denotes the throughput as achieved by UE i .
Figure 14.6 depicts the fairness index plotted over the number of femtocell occu-

pied UE clusters per macro sector. In a sparse femtocell deployment (i.e., low num-
ber of femtocell BSs), only few UEs achieve high throughput due to their vicinity
to the femtocell BSs. The remaining UEs are attached to the eNodeB on the macro
site, experiencing additional interference from the femtocells. Thus, low fairness is
observed. The index increases with the number of employed femtocell BSs. At full
femtocell occupation (η = 1), it lies below the reference case of a plain macro cellu-
lar network without femtocells (η = 0) for both OSG- and CSG mode. In accordance
with the sum-throughput results, highest fairness is achieved at the largest extent of
UE clustering.
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Fig. 14.6 Jain’s fairness index over number of femtocell-occupied UE clusters. a Femotcell OSG-
mode. b Femotcell CSG-mode
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Hence, femtocells are most efficiently deployed in scenarios with a high degree
of UE clustering. Motivated by the low fairness values, macro- and femto UE per-
formance are evaluated separately in the next section. The particular focus is on
the effect of isolating UEs in indoor areas from the outdoor environment by wall
penetration loss.

14.4 Sensitivity on Femtocell Deployment Density
and -Isolation

In this section, the impact of femtocell deployment density and -isolation on the
downlink-performance of an LTE network is investigated. Isolation is defined as the
separation between indoor- and outdoor environment by wall penetration loss.

Referring to my work in [32], the contributions of this section are:

• A system model is introduced, which allows to explicitly analyze the effects of
varying femtocell density and -isolation.

• The individual UE performance, which would be concealed by network-wide per-
formance metrics (cf. Sect. 14.3), is assessed by separately investigating macro-
and femto UEs.

The system model which is largely based on the setup in Sect. 14.1. High- and no-
isolation scenarios are investigated, corresponding to LW = −20 dB and LW = 0 dB,
i.e., the worst case in terms of interference, respectively. According to results in
Sect. 14.3, efficient balancing of UE throughput is only possible in scenarios with a
high degree of UE clustering. Therefore, NC = 10 and NU = 8 in the remainder of
this section.

The first metric of interest is the wideband SINR. It is defined as the ratio of the
average receive power from the serving cell and the average aggregate interference
from other cells plus noise [33]. Figure 14.7 depicts the corresponding Empirical
Cumulative Distribution Function (ECDF) curves for OSG- and CSG mode, con-
sidering both high- and no isolation of the indoor areas. The curves are computed
from the average wideband-SINR values of the NS sector UEs. Various femtocell-
occupation ratios η = {0, 0.2, 0.4, 0.8, 1} are evaluated. Arrows indicate the direc-
tions of increasing η from 0 to 1. The case η = 0 serves as a baseline, representing
a macro cellular network without femtocells.

The major observations are

• High- and no-isolation scenarios exhibit significantly different characteristics. On
the one hand, for LW = −20 dB the SINR almost consistently improves with
increasing η. On the other hand, for LW = 0 dB it hardly deviates from the baseline
in the OSG case, while deteriorating in the CSG scenarios. These results indicate
the system’s high sensitivity to fluctuations of the femtocell isolation.

• The step-like behavior of the curves, which is particularly pronounced in OSG
scenarios at high isolation, indicates a severe imbalance between UEs with
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Fig. 14.7 SINR ECDFs for
various femtocell-occupation
ratios η = {0, 0.2, 0.4,

0.6, 0.8, 1} and wall
penetration losses
LW = {0,−20} dB,
respectively. Arrows denote
the direction of increasing η.
The case η = 0 serves as a
baseline, corresponding to a
macro cellular network
without femtocells.
a Femotcell OSG-mode.
b Femotcell CSG-mode

−20 −10 0 10 20 30 40
0

0.1

0.2

0.3

0.4

0.5

0.7

0.8

0.9

1

UE wideband SINR [dB]

0.6

E
C

D
F

=1

=1

=0

L
W

=0 dB

L
W

=-20 dB

(a)

−20 −10 0 10 20 30 40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

UE wideband SINR [dB]

E
C

D
F

=1

=1

=0

L
W

=0 dB

L
W

=-20 dB

(b)

good- and UEs with bad channel conditions. Figure 14.8 depicts a snapshot of
individual average-UE-throughput values over SINR for LW = −20 dB, η = 0.6
and OSG mode. It allows to unambiguously identify the two groups as macro- and
femto UEs, thus motivating their separate investigation.

Figure 14.9 shows throughput values as achieved by the typical macro-, femto-
and sector UE, respectively. The results are obtained by averaging over the individual
throughput values of the corresponding UE class. The axis of abscissas shows the
femtocell occupation ratio η. It is found that

• The throughput of the typical sector UE monotonically increases with larger η and
achieves its maximum at full femtocell occupation, i.e., η = 1.

• The performance of a typical femto UE is considerably higher for high isolation
(LW = −20 dB) than for no isolation (LW = 0 dB). The latter might serve as a
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Fig. 14.8 Snapshot of individual average-UE-throughput values [Mbit/s] over wideband SINR
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Fig. 14.9 Throughput of typical macro-, femto- and sector UE [Mbit/s] over femtocell occupation
ratio η for LW = {0,−20} dB. Shaded regions denote 95 % confidence intervals. The circled points
in (a) corresponds to the straight dashed lines in Fig. 14.8. a Femotcell OSG-mode. b Femtocell
CSG-mode

warning scenario for network providers, considering open doors and windows
throughout the whole scenario.

• In agreement with the results in Sect. 14.3 and the observations in the current
section, the throughput of the typical sector UE considerably deviates from the
typical macro- and femto-UE performance. This becomes particularly clear in
OSG scenarios with LW = 0 dB, where the throughput of the typical sector UE is
enhanced while the performance of the typical macro UE deteriorates.

http://dx.doi.org/10.1007/978-981-10-0617-3_9
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• Except for the aforementioned case, the throughput of the typical macro UE
generally improves for increasing η. This is caused by the fact that handing off
a growing amount of macro UEs to the femtocells compensates for the harm of
additional interference.

Mapping the circled throughput values in Fig. 14.9a to Fig. 14.8 (straight dashed
lines) substantiates the observation that the individual UE either performs much
better or much worse than the typical sector UE. On the other hand, typical macro-
and femto UE throughputs provide reasonably accurate indicators for the actual
performances.

Hence, these two metrics bridge the gap between individual- and sector-wise per-
formance. Figure 14.10 depicts typical femto- versus typical macro UE throughput.
Each point represents a certain femtocell occupation ratio η, with lines connecting
successive values. This depiction is conceptually similar to a capacity- or through-
put trade-off region with the competing axes being typical macro- and typical femto
UE throughput [34, 35], respectively. The following observations are equivalently
obtained from Fig. 14.9, but become much clearer from Fig. 14.10:

• The typical femto UE throughput is almost constant for η > 0. High- and
no-isolation scenario differ by a factor of about 3.8 in OSG- and about 3.5 in
CSG-mode, respectively.

• In OSG mode the average macro UE throughput grows with increasing η at LW =
0 dB, even exceeding the performance at LW = −20 dB. In the CSG case, the
throughput tuples exhibit a loop, yielding the lowest throughput of the typical
macro UE at full femtocell occupation. Thus, operation in CSG mode is more
resilient to fluctuations of LW.

In conclusion, the results in this section confirm the assumption from Sect. 14.3
that the imbalance among individual UE performance values mainly results from
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Fig. 14.10 Typical femto- versus typical macro UE throughput [Mbit/s]. Each point corresponds
to a certain femtocell occupation ratio η ∈ {0, 0.1, 0.2, 0.4, 0.6, 0.8, 1}. Lines connect throughput
tuples of successive η-values. a Femotcell OSG-mode. b Femotcell CSG-mode
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the difference between macro- and femto UEs. On the other hand, performances
within the corresponding UE class turned out to be relatively similar and motivated
to introduce the notions of typical macro- and typical femto UE. Depicting their
throughput values in a similar manner to a capacity region revealed that femtocell
isolation mainly scales the throughput of the typical femto UEs while femtocell den-
sity and femtocell access mode predominantly affect the performance of the typical
macro UE.
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Chapter 15
Advanced System Level Applications

Martin Müller and Illia Safiulin

System level simulations have been proven to be a very important means when the
behavior of many users need to be taken into account. Typical numbers can be 20,
100 or even 1000. In the following we demonstrate the feasibility of such studies on
the example of communications in trains and in cars. In train communications we
typically have a single train connected to a base-station but the train, e.g., German
Inter-City Express (ICE), may carry 500 users at once. Similarly, along motorways
there may be 500 cars with one user each in the neighborhood of a base-station.

15.1 Modeling Train Transmissions

Martin Müller

In the current market of train services, being able to provide mobile broadband
access to costumers has become a main inducement for choosing this means of
transportation. Due to the ubiquitous use of the Internet and the rapid adoption of
novel devices such as smart phones and tablet computers, most passengers have
become accustomed to experiencing high data rates and having the service follow-
ing them no matter where they go. With the number of commuters being expected
to increase, the high user mobility is also one of the most emphasized scenarios in
the initiative for the fifth generation of wireless communications (5G). Long Term
Evolution-Advanced (LTE-A), the contemporary standard for wireless communi-
cation, is not optimized for the challenges of High Speed Train (HST) scenarios.
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Hence, many train operators—mostly in collaboration with mobile operators—have
increased efforts to satisfy the ever increasing requirements. There also exist inter-
national collaborations on a broad level to push for higher data rates and shorter
latencies, for example the Shift2Rail initiative by the European Union [1].

Wireless communications in HST scenarios is confronted with unique conditions,
which have a considerable impact on network planning. In particular, the scenarios
are characterized by User Equipments (UEs) being densely packed inside of the train
and moving at high speed, as well as the specific propagation effects in a diversity
of different environments. More particularities are described in [2].

Employing dedicated hardware in the vicinity of the tracks allows to optimize
the positioning of the stationary infrastructure. One promising approach for that
matter is the utilization of Remote Radio Units (RRUs). Thus, also due to the smaller
dimensions, the point of radiation can be brought closer to the tracks. Such distributed
radiation points can be efficiently simulated with the Vienna LTE-A Dowlink System
Level Simulator, as explained in Sect. 10.5. An additional advantage of RRUs is the
possibility of collaboration among them, leading to a potential improvement of the
overall system performance. The first part of this section deals with the description
of the comparison of such collaboration schemes and is based on [3]. We introduce
a theoretical model and compare it to the results obtained from simulations.

There exist two main approaches, when communication in HST scenarios is con-
sidered. Most publications on this topic assume a relay-based approach, assuming
additional hardware installed on the train, i.e., a relay that communicates with the
Evolved Base Station (eNodeB) as well as with UEs without them communicating
directly [4, 5]. However, the direct communication between UEs and Base Stations
(BSs) has its own advantages, but has not been given enough attention in literature.
We discuss a comparison between the relay approach and the less studied direct link
approach in the second part of this section. It is based on [6]. Next to a general
comparison we also provide simulation results to compare the performance of both
approaches.

15.1.1 Performance of Remote Unit Collaboration Schemes

15.1.1.1 System Model

First we introduce the system model. We consider a representative segment of an
RRU deployment along a railroad track, which comprises four equidistantly spaced
sites, each equipped with two RRUs, pointing in opposite directions, as shown in
Fig. 15.1. The train is assumed to move between RRU0 and RRU1, and its center
position is expressed relative to RRU0 as δ dB, with 0< δ <1. The nodes RRU−1 and
RRU2 serve as dominant interferers. For simplicity, all other sources of interference
are neglected. Due to antenna directivity, some RRUs are ignored in the analysis, as
indicated by dashed arrows in Fig. 15.1.

http://dx.doi.org/10.1007/978-981-10-0617-3_10
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Fig. 15.1 Representative segment of a railroad track with four equidistantly spaced sites. Each site
employs two RRUs pointing in opposite directions. RRUs depicted as dashed lines are omitted in
the analysis. The UE is located at position δ dB relative to RRU0

There are several ways to associate eNodeBs with the RRUs. In this work, we
investigate three schemes:

1. Baseline. All RRUs employ different cell IDs, i.e., are attached to different
eNodeBs. Then,

S = {RRU0}; I = {RRU−1, RRU1, RRU2}, 0 < δ < 0.5
S = {RRU1}; I = {RRU−1, RRU0, RRU2}, 0.5 < δ < 1.

(15.1)

2. Coordination. RRU0 and RRU1 are attached to different eNodeBs and coordinate
their transmission such that they do not interfere each other. Then,

S = {RRU0}; I = {RRU−1, RRU2}, 0 < δ < 0.5
S = {RRU1}; I = {RRU−1, RRU2}, 0.5 < δ < 1.

(15.2)

3. Cooperation. RRU0 and RRU1 are associated with the same eNodeB and coor-
dinate their transmission such that both can be exploited as useful signal. Then,

S = {RRU0, RRU1}; I = {RRU−1, RRU2}, 0 < δ < 0.5
S = {RRU0, RRU1}; I = {RRU−1, RRU2}, 0.5 < δ < 1.

(15.3)

To make a fair comparison, it is assumed that the transmit power per eNodeB is
limited to PT, i.e., ∑

{i |RRUi ∈S }
PTx

i ≤ PT. (15.4)

In order to clarify the impact of the RRU deployment on the performance, no sophisti-
cated power allocation techniques are applied. In the cooperation scheme, associated-
and interfering RRUs transmit with half power in each direction.

15.1.1.2 Theoretical Model

For the analysis, the signal from RRUi is assumed to experience a log-distance
dependent path loss law �i (δ) with exponent α = 2 (i.e., free space propagation)
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and Gamma distributed small-scale fading, G ∼ Γ [NTx, θ ], which corresponds to
Maximum Ratio Transmission (MRT) with NTx transmit antennas and θ is the scale
parameter of the fading. The relevance of the Gamma distribution is explained by
the facts that it includes several important channel models such as Rayleigh and
Nakagami-m as special cases and further allows to accurately approximate composite
fading distributions such as Rayleigh-Lognormal [7].

The received power from RRUi at a UE at relative position δ is expressed as

PRx
i (δ) = PTx

i Gi �i (δ), (15.5)

where PTx
i denotes the transmit power of RRUi . Assuming that the penetration loss

into the train carriage is constant, it can be omitted in the analysis since the scenario
is considered interference limited.

Applying MRT corresponds to a best case scenario in terms of desired signal power
and a worst case in terms of interference. The corresponding aggregate received
powers are

S(δ) =
∑

{i |RRUi ∈S }
PRx

i (δ), (15.6)

I (δ) =
∑

{i |RRUi ∈I }
PRx

i (δ), (15.7)

where S and I refer to the set of desired and interfering RRUs as obtained from
Eqs. (15.1)–(15.3), respectively. These expressions correspond to weighted sums
of Gamma Random Variables (RVs). Sticking to integer-valued shape parameters,
which correspond, e.g., to the number of antennas per RRU under the assumptions of
MRT and Rayleigh fading, allows to employ the Generalized Integer Gamma (GIG)
distribution [8]. It yields expressions of the form

∑
k ak xbk eck x for both desired signal-

and aggregate interference distributions, respectively. Then, the distribution of the
Signal-to-Interference Ratio (SIR) γ (δ) = S(δ)/I (δ) generically formulates as (see
Appendix of [3])

fγ (γ ; r) =
∑

s

∑

i

asaiγ
bs (ci + csγ )−i−bs−bi Γ (i + bs + bi ). (15.8)

The spectral efficiency is defined by the well known expression τ(γ (δ)) = log2(1 +
γ (δ)). Its distribution is straightforwardly obtained by a non-linear, monotone trans-
formation of RVs applied on Eq. (15.8) as

fτ (τ ; δ) = log(2)2τ fγ (2τ − 1; r). (15.9)

Since the length of the train is typically in the same order of magnitude as the inter-
RRU distance, it is not reasonable to represent all passengers by a single point. We
apply the following procedure for performance evaluation. First, we determine the
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average spectral efficiency at each UE position between RRU0 and RRU1. Then, we
assume the UEs to be uniformly distributed within the train. Intuitively, the train thus
acts as a sliding window for the moving average over the single UEs’ performances.
The result is an average spectral efficiency value for each train position, also referred
to as train average spectral efficiency in the remainder of this section.

For numerical evaluation, we consider a setup as illustrated in Fig. 15.1 with dB =
1000 m. The train has a length of 200.84 m and a width of 2.95 m, corresponding to
a German “ICE 3” train. Each RRU employs two transmit antennas and each UE is
equipped with one receive antenna. Results in terms of train average spectral effi-
ciency for each RRU collaboration scheme are provided in Fig. 15.2, represented
by the dashed curves and are discussed later in this section, together with the sim-
ulation results. The original results were obtained under the assumption that each
RRU chooses its MRT beamformer independently. However, a LTE-A system only
offers codebooks with a limited number of precoders, which typically distribute
the available transmit power uniformly over all transmit antennas. As the simulator
also applies LTE-A-compliant codebook based precoding, the numerical results of
the theoretical model are scaled by a factor that accounts for the loss from utilizing
codebook based precoding. This factor is constant over the train center position (with
negligible variations).
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Fig. 15.2 Train average spectral efficiency in [bit/s/Hz] over train center position for baseline-,
coordination- and cooperation scheme. Dashed- and solid curves refer to results of theoretical
model and simulations, respectively (Confidence intervals are insignificantly small and therefore
omitted in the figure.)
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15.1.1.3 Simulation Setup

For simulations we consider the same ICE 3 train with the same dimensions as
before and 460 seats in total. We assume 230 active UEs and employ a full-buffer
traffic model. The UEs are distributed within the train according to a uniform random
distribution.

RRUs dynamically assign to eNodeBs, according to the collaboration scheme.
Each eNodeB has a total transmit power of PT = 40 W. The signal between eNodeB
and UE experiences path loss, fast fading and penetration loss. We employ the rural
path loss model of the TR 36.942 specification [9], representing the typical propaga-
tion environment for a train traveling through the countryside. The small scale fading
is modeled by an ITU ‘Vehicular A’ channel [10], which is designated for receivers
inside moving metal objects. Although other literature on high speed train scenarios
commonly employs a variation of the Wireless World Initiative New Radio (WIN-
NER) Phase II model [11], it is not applicable in our case, since it was designed for
moving objects with relay-units. Finally, we account for the penetration loss into the
carriage by a constant of 30 dB (more on that in the following section). A summary
of all simulation parameters is provided in Table 15.1.

15.1.1.4 Discussion of Results

Numerical results of the theoretical model and the simulation results are provided
together in Fig. 15.2. The results of the theoretical model are displayed by solid
lines, while the simulation results are represented by dashed lines, including the 95 %-
confidence intervals. It is observed that the performance for each scheme respectively
shows a close accordance of theoretical and simulation results. The major difference
in the setup—MRT versus codebook based precoding—has been accounted for by the
aforementioned correction factor. The remaining gap is caused by various practical
design constraints of an LTE-A system such as Adaptive Modulation and Coding
and scheduling (see [16]), which are not incorporated in the theoretical model.

Considering the three collaboration schemes individually, it is observed that the
cooperation scheme universally yields the best performance. This finding has also
been obtained in comparable studies, which assumed the trains to be equipped with
relay nodes [11]. Note that this scheme completely avoids handovers in the region of
interest. The coordination scheme shows a slightly lower performance than coopera-
tion, particularly when approaching the middle point between two RRUs. In practical
systems, coordination is typically far less complex than cooperation since only con-
trol data has to be exchanged between the eNodeBs. Even though the coordination
scheme is less complex in its installation and only grants a slightly reduced perfor-
mance, handovers occur more often, which might pose a problem for high speeds.
Concretely, for a train, travelling at 200 km/h and an inter RRU distance of 1000 m,
this would be the case every 1000 m/55.5 m/s = 18 s. While theoretically supported
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Table 15.1 Simulation parameters

Parameter Value

System bandwidth 20 MHz

Carrier frequency 2.14 GHz

Inter-RRU distance 1000 m

eNodeB transmit power PT 40 W

Antennas per RRU 2

MIMO mode CLSM

Path loss model TS 36.942 ‘rural’ [9]

Channel model ITU-R Vehicular A [10]

Train speed 200 km/h

Receiver type Zero forcing

Noise power spectral density −174 dBm/Hz

Penetration loss for direct communication 30 dB

Receiver noise figure 9 dB

Train length 200.84 m

Train width 2.95 m

Active UEs 230

UE distribution within train Random uniform

Antennas per UE 1

Traffic model Full buffer

Scheduler Proportional fair

Channel knowledge Perfect

Feedback AMC: CQI, MIMO: PMI and RI

RRU backhaul connection Radio over fiber, no delay

by the standard, such frequent handovers would cause considerable overhead on the
air-interface and the backhaul. The kink in the coordination results at δ = 0.5 stems
from the RRU switching. The baseline scheme yields the worst performance even
when the train is close to one of the RRUs, as RRU0 and RRU1 severely interfere
each other. Again, the kink for the theoretical results at δ = 0.5 stems from switching
off RRU0 and associating the user with RRU1. The curve for the simulation results
of the baseline scheme does not show a kink in the middle between two RRUs. This
is caused by the fact that in the simulator, UEs are assigned to the eNodeB with
the highest receive power. Consequently, for train center positions between 400 and
600 m, one fraction of the UEs associates to RRU0, while the rest is assigned to
RRU1, respectively. If the UEs were forced to stay attached to one of the RRUs, the
performance would even decrease in this region.
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Fig. 15.3 Signal reception with relay- and direct-link approach. Zoomed view indicates possibilities
for applying electro-magnetic apertures

15.1.2 Comparison of Relay-Based
and Direct Communication

In this section we consider the downlink direction exclusively. Similar considera-
tions are valid for the uplink direction. Generally speaking, there exist two opposing
approaches to provide wireless communications to passengers of an HST. In the first
case, the UE directly associates with the BSs along the tracks, while in the second
case this link is established via a relay, as shown in Fig. 15.3. A comparison between
these two approaches is drawn in this section and advantages and drawbacks on
both sides are discussed. For evaluation purposes, we use the same system model as
described in Sect. 15.1.1.

15.1.2.1 Relay Approach

In the relay scenario, one or several antennas are mounted on the outside of the train.
These are connected to one or more relays which are then distributing the signal inside
the train. This approach has the major advantage that the signal is not attenuated by
the windows of the carriage. Moreover, this setup allows to configure the relay such
that it appears as a single UE to the eNodeB, thus significantly reducing the number
of handovers. Therefore, all traffic is aggregated by the relays and then distributed
to the UEs.

While the quality of the experienced link might considerably be improved, the
employment of relays does not come without cost. Firstly, relays have to be licensed
for the specific band they are operating on. This is of minor consequence when no
borders are crossed. In smaller countries such as, e.g., in most European, one train
connection can easily span three or more countries. For each country, the relays have
to be registered individually or have to be switched off, which leaves the system in a
direct-link state. Another consequence is, that the employment of carriages becomes
restricted to the countries/routes for which the relays on board are licensed and thus
becomes less flexible.
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A second issues appears with the choice of the frequencies for the RRU-to-relay
and the relay-to-UE connection. If the same frequency is used on both link-sections,
thus only bypassing the penetration loss of the carriage, the UE might still receive a
considerable amount of the desired signal by a direct link through the window. The
relative receive power of these two links depends on the individual position of the
UE and the actual penetration loss. Due to the latency caused by the relay, the signal
might be perceived via several multi-path components that cannot be equalized.

The aforementioned problem is completely avoided when two different frequen-
cies are used on both sections of the link. For example, a dedicated frequency of a
mobile operator is used from RRU to the relay and a second frequency, e.g., in the
Industrial, Scientific and Medical (ISM) band, for the supply with WiFi inside. This
setup is frequently referred to in literature [4]. Nonetheless, it only provides a data
connection for the passengers. Since only the relay is visible as a single UE for the
eNodeB, the passengers are not accessible for mobility management.

The performance of this setup may also considerably depend on the number of
antennas and relays per train/carriage. It has to be scrutinized whether the relays
should work individually (e.g., one per carriage) or if the received signals should be
combined. This is also affected by the possibility to connect all relays to all carriages.
Since a cable connection is feasible in practice, near field communication standards
at higher frequencies than the traditional 6 GHz band (e.g., in the upper mm Wave
band) may be considered for this task.

15.1.2.2 Direct-Link Approach

The direct-link approach assumes a direct connection between RRU and UE. In
comparison to the above scenario, the signal does experience a severe penetration loss
into the carriage in this case. As the chassis of the carriages is usually made of metal,
the signal enters the train mainly through the windows. However, the penetration loss
may greatly vary among window types, as they are mostly metal coated themselves.
Attenuation values range from 20 to 40 dB for metal coated windows of a German
ICE-train [12], but other train-types exhibit different values as observed, e.g., in
[5, 13] with a combined range of 10–40 dB.

Note that these values reflect the situation for current carriages in use. Since the
interest among train operators is increasing to provide best quality of experience to
their customers, the design of future trains is likely to be adapted to the demands
of the wireless link. Among various options is the possibility to introduce windows
with small penetration loss (omitting the metal coating). Another option is to include
apertures in the chassis or the window itself, by incorporating materials that are more
permeable for electro-magnetic waves, for example carbon fiber materials. Examples
for such apertures are indicated in Fig. 15.3.
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15.1.2.3 Simulation Results

In order to compare the relay- and the direct link setup, system level simulations
were carried out. Again, a fully occupied German ICE-train with 460 passengers
is regarded, 10 % of them are having an active wireless connection. For the direct-
link setup a penetration loss of 30 dB is applied referring to the mean value of the
aforementioned penetration losses. No penetration loss is considered for the relay
setup and the relay is modeled as one active UE. The simulation parameters are the
same as in Table 15.1 with the difference of the train speed being set to 250 km/h and
only 46 UEs. Simulations were again performed with the Vienna LTE-A Downlink
System Level Simulator.

Simulation results are shown in Fig. 15.4 in terms of average UE throughput
[Mbit/s] over center position of the train [m] (confidence intervals are insignificantly
small, so that they were omitted). Since the throughput at the relay represents the
cumulative throughput of all active UEs, the results for the relay-setup were normal-
ized to 46 (UEs) for a fair comparison. Dashed lines represent the baseline scheme,
solid lines the cooperation scheme. Comparing the performance of relay (circular
markers) and direct-link setup (triangular markers), employing relays improves the
performance roughly by a factor of two. This gain is surprisingly low, considering
that the UEs in the direct setup experience a penetration loss of 30 dBs, and the relays
are operating under ideal conditions (e.g., no processing delays, no overhead). Tak-
ing into account the already discussed advantages, the direct-link approach becomes
a notable alternative. The throughput peaks in the vicinity of the base stations can
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be exploited by a sophisticated scheduler scheme. In regard of the traffic-type, UEs
with delay sensitive data could be assigned resources such that their requirements
are fulfilled. UEs with best-effort traffic models could mostly be served when the
train is closer to an RRU and a higher total data rate is available.

15.2 Evolved Multimedia Broadcast Multicast Service

Illia Safiulin

3GPP introduced Multimedia Broadcast Multicast Service (MBMS) initially in
Release 6 of Universal Mobile Telecommunications System (UMTS) [14]. MBMS
enables to broadcast/multicast information in 3G networks, similar to classical
radio/TV broadcast networks, targeting mobile TV as the main service offered.
Commercially successful deployments, however, have not been reported to date.
Nonetheless, development of MBMS has continued within 4G Long Term Evolution
(LTE), evolving the technology to Evolved Multimedia Broadcast Multicast Service
(eMBMS). eMBMS supports multicasting not only from single base stations, but even
from multiple strictly time- and frequency-synchronized base stations, forming a so-
called Multimedia Broadcast/Multicast Single Frequency Network (MBSFN) area
(Fig. 15.5). In the current Release 12 of UMTS/LTE, MBMS/MBSFN is restricted to
single antenna transmission; however, discussions are ongoing within 3GPP to enable
multi-antenna support in future releases. MBSFN operation can provide substantial
throughput gains at the cell edge for multicast users due to Signal to Interference and
Noise Ratio (SINR) enhancement, since all signals received from base stations within
the MBSFN area contribute useful information. Furthermore, MBMS/MBSFN trans-
mission can enhance network efficiency, because common information can be deliv-
ered highly resource and cost effective to many users in parallel. Recent interest
in the technology by network operators and equipment manufacturers exists espe-
cially in the context of venue casting [15], that is, multicasting/broadcasting at local
events. This is confirmed by several technology trials conducted at sport events,
such as, football games and car racing [16–18]. At such events, MBMS can be
utilized to enhance the experience of spectators by providing additional informa-
tion, e.g., live video feeds from inside race cars [17] or slow-motions of highlight
scenes. Other applications envisioned include software/firmware/operating-system
updates for mobile Internet of Things devices [19] as well as broadcasting of road
safety related information to vehicles on highways and motorways [20]. Exchange
of safety-relevant information for vehicular safety services imposes very stringent
requirements on the employed communication technology in terms of dependability,
that is, timeliness and reliability of data exchange. Mobile communications may not
be suited as a substitute to dedicated vehicular communication technology such as
ITS G5 [21], which is specifically designed for the potentially harsh vehicular com-
munication environment, but should rather be considered as a supplement to enhance



346 M. Müller and I. Safiulin

Fig. 15.5 Example of
network with two MBSFN
areas

MBSFN Area 1 MBSFN Area 2

the dependability of such dedicated systems. In [22], we have investigated the per-
formance of MBSFN networks for exchange of Cooperative Awareness Messages
(CAMs) [23] amongst high mobility cars in terms of packet-error-ratio, employing
the Vienna LTE-A system level simulator.

We consider Single-Input Single-Output (SISO) transmission in the downlink of
a cellular network. The input–output relationship of user i at subcarrier k in case of
MBSFN transmission is

yk[i] =
∑

u∈MBSFN

hk[u, i] · xMBSFN,k +
∑

l /∈MBSFN

hk[l, i] · xk[l] + zk[i], (15.10)

where u denotes the base station index in the MBSFN area, xMBSFN,k denotes MBMS
data, which is the same for all multicast users, zk[i] is Additive White Gaussian
Noise (AWGN) and hk[u, i] is complex channel coefficient, hk[u, i] = γu · h̃k[u, i],
where γu denotes macroscopic pathloss and shadow fading and h̃k[u, i] represents
microscopic fading.

Based on Eq. (15.10) we can expressed the SINR of MBMS user i as

SINRi,multicast = | ∑u∈MBSFN h[u, i]|2
σ 2

z + ∑
l /∈MBSFN |h[l, i]|2 . (15.11)

In our work we assume delay- and error-free uplink transmission from vehicles to
base stations and mainly focus on the downlink domain. According to Fig. 15.6 we
assume that each car user generates MBMS data of size pS bits at random starting
time r and then produces packets every T ms. These data should be successfully
distributed to all other vehicles in MBSFN area via multicasting or unicasting. The
buffer size of car user i at time ñ can be calculated as

bi [̃n] = ps −
n p∑

m=1

pt [̃n − m], (15.12)
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(a)

(b)

Fig. 15.6 Explanation of latency calculation

where pt [̃n − m] is successfully transmitted packet of size pt bits at time [̃n − m]
and n p is specified as

n p =
{

n − � n
T �T − r, r < ñ, ñ = n − � n

T �T

n − (� n
T � − 1)T − r, r > ñ, ñ = n − � n

T �T,
(15.13)

which denotes the time difference between packet generation and time instance ñ. We
consider latency as time interval between data generation and successful delivery to
all appropriate users within the MBSFN area. The latency value can be calculated for
both cases of erroneous and error free transmission. According to the LTE standard,
Hybrid Automatic Repeat reQuest (HARQ) is not specified in MBMS transmissions.
It means that in case of the unsuccessful transmission of a packet, the packet will
not be retransmitted but instead we accumulate the latency until we successfully
receive the next packet from the same user. Additionally, if during waiting time
new packets were generated, the old packets replace them. In Fig. 15.6 two cases of
latency calculation are shown in more details. In Fig. 15.6a, the latency evaluation
in case of success transmission is described, while in Fig. 15.6b the procedure of
latency accumulation in case of unsuccessful transmission is explained. Assuming
total number of MBMS users equal Nm_ue and each of them generate in total Npackets

packets, we stack corresponding latency values into a large matrix L of size Npackets ×
Nm_ue, with elements
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Ls,i =
{

ti , error free transmission

ti + T · j, errorneous transmission,
(15.14)

where ti is the time when bi [ti ] = 0, i.e., complete transmission of packet s and j is
the number of required retransmissions.

15.2.1 Latency Evaluation

We can define three different ways of latency performance indicators:

Combined latency CDF: We transform matrix L into a vector l of size Npackets ·
Nm_ue × 1 and calculate the empirical cumulative distribution function (ECDF)

CDFcombined = ECDF
(
l
)
. (15.15)

It should be noticed that the main contribution to this latency evaluation is added by
the users that have high SINR and, as a consequence, represent significant amount
of low latency receptions.

CDF of mean latency: We determine the mean latency for each user position (average
over all latency values s obtained at a given user (i) and calculate the Cumulative
Distribution Function (CDF) of these mean latencies.

CDFmean = ECDF
(
l
)
, (15.16)

where [l]i = 1
Npackets

∑Npackets

s=1 Ls,i . Notice that this method does not represent the worst
latency, which is, however, a critical indicator especially for safety-relevant applica-
tions (road-safety transmission).

Latency of individual users: We determine the latency Empirical Cumulative Dis-
tribution Function (ECDF) of each user position individually, i.e., we obtain Nm_ue

CDFs corresponding to different car users within the network.

15.2.2 Network Utilization

Network utilization is considered as another important performance metric which
gives us better understanding of the price to be paid in terms of throughput of ordinary
unicast users for supporting MBSFN transmission. In our investigation we evaluated
the network utilization as a percentage of resources to be used for sustaining the
MBMS traffic. It can be calculated as

Util = ps · Nm_ue

NRB · NRE · EfficiencyCQI[n]
· 100 % (15.17)
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where NRB is a number of resource blocks, NRE denotes number of recourse elements
per resource block and EfficiencyCQI[n] is the efficiency of the Channel Quality Indi-
cator (CQI) (in bits per resource element) chosen for the transmission of MBMS data.
With (15.17) we can calculate the number of subframes to be reserved for MBMS
data transmissions.

15.2.3 CQI Adaptation

In our simulations, irrespective whether rate adaptation was applied, we reserve the
same number of subframes for MBMS data, calculated with (15.17). However, for
rate adaptation the real amount of used subframes could be reduced and unused
MBMS subframes can instantaneously be reassigned for ordinary traffic, which may
not be feasible in practice. The CQIs of all users in the MBSFN area are calculated
according to proposed in [24] technique and stored in the vector CQI. From the vector
CQI we choose the smallest CQI index for transmission, in order to support all users.
During our research we found that using the smallest CQI index for transmission
can cause traffic congestions and we should specify some lower bound (CQIbound) to
assure that the generated MBMS traffic can be sustained by the network. Therefore
the CQI index at time n to be used for transmission can be calculated as

CQIn = max(min
i

(CQI[i]), CQIbound). (15.18)

15.2.4 Performance Evaluation

In this subsection we provide comparison of the performance of MBSFN trans-
mission with standard unicast transmission in terms of Packet Loss Ratio (PLR),
latency, network utilization and standard unicast user throughput. All results are
based on [25, 26]. According to Fig. 15.7 we observe that transmission with low
transmission rate (4 QAM with strong forward-error-correction coding) is necessary
to achieve sufficient reliability and that the network overhead for distribution of
Cooperative Awareness Messages (CAMs) is substantially reduced when employ-
ing MBSFN transmission instead of unicasting. Appropriate results on cell resource
utilization are depicted in Table 15.2, simulation parameters in Table 15.3.

In Fig. 15.8 we compare the CDF of mean latencies for unicast and multicast
transmissions of CAMs. We observe significant advantages of multicast transmis-
sions comparing to the unicast case in terms of latency which is even more remarkable
in terms of throughput of standard unicast users in Fig. 15.7. Such throughput reduc-
tion in case of unicasting is explained by resource consumption: transmission of
CAMs via unicasting consumes 99.95 % of cell resources, while multicasting con-
sumes 60 %. Hence we present mainly the behaviour of multicast transmissions in
the MBSFN area (Table 15.3).
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Fig. 15.7 Comparison of the
throughput of ordinary users
in case of unicast and
multicast transmission
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Table 15.2 Comparison of
utilized resources

Unicast (%) Multicast (%)

CQI 3 99.95 60

CQI 6 52 19

CQI 9 26 8

Fig. 15.8 Comparison of
CDF of mean latency for
unicasting and multicasting
of CAMs at 5 MHz
bandwidth and transmission
with CQI3
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15.2.5 Bandwidth Scaling

In Fig. 15.9a, b we compare the latency of multicast CAM transmission for both
considered system bandwidths of 5 and 20 MHz and transmission with CQI3 (effi-
ciency is 0.377). With 5 MHz bandwidth we have to reserve six subframes per radio-
frame for MBMS transmission. However, if not all of them are required, we reassign
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Table 15.3 Simulation parameters

Parameter Value

Center frequency 2.14 GHz

System bandwidth 5, 20 MHz

Channel ITU-T VehA [10]

Number of base stations in MBSFN 7

Number of users per base station 6

Number of car users per base station 3

Speed of car users 100 km/h

Transmission Unicast/multicast

Packet size to be transmitted 300 bytes

Packet generation rate (T) 10 Hz

Transmission rate Rate adaptation/fixed rate for car users

Rate adaptation for ordinary unicast users

Antenna configuration 1 × 1
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Fig. 15.9 Comparison of CDF of latency for multicast transmission with 5 and 20 MHz bandwidth.
a Transmission with 5MHz bandwidth. b Transmission with 20MHz bandwidth

unused MBMS subframes for unicast transmission. With 20 MHz bandwidth, two
subframes are sufficient. The corresponding mean values of main parameters are pro-
vided in Table 15.4. Given the multicast network utilization values from Table 15.4,
the expected throughput improvement is:

R20

R5
= (1 − 0.157) · 100

(1 − 0.52) · 25
= 7.03

where R20 and R5 are the number of resource blocks utilized for serving ordinary
users at 20 and 5 MHz bandwidth. According the Table 15.4, the observed improve-
ment equals 7.08. Hence, the throughput values scale very well with the bandwidth,
provided the network utilization is considered. Considering transmissions with rate
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Table 15.4 Summary of performance results with 5 and 20 MHz bandwidth and transmission with
CQI3

Bandwidth (MHz) Mean latency (TTI) Mean throughput
(Mbit/s)

Utilization (%)

5 14.7 0.72 52

20 8 5.1 15.7
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Fig. 15.10 Comparison of CDF of latency for multicast transmission with 5 MHz with and without
CQI lower bound. a No CQI lower bound. b CQI lower bound of three

Table 15.5 Performance results for fixed CQI and adaptive CQI transmission with 5 MHz band-
width

Transmission rate Mean latency (TTI) Mean throughput
(Mbit/s)

Utilization (%)

CQI3 14.7 0.72 52

Adaptive 11.9 0.83 43

adaptation for multicast users, at first, we investigate how the performance changes
if we do not apply a lower bound for the CQI, i.e., if we simply take the minimum
CQI of all users even if we cannot sustain the traffic in this way. This is shown in
Fig. 15.10a. Then we perform rate adaptation with the lower bound of CQI3. The
corresponding results are illustrated in Fig. 15.10b and summarized in Table 15.4. We
observe an improvement in the mean latency by a few Transmission Time Intervals
(TTIs) with rate adaptation, which can be explained by the fact that we now require
less Resource Blocks (RBs) for transmission in case the CQI of all users is high
(exploiting channel diversity). This can also be seen in the average network utiliza-
tion for multicast transmission, which reduces by almost 10 %. Correspondingly, the
mean throughput of ordinary users improves from 0.72 to 0.83 Mbit/s (Table 15.5).
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15.2.6 Conclusion

The introduction of MBSFN, however, also causes some new difficulties in the
cellular network. As now many base stations broadcast the same signal in time and
frequency, the overall signal delay can considerably increase and thus the cyclic pre-
fix may not be of sufficient length any more. The straightforward solution proposed
by 3GPP is to employ an extended cyclic prefix to avoid inter-symbol-interference,
which is mandatory in LTE MBSFN transmission. Yet, this approach can be very
inefficient especially at low Signal to Noise Ratio (SNR), since it sacrifices available
resources. With the expected introduction of multi-antenna MBMS/MBSFN trans-
mission in future releases of LTE, sophisticated beamforming/precoding schemes can
be applied to optimize the efficiency of the network. Since the achievable transmis-
sion rate of multicasting is determined by the weakest user, well-known Coordinated
Multi-Point (CoMP) transmission schemes for unicast situations do not perform well
in multicast scenarios. We thus extended CoMP transmission in [27, 28] to multicast
scenarios employing an interference-leakage control based distributed coordination
algorithm. The method achieves substantial performance gains over other techniques;
implementation complexity, however, can be an issue in practical realizations, since it
involves iteratively solving complex optimization problems. Hence, we also provide
some simple heuristic schemes in [28] that achieve a reasonable trade-off between
performance and complexity.
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